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Preface

Meshfree methods for the numerical solution of partial differential equations
are becoming more and more mainstream in many areas of applications. Their
flexiblity and wide applicability are attracting engineers, scientists, and math-
ematicians to this very dynamic research area.

Hence, the organizers of the third international workshop on Meshfree
Methods for Partial Differential Equations held from September 12 to Sep-
tember 15, 2005 in Bonn, Germany aimed at bringing together European,
American and Asian researchers working in this exciting field of interdisci-
plinary research. To this end Ivo Babuška, Ted Belytschko, Michael Griebel,
Wing Kam Liu, Helmut Neunzert, and Harry Yserentant invited scientist from
twelve countries to Bonn to strengthen the mathematical understanding and
analysis of meshfree discretizations but also to promote the exchange of ideas
on their implementation and application.

The workshop was again hosted by the Institut für Numerische Simula-
tion at the Rheinische Friedrich–Wilhelms Universität Bonn with the financial
support of the Sonderforschungsbereich 611 Singular Phenomena and Scaling
in Mathematical Models funded by the Deutsche Forschungsgemeinschaft.

This volume of LNCSE now comprises selected contributions of attendees
of the workshop. Their content ranges from applied mathematics to physics
and engineering.

Bonn, Michael Griebel
June, 2006 Marc Alexander Schweitzer



Contents

Local Maximum-Entropy Approximation Schemes
M. Arroyo, M. Ortiz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Genetic Algorithms for Meshfree Numerical Integration
S. BaniHani, S. De . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

An RBF Meshless Method for Injection Molding Modelling
F. Bernal, M. Kindelan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Strain Smoothing for Stabilization and Regularization
of Galerkin Meshfree Methods
J.S. Chen, W. Hu, M.A. Puso, Y. Wu, X. Zhang . . . . . . . . . . . . . . . . . . . . 57

Fuzzy Grid Method for Lagrangian Gas Dynamics Equations
O.V. Diyankov, I.V. Krasnogorov . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

New Shape Functions for Arbitrary Discontinuities
without Additional Unknowns
T.-P. Fries, T. Belytschko . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

A Meshless BEM for 2-D Stress Analysis in Linear Elastic
FGMs
X. Gao, C. Zhang, J. Sladek, V. Sladek . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

A Particle-Partition of Unity Method Part VII: Adaptivity
M. Griebel, M.A. Schweitzer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Enriched Reproducing Kernel Particle Approximation
for Simulating Problems Involving Moving Interfaces
P. Joyot, J. Trunzler, F. Chinesta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149



VIII Contents

Deterministic Particle Methods for High Dimensional
Fokker-Planck Equations
M. Junk, G. Venkiteswaran . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Bridging Scale Method and Its Applications
W.K. Liu, H.S. Park, E.G. Karpov, D. Farrell . . . . . . . . . . . . . . . . . . . . . . . 185

A New Stabilized Nodal Integration Approach
M.A. Puso, E. Zywicz, J.S. Chen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

Multigrid and M-Matrices in the Finite Pointset Method
for Incompressible Flows
B. Seibold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

Assessment of Generalized Finite Elements
in Nonlinear Analysis
Y. Tadano, H. Noguchi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

A Meshfree Method for Simulations of Interactions
between Fluids and Flexible Structures
S. Tiwari, S. Antonov, D. Hietel, J. Kuhnert, F. Olawsky, R. Wegener . 249

Goal Oriented Error Estimation for the Element Free
Galerkin Method
Y. Vidal, A. Huerta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

Bubble and Hermite Natural Element Approximations
J. Yvonnet, P. Villon, F. Chinesta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

Appendix. Color Plates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299



Local Maximum-Entropy Approximation

Schemes

Marino Arroyo1 and Michael Ortiz2

1 Universitat Politècnica de Catalunya, Barcelona, Spain
marino.arroyo@upc.edu

2 California Institute of Technology, Pasadena, USA
ortiz@aero.caltech.edu

Summary. We present a new approach to construct approximation schemes from
scattered data on a node set, i.e. in the spirit of meshfree methods. The rational
procedure behind these methods is to harmonize the locality of the shape functions
and the information-theoretical optimality (entropy maximization) of the scheme,
in a sense to be made precise in the paper. As a result, a one-parameter family of
methods is defined, which smoothly and seamlessly bridges meshfree-style approxi-
mants and Delaunay approximants. Besides an appealing theoretical foundation, the
method presents a number of practical advantages when it comes to solving partial
differential equations. The non-negativity introduces the well-known monotonicity
and variation-diminishing properties of the approximation scheme. Also, these meth-
ods satisfy ab initio a weak version of the Kronecker-delta property, which makes
essential boundary conditions straightforward. The calculation of the shape func-
tions is both efficient and robust in any spacial dimension. The implementation of
a Galerkin method based on local maximum entropy approximants is illustrated by
examples.

Key words: Maximum entropy, information theory, Delaunay triangulation,
meshfree methods.

1 Introduction

Over the last decade, node-based approximation schemes have experienced
a tremendous impetus in the field of numerical methods for PDEs, with the
proliferation of meshfree methods (e.g. [14], [4], [13]; see also [11] for a re-
view). The absence of a mesh outstands as a promise of greater flexibility
and robustness. The actual realization of these potential advantages is yet
to be fully accomplished. Possible reasons include difficulties in the numer-
ical quadrature of the weak form, a topic of intense research (e.g. [7, 6]),
and the availability of robust and efficient node-based approximants. The
first meshfree approximants were based on the Shepard approximants, while
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presently most approaches hinge upon Moving Least Squares (MLS) approx-
imants.

We present here a different family of approximation schemes that we call
maximum-entropy approximation schemes. Here, we present the first-order
method [1]. See [2] for a presentation of higher-order methods. In max-ent ap-
proximation methods, much in the tradition of computational geometric mod-
elling, the shape functions are required to be non-negative. Consequently, ow-
ing to the 0th order consistency condition, the approximants can be viewed
as discrete probability distributions. Furthermore, the 1st consistency condi-
tion renders this class of approximants generalized barycentric coordinates.
The local max-ent approximation schemes are optimal compromises between
two competing objectives: (1) maximum locality of the shape functions (maxi-
mum correlation between the approximation and the nodal value at the closest
points) and (2) maximum entropy of the scheme. The second objective is a
statement of information-theoretical optimality in the sense that it provides
the least biased approximation scheme consistent with the reproducing condi-
tions. We prove rigorously that these approximants smoothly and seamlessly
bridge Delaunay shape functions and meshfree-style approximants, and that
the approximants are smooth, exist and are uniquely defined within the con-
vex hull of the node set. Furthermore, they satisfy ab initio a weak version of
the Kronecker-delta property, which ensures that the approximation at each
face depends only on the nodes on this particular face. This makes the im-
position of essential boundary conditions in the numerical approximation of
partial differential equations straightforward.

The formulation of the approximants is presented in Section 2. This sec-
tion also includes the practical calculation of the shape functions. Section 3
provides a summary of the properties of these approximants. Section 4 gives
a number of insightful alternative interpretations of these approximants, and
include the notion of relative max-ent approximants. The application of the
local max-ent approximants in a 3D nonlinear elasticity example is provided
in Section 5, and the conclusions are collected in Section 6.

2 Formulation

Let u : Ω ⊂ R
d → R be a function whose values {ua; a = 1, . . . , N} are known

on a node set X = {xa, a = 1, . . . , N} ⊂ R
d. Without loss of generality,

we assume that the affine hull of the node set is R
d. We wish to construct

approximations to u of the form

uh(x) =

N∑

a=1

pa(x)ua (2.1)

where the functions pa : Ω → R will be referred to as shape functions. A
particular choice of shape functions defines an approximation scheme. We shall
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require the shape functions to satisfy the zeroth and first-order consistency
conditions:

N∑

a=1

pa(x) = 1, ∀x ∈ Ω, (2.2a)

N∑

a=1

pa(x) xa = x, ∀x ∈ Ω. (2.2b)

These conditions guarantee that affine functions are exactly reproduced by
the approximation scheme. In general, the shape functions are not uniquely
determined by the consistency conditions when N > d + 1.

2.1 Convex Approximants

In addition, we shall require the shape functions be non-negative, i.e.,

pa(x) ≥ 0, ∀x ∈ Ω, a = 1, . . . , N. (2.3)

The positivity of the shape functions, together with the partition of unity
property and the 1st order consistency conditions, allows us to interpret the
shape functions as generalized barycentric coordinates. This viewpoint is com-
mon in geometric modelling, e.g., in Bézier, B-Spline techniques [16], natural
neighbor approximations [19], and subdivision approximations [8]. Positive
linearly consistent approximants have long been studied in the literature [10].
These methods often present a number of attractive features, such as the
related properties of monotonicity, the variation diminishing property (the
approximation is not more “wiggly” than the data), or smoothness preserva-
tion [9], of particular interest in the presence of shocks. Furthermore, they lead
to well behaved mass matrices. The positivity restriction is natural in prob-
lems where a maximum principle is in force, such as in the heat conduction
problem. In the present context, the non-negativity requirement is introduced
primarily to enable the interpretation of shape functions as probability distri-
butions (or coefficients of convex combinations). It follows from (2.2a), (2.2b)
and (2.3) that the shape functions at x ∈ convX define a convex combina-
tion of vertices which evaluates to x. In view of this property we shall refer
to non-negative and first-order consistent approximation schemes as convex
approximation schemes.

Our approach to building approximation schemes is to choose selected
elements amongst all convex approximation schemes at a point x, which we
denote by

Px(X) =

{
p(x) ∈ R

N
+

∣∣∣∣∣

N∑

a=1

pa(x)xa = x,
N∑

a=1

pa(x) = 1

}
, (2.4)

where p(x) denotes the vector of R
N whose components are {p1(x), . . . , pN (x)}

and R
N
+ is the non-negative orthant.
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By direct comparison between the above defined set of convex approxi-
mants and the convex hull of the node set

convX =

{
x ∈ R

d

∣∣∣∣∣ x =

N∑

a=1

λaxa, λa ≥ 0,

N∑

a=1

λa = 1

}
(2.5)

it follows that

Theorem 1. The set of convex approximants Px(X) is non-empty if and only
if x ∈ conv X.

Note carefully that this result does not preclude using convex approxi-
mants in non-convex domains, as long as the non-convex domain is a subset
of the convex hull of the node set. This restriction does not seem limiting in
any reasonable sense. In the following, for simplicity, we shall assume that
Ω = convX.

We next provide the criteria to select an approximation scheme amongst
the convex schemes. One possible rational criterion to select a convex approx-
imation scheme is, based on information-theoretical considerations, to pick
the least biased convex approximation scheme, i.e. that which maximizes the
entropy. Another natural criterion is to select the most local convex scheme,
since it most accurately respects the principle that the approximation scheme
at a given point should be most influenced by the closest nodes in the node
set. As we shall see, these are competing objectives.

2.2 Entropy Maximization

The entropy of a convex approximation scheme is a natural concept since
the positivity and partition of unity properties of convex approximants allow
us to interpret these approximants at each point x as discrete probability
distributions. We remind that the entropy

H(p) = −
N∑

a=1

pa log pa

is a canonical measure of the uncertainty associated with the probabilities
pa, and measures the lack of information about the system, here, the set of
shape functions. Equivalently, the entropy measures the information gained
when the random variable is realized. Invoking Jaynes’ principle of maximum
entropy results in the least biased possible choice of convex scheme, devoid
of artifacts or hidden assumptions. In this view, the approximation of a func-
tion from scattered data becomes a problem of statistical inference, and is
mathematically formulated through the convex program:
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(ME) Maximize H(p) = −
N∑

a=1

pa log pa

subject to pa ≥ 0, a = 1, . . . , N,
N∑

a=1

pa = 1,

N∑

a=1

paxa = x.

The solutions of (ME), denoted by p0(x), are referred to as max-ent approx-
imants. Owing to the fact that the entropy is strictly concave in the set of
convex approximants, we have the following result:

Theorem 2. The program (ME) has a solution iff x ∈ convX, in which case
the solution is unique.

The max-ent approximants, though optimal from an information-theoretic
point of view, disregard completely the desirable spacial correlation between
the approximation scheme at a given point and the nearby nodal values. Con-
sequently, the shape functions are global. Indeed, the max-ent principle tries
to find to most uniform distribution consistent with the constraints, here
the 1st order consistency condition. Entropy maximization has been indepen-
dently proposed in [18] as a means to construct C0 approximants for arbitrary
polygonal tesselations. However, the use of strict entropy maximization to de-
fine smooth meshfree-style approximants results in global shape functions and
poor approximation properties, as illustrated in Figure 1.

(a) (b) (c)

Figure 1. Examples of max-ent approximation schemes in the plane. (a) Shape
function for the vertex of a pentagon; (b) shape function for an interior node,
illustrating the global character of max-ent approximation shemes; and (c) max-
ent approximation, or inference, of a function from scattered data, illustrating the
non-interpolating character of max-ent approximation schemes.
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2.3 Locality Maximization: Delaunay Approximants

A different criterion to select a distinguished approximant in the set of convex
approximation schemes is to maximize the locality, or minimize the width of
the shape functions. Define the width of shape function pa as

w[pa] =

∫

Ω

pa(x)|x− xa|2 dx, (2.6)

i.e. the second moment of pa about xa. Evidently, other measures of the
width of a function can be used instead in order to define alternative ap-
proximation schemes [1]. The locality measure presented here is the most
natural choice, and emanates from an optimal mass transference theory and
the 2−Wasserstein distance [2].

The most local approximation scheme is now that which minimizes the
total width

W [p] =

N∑

a=1

w[pa] =

∫

Ω

N∑

a=1

pa(x) |x− xa|2 dx, (2.7)

subject to the constraints (2.2a), (2.2b) and (2.3). Since the functional (2.7)
does not involve shape function derivatives its minimization can be performed
pointwise. This results in the linear program:

(RAJ) For fixed x minimize U(x,p) =

N∑

a=1

pa|x− xa|2

subject to pa ≥ 0, a = 1, . . . , N,
N∑

a=1

pa = 1,

N∑

a=1

paxa = x.

A simple argument shows that the program (RAJ) has solutions if and only if
x ∈ convX. However, the function U(x, ·) is not strictly convex (it is linear)
and the solution is not unique in general.

The relationship between the linear program (RAJ) and the Delaunay
triangulation has been established. Rajan [17] showed that if the nodes are
in general positions (no (d + 1) nodes in X are cospherical), then (RAJ)
has a unique solution, corresponding to the piecewise affine shape functions
supported by the unique Delaunay triangulation associated with the node
set X (a Delaunay triangulation verifies that the circumsphere of every sim-
plex contains no point from X in its interior). We shall refer to the convex
approximation schemes defined by the solutions p∞(x) of (RAJ) as Rajan
convex approximation schemes, and to the approximants corresponding to
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the piecewise affine shape functions supported by a Delaunay triangulation as
Delaunay convex approximants. Thus, Rajan’s result states that for nodes in
general positions, the Delaunay convex approximation scheme coincides with
the unique Rajan convex approximation scheme, that is optimal in the sense
of the width (2.6). When the nodes are not in general positions, the situation
is more subtle; the set of Delaunay approximants is obviously non-unique,
and the set of Rajan approximants is neither. In addition, the latter contains
elements that do not belong to the former. See [2] for a discussion.

2.4 Pareto Optimality between Entropy and Locality
Maximization

From the preceeding sections, it is clear that entropy and locality maximiza-
tion are competing objectives. A standard device to harmonize competing
objectives in multi-criterion optimization is to seek for Pareto optimal points
[5]. In the present context, the Pareto set is the set of convex approximants
such that no other convex approximant is better or dominates. An approx-
imant p is better than another approximant q if and p meets or beats q

on all objectives, and beats it in at least one objective, i.e. H(p) ≥ H(q),
U(x,p) ≤ U(x, q), and either H(p) > H(q) or U(x,p) < U(x, q).

In convex multicriterion optimization, the Pareto set can be obtained
through scalarization, i.e. considering the solutions of the one-parameter fam-
ily of convex programs

(LME)β For fixed x minimize fβ(x,p) = βU(x,p)−H(p)

subject to pa ≥ 0, a = 1, . . . , N,
N∑

a=1

pa = 1,

N∑

a=1

paxa = x.

The max-ent and the Rajan programs and approximants are recovered in the
limits β = 0 and β = +∞. By the strict convexity of fβ(x,p) for β ∈ [0,+∞),
the program (LME)β has a solution, pβ(x), which is unique, if and only
if x ∈ convX. We shall refer to this family of approximants as local max-
ent approximation schemes.

It is easily seen [5, 1] that the Pareto set is the set of approximants
pβ(x) for β ∈ [0,+∞), plus an additional approximation scheme denoted

by pPareto
∞ (x). For non-degenerate cases, this additional scheme corresponds

to the unique Delaunay triangulation of X. However, for degenerate cases, the
selected approximant is the Rajan approximant with maximum entropy,

pPareto
∞ (x) = arg max

p∈SRAJ
x

(X)
H(p),
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which is unique by strict concavity of the entropy. In the equation above,
SRAJ

x (X) denotes the set of solutions of (RAJ).

2.5 Calculation of the Shape Functions

The practical calculation of the local max-ent shape functions pβ(x) is de-
scribed next. It relies on standard duality methods, and the proof can be
found in [1].

Proposition 1. Let β ∈ [0,∞) and let x ∈ int(convX) be an interior point.
Define the partition function Z : R

d × R
d → R associated with the node set

X as

Z(x,λ) =

N∑

a=1

exp
[
−β|x− xa|2 + λ · (x− xa)

]
. (2.8)

Then, the unique solution of the local max-ent program (LME)β is given by

pβa(x) =
1

Z(x,λ∗(x))
exp
[
−β|x− xa|2 + λ∗(x) · (x− xa)

]
, (2.9)

where a = 1, ..., N and

λ∗(x) = arg min
λ∈Rd

logZ(x,λ). (2.10)

Furthermore, the minimizer λ∗(x) is unique.

Proposition 2. Let β ∈ [0,∞) and let x ∈ bd(convX) be a boundary point.
Let C(x) be the contact set of the point x with respect to convX, i.e. the
smallest face of convX that contains x. Then, the local max-ent shape func-
tions at x follow from the previous Proposition with a reduced node set
X ′ = X ∩ C(x) − x, and is formulated in the subspace of R

d given by the
affine hull of the reduced node set L = affX ′.

The role of the thermalization parameter β is clear from Eq. (2.9): it
controls the decay or locality of the shape functions. This is expected, since a
larger value will give more weight to the locality measure in fβ(x,p). It is also
clear that the shape functions, strictly speaking, have global support. From
a numerical perspective, the Gaussian decay leads for all practical purposes
to compactly supported functions. This is supported by a detailed numerical
study in [1].

We note that in the absence of the 1st order consistency condition, the La-
grange multiplier λ∗(x) is absent, and the local max-ent approximants reduce
to the Shepard approximants with Gaussian weight function. In this sense, the
Lagrange multipliers introduce a correction so that the approximants satisfy
the 1st order consistency condition. We will return later to this discussion.

The above Propositions provide a practical means of calculating the local
max-ent shape functions at any given point x. More schematically, and fixed
x, the shape functions are computed as follows:



Local Maximum-Entropy Approximation Schemes 9

1. Find the proximity index set (relative to a tolerance parameter Tol)

ITol =
{
a | ‖x− xa| ≤

√
− log(Tol)/β

}

2. Solve the minimization problem (2.10) in R
d using the Newton-Raphson

method. In all evaluations of the partition function, the residual and the
Jacobian matrix, the sum is only performed over ITol.

3. Compute the shape functions pβa(x), a ∈ ITol according to Eq. (2.9) and
set all other shape functions to zero.

The above algorithm is efficient and robust. The smooth minimization
problem being solved is guaranteed to have a unique solution by the Kuhn-
Tucker theorem and the strict convexity of the function being minimized. The
number of unknowns is the space dimension. The expressions for the gradient
and the Hessian matrix of the function being minimized are

r(x,λ) = ∂λ logZ(x,λ) =

N∑

a=1

pa(x,λ)(x− xa), (2.11)

and

J(x,λ) = ∂λ∂λ logZ(x,λ)

=

N∑

a=1

pa(x,λ)(x− xa)⊗ (x− xa)− r(x,λ)⊗ r(x,λ). (2.12)

The Newton-Raphson iterations typically converge to reasonable tolerances
within 2 or 3 iterations. Note that only the nodes xa, a ∈ ITol contribute
noticeably to the partition function. Restricting all index summations to ITol

greatly reduces the computational cost in the above calculation. For practical
applications, Tol = 10−6 is amply sufficient. Changing this tolerance to ma-
chine precision does not change the numerical solutions in Galerkin methods
based on local max-ent approximants.

2.6 Examples

Figure 2 shows the local max-ent shape function and its partial derivatives for
a node in a two-dimensional node set as a function of the dimensionless para-
meter γ = βh2, where h is a measure of the nodal spacing and β is constant
over the domain. It can be seen from this figure that the shape functions are
smooth and their degree of locality is controlled by the parameter γ. For the
maximum value of γ = 6.8 shown in the figure the shape function ostensibly
coincides with the Delaunay shape function. The parameter β can be allowed
to depend on position and that dependence can be adjusted adaptively in
order to achieve varying degrees of locality [1].
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γ = 0.8 γ = 1.8 γ = 2.8 γ = 6.8

Figure 2. Local max-ent shape functions for a two dimensional arrangement of
nodes, and spacial derivatives (arbitrary scale) for several values of γ = βh2.

3 Properties

This section summarizes the basic properties of the above defined family of
approximants. Proofs can be found in [1].

3.1 Behavior of Convex Approximants at the Boundary

Property 1. Let p be a convex scheme with node set X = {x1, ...,xN}. Let F
be a face of the convex polytope convX. Then, xa /∈ F ⇒ pa = 0 on F .

This property is a weak version of the Kronecker-delta property of inter-
polating approximants, i.e. that pa(xb) = δab. This property states that for all
convex approximants, and in particular for the local max-ent approximants,
the approximation at a given face in the boundary depends only on shape
functions of nodes in that particular face. Thus, a face is autonomous with
regards to approximation, which makes the imposition of Dirichlet boundary
conditions in Galerkin methods trivial. If the Dirichlet boundary conditions
are affine on a face, then these are exactly imposed by constraining the nodal
degrees of freedom to the affine function. If the boundary data is more general,
then the imposition of the boundary condition is approximate, though conver-
gent. Also, the shape functions of interior nodes vanish at the boundary, and
the extreme points of X verify the strong Kronecker-delta property, in sharp
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Figure 3. Illustration of the behavior of the local max-ent shape functions at the
boundary of the domain.

contrast with MLS-based approximation schemes (see Figure 3 for an illus-
tration). We note that, if the domain is a non-convex subset of convX, this
property does not hold in non-convex parts of the boundary and the method
behaves similarly to MLS approximants. There is an intrinsic difficulty in
dealing with non-convex domains in approximation methods that rely in their
definition on a notion of distance, such as MLS approximants or the method
presented here. The effective treatment of non-convex domains has been ex-
tensively studied in the context of MLS-based meshfree methods [15, 3, 12],
and this methods are directly applicable in the present context.

3.2 Spatial Smoothness of the Shape Functions

We note that the local max-ent shape functions are defined point-wise, so their
spacial smoothness must be established. Also, the thermalization parameter
can take different values in space, and in general we consider it is given by a
function β(x).

Property 2. Let β : convX → [0,∞) be Cr in int(convX). Then the local
max-ent shape functions are of class Cr in int(convX).

In particular, when β is constant, the shape functions are C∞ and the
derivative is given by

∇pβa(x) = −pβa(x)J(x,λ∗(x))−1 (x− xa). (3.13)

3.3 Smoothness and Limits with Respect to the Thermalization

Property 3. Let x ∈ convX. Then pβ(x) is a C∞ function of β in (0,+∞).
Furthermore, the limits at 0 and +∞ exist and are the max-ent approximants
and the Pareto optimal Rajan approximants respectively
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lim
β→0

pβ(x) = p0(x) and lim
β→+∞

pβ(x) = pPareto
∞ (x).

This result is not surprising, the less obvious part being the limit at +∞
when the node set is degenerate. In this case, the max-ent regularization
of the Rajan program (RAJ) selects a distinguished element amongst the
set of solutions, that does not coincide with any of the multiple Delaunay
approximants but rather constitutes a generalized Delaunay approximation
scheme for degenerate cases [1].

4 Other Interpretations: Relative Entropy

As noted in [1], the local max-ent approximants admit a number of interpreta-
tions, which include viewing the new approximants as a regularization of the
Delaunay shape functions. A statistical mechanics interpretation is also quite
appealing. The regularizing effect of the entropy can also be highlighted by
studying the dual problem. In this case, the dual of the Rajan program reduces
to the minimization of a polyhedral (non-smooth) convex function, while the
dual of the local max-ent program is a smooth strictly convex minimization
problem. This regularization can be understood through the approximation of
the max function by a family of functions based on the log-sum-exp function
[1, 5]. Figure 4 illustrates this view, and illustrates how the regularization
provides an optimal path that selects a distinguished solution in cases of non-
uniqueness, in the same spirit of viscosity solutions of variational problems.

Figure 4. Illustration of the regularization provided by the entropy in the dual
problem.

We next develop yet another reformulation of the local max-ent approx-
imants, which allows for generalizations of max-ent approximation schemes
and relies on the concept of relative entropy. The formulation of the relative
max-ent approximants requires the definition of the so-called Kullback-Leiber
distance between two discrete probability distributions p and q

Dp|q =
∑

a

pa log
pa

qa
.
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Its negative is also referred to as mutual entropy, cross entropy, or relative
entropy. Although Dp|p = 0, it is clear that this function is not symmetric in
its arguments, and hence it is not strictly a distance. This quantity is used in
information theory to measure the amount of information needed to change
the description of the system from q to p.

Often, the probability distribution q is viewed as prior information about
the system. Then, some new information may become available, not accounted
for by q. A natural question in statistical inference is then to determine a new
distribution p consistent with the new information, but which is in some sense
as close as possible to the prior information. The maximization of the rela-
tive entropy between p and q subject to the new information made available
provides a means to find such a distribution.

In the present context, suppose that we have a non-negative approximation
scheme associated with the node set X, which satisfies the partition of unity
property (required for the statistical interpretation) but does not satisfy the
1st order consistency condition. A simple example that comes to mind is a
Shepard approximant with weight function w(·) ≥ 0 given by

qa(x) =
w(‖xa − x‖)∑
b w(‖xb − x‖) .

If we regard this approximant as a prior, and wish to construct the closest
approximation scheme in the sense of information theory that satisfies the 1st
order consistency condition, i.e. the closest convex scheme, we face the convex
program

(RME)q For fixed x maximize −
N∑

a=1

pa log
pa

qa

subject to pa ≥ 0, a = 1, . . . , N,
N∑

a=1

pa = 1,

N∑

a=1

paxa = x.

The above function could as well be combined with a locality measure, but this
is not needed here. It is straightforward to verify that defining the partition
function as

Z(x,λ) =
N∑

b=1

qb(x) exp [λ · (x− xb)] ,

the relative max-ent shape functions follow from

pa(x) = qa(x)
exp [λ∗(x) · (x− xa)]

Z(x,λ∗(x))
, (4.14)
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where
λ∗(x) = arg min

λ∈Rd
logZ(x,λ).

This procedure transforms any given nonnegative approximant that in general
does not satisfy the 1st order consistency conditions and possesses no desir-
able properties at the boundary into a convex approximant that is 1st order
consistent and satisfies the weak Kronecker-delta property at the boundary.

From Eq. (4.14) it is apparent that the relative max-ent shape functions
inherit the smoothness and support of the prior approximants. Thus, defining
relative max-ent approximants with compact support is straightforward: it is
sufficient to start, for instance, from Shepard approximants based on a weight
function with compact support. One should carefully note that the existence
and uniqueness properties of the dual problem for the Lagrange multiplier
are not granted for all priors, and in particular, there should be enough over-
lap between the supports of the prior shape functions. The relationship with
the local max-ent approximants is elucidated by considering Shepard approx-
imants with weight

w(d) = exp(−βd2)

as prior. In this case, the relative and the local max-ent approximants coincide.

5 Applications in Galerkin Methods

We present here briefly a 3D example of nonlinear elasticity which illustrates
the benefits of using smooth shape functions such as the local max-ent shape
functions in problems with smooth solutions. A Galerkin (or Rayleigh-Ritz
in this setting) method is implemented. More details, as well as other bench-
mark tests of linear elasticity can be found in [1]. Despite the calculation of
the local max-ent shape functions is computationally more expensive than
evaluating the Delaunay shape functions, this example shows how overall, for
a give accuracy, remarkable computational saving can be achieved by using
the meshfree method.

We consider a hyperelastic compressible Neo-Hookean block subject to a
100% tensile deformation. The calculation is performed with seven uniform
node sets of variable resolution. For each node set, two numerical solutions
are obtained, one with the local max-ent approximants, and another one with
the Delaunay approximants (linear simplicial finite elements). Figure 5 shows
the dependence of a normalized signed relative error in strain energy (relative
to an overkill numerical solution) on the nodal spacing. It is observed from
that figure that the accuracy of the local max-ent solution is vastly superior
to that of the finite element solution. The finest finite element solution has a
comparable—albeit slightly larger—error than the second-coarsest local max-
ent solution. By contrast, the CPU time incurred by the local max-ent solution
is over a hundred times shorter than that of the finite element solution. This
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Figure 5. Final deformation for the finest FE mesh and second-coarsest local max-
ent discretization (left) and signed relative error in strain energy with respect to a
reference numerical solution for ν0 = 0.333 (right).

difference in performance is more pronounced in the nearly incompressible
case.

6 Conclusions

We have presented a new approach for building approximation schemes from
scattered data using the concept of maximum entropy. This concept not only
provides a natural link between approximation and information theory, but
also offers a practical computational means to construct a family of approx-
imants that seamlessly and smoothly bridges meshfree-style shape functions
and Delaunay shape functions. The theory, computation and properties of
these approximants has been provided. Numerical examples emphasize the
notable computational savings afforded by smooth approximantion schemes
in problems with smooth solutions.

The method presented here allows for extensions that have not been pur-
sued here. These include the approximation in high-dimensional problems,
the ability to perform in a very flexible way variational adaptivity, not only
of the node positions but also of the thermalization parameter, and the devel-
opment of higher-order max-ent schemes. The latter provide one of the few
unstructured non-negative high-order approximants.
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Summary. In this paper we present the application of the meshfree method of
finite spheres to the solution of thin and thick plates composed of isotropic as well
as functionally graded materials. For the solution of such problems it is observed that
using Gaussian and adaptive quadrature schemes are computationally inefficient. In
this paper a new technique, presented in [26, 21], in which the integration points and
weights are generated using genetic algorithms and stored in a lookup table using
normalized coordinates as part of an offline preprocessing step, is shown to provide
significant reduction of computational time without sacrificing accuracy.
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ture.

1 Introduction

Due to several advantages over traditional finite element methods, meshfree
computational schemes, reviewed in [1], have been proposed. A major ad-
vantage of these techniques is that approximation spaces with higher order
continuity may be easily generated. Hence it is useful to apply them to the
solution of higher order differential equations. In this paper we present an ap-
plication of the method of finite spheres [2] to the solution of plate problems.
Several examples involving thin and thick elastic and functionally graded ma-
terial plate problems are discussed.

In [4] the moving least squares interpolants were used for the solution of
thin elastic plate problems with simply supported and clamped edges. A mov-
ing least squares differential quadrature scheme was used in [5] for analyzing
thick plates with shear deformation. In [6] radial basis functions were used
for solving Kirchhoff plate bending problem with the Hermite collocation ap-
proach being used to obtain a system of symmetric and non-singular linear
equations.
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The hp-clouds method was used in [3] for the analysis of Kirchhoff plates
with enrichment being provided by Trefftz functions. Lagrange multipliers
were used to apply the essential boundary conditions. The MLPG method
was used in [7] for solving the problem of a thin plate in bending with the
penalty formulation being used to apply the essential boundary conditions.
In [8] the element free Galerkin method was used to solve Kirchhoff plate
problems.

In [22] spline functions were used together with a displacement based
Galerkin method for the solution of Mindlin-Reissner plate problems. A uni-
form nodal arrangement was used with nodes lying outside the computational
domain.

In [23] the hp-clouds method was employed for the solution of thick plates
and it was noticed that using hp-clouds approximations of sufficiently high
polynomial degree could control shear locking. However, such approximations
are computationally expensive to generate.

In [24] a mesh-independent p-orthotropic enrichment in the generalized
finite element method (GFEM) was presented for the solution of the Reissner-
Mindlin plate model. In [25] an extended meshfree method was used for solving
plate problems involving shear deformations, where the problem was reduced
to a homogeneous one. The homogeneous equation was subsequently solved
using the reproducing kernel particle method (RKPM).

Functionally graded materials (FGMs) are composites containing volume
fractions of two or more materials varying continuously as functions of position
along the structure dimensions.

In [29] a theoretical formulation, Navier’s solutions of rectangular plates
and finite element models based on the third-order shear deformation plate
theory, was presented for the analysis of through-thickness functionally graded
plates. Numerical results of the linear third-order theory and non-linear first
order theory were presented.

In the MLPG method the interpolation of choice is the moving least
squares method, which is computationally expensive [9]. Furthermore, to em-
bed derivative information in the interpolation, a “generalized moving least
squares” scheme is used, analogous to Hermite interpolations, which results
in computationally expensive shape functions.

It is interesting to note that while many meshfree methods have been de-
veloped and some have been applied to higher order differential equations, the
issue of numerical efficiency has not been given due attention. Most Galerkin-
based meshfree methods are notoriously computationally inefficient since ra-
tional, nonpolynomial interpolation functions are used and the integration
domains are much more complex than in the finite element techniques.

For the solution of higher order differential equations one faces the chal-
lenge of efficient numerical integration of the terms in the Galerkin weak form
where the integrands are highly peaked in the regions of overlap of the sup-
ports of the interpolation functions and many integration points are required
unless proper care is taken.
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With the goal of achieving computational efficiency in meshfree methods,
the method of finite spheres was developed [9]. In this technique, the inter-
polation functions generated using the partition of unity paradigm [10, 11]
are compactly supported on intersecting and overlapping spheres. In [26] we
showed that using piece-wise midpoint quadrature, for higher order deferential
equations arising in the solution of thin beam and plate problems, is compu-
tationally inaccurate and will not converge if h-refinement is performed. Also
adaptive numerical integration methods [13, 14], on the other hand, provide
much better results but are computationally expensive.

In this paper we employ the genetic algorithm-based lookup table ap-
proach, originally proposed in [26, 21], for efficient numerical integration of
plate problems. In this technique, the integration points are computed, off line,
for a reference nodal configuration using genetic algorithms. The location of
these integration points as well as the weights are then nondimensionalized
and stored in a lookup table. During computations, the integration points
and weights are retrieved from this lookup table. This scheme is used for the
solution of several plate problems to demonstrate its accuracy.

In Section 2 we formulate the governing equations for the different plate
models followed by a brief review of the MFS discretization scheme. In Section
3 we discuss the genetic algorithm-based lookup table approach. In Section
4 we provide some numerical results demonstrating the effectiveness of the
integration scheme.

2 Problem Formulation and Discretization

2.1 Governing Equations

Kirchhoff Plate

We consider a thin isotropic plate as shown in Figure 1 of thickness h and
midsurface (Ω ∈ R

2), elastic modulus E and Poisson’s ratio ν. The boundary
of the plate is denoted by Γ . The plate is acted upon by a transverse loading
q(x, y).

The corresponding potential energy functional for this problem is [16]

πKP (w) = Uint(w)−Wext(w) (2.1)

where Uint(w) is the internal energy given by

Uint(w) =
1

2

∫ ∫

Ω

(Pw)TD(Pw)dxdy (2.2)

where P = [∂2/∂x2∂2/∂y22∂2/∂x∂y]T, and D = Eh3

12(1−ν2)




1 ν 0
ν 1 0
0 0 (1− ν)/2


 .

Γ = Γw ∪ Γθ ∪ ΓM ∪ ΓQeff
are portions of the boundaries where the dis-

placement (ŵ), rotation (θ̂), moment (M̂), and effective shear force (Q̂eff )
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Figure 1. A flat plate in bending. (i,j) are unit vectors in the global x- and y-
directions, respectively. (s, n) are unit vectors along the tangential and normal
directions to the plate boundary, respectively.

are prescribed, respectively. The boundary condition sets (w and Qeff ) and
(θ and Mn) are disjoint.

The external work Wext(w) has three components due to the applied lateral
loads, applied moments and transverse shear, and corner loads

Wext(w) = Wload(w) + Wbending(w) + Wcorners(w). (2.3)

The first two components are

Wload(w) =

∫ ∫

Ω

q(x, y)wdxdy (2.4)

Wbending(w) =

∮

ΓQeff

Q̂effwdΓ −
∮

ΓM

M̂n
∂w

∂n
dΓ (2.5)

Wcorners(w) exists when there are N corners where the displacements wj at
the corners are not prescribed
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Wcorners(w) =

N∑

j=1

(M̂+
ns − M̂−

ns)wj (2.6)

where M̂+
ns, M̂

−
ns are the twisting moments approaching the edge from the

right and the left, respectively and wj is the displacement at the jth corner.
The essential boundary conditions are imposed by defining the augmented

functional

π∗
KP (w) = πKP (w) +

γ1

2

∫

Γw

(w − ŵ)
2
dΓ +

γ2

2

∫

Γθ

(
∂w

∂n
− θ̂

)2

dΓ (2.7)

where γ1 and γ2 are penalty parameters.

Mindlin-Reissner Plate

We consider a thick isotropic plate as shown in Figure 1 of thickness h. The
corresponding potential energy functional for this problem is [16]

πMP (w, θ) = Uint(w, θ)−Wext(w, θ) (2.8)

where Uint(w, θ) is the internal energy given by

Uint(w, θ) =
1

2

∫ ∫

Ω

(Lθ)T D(Lθ)dxdy +
1

2

∫ ∫

Ω

(∇w − θ)Tα(∇w − θ)dxdy

(2.9)

where L =




∂
∂x
0
∂
∂y

0
∂
∂y
∂
∂x


, D = Eh3

12(1−ν2)




1 ν 0
ν 1 0
0 0 (1− ν)/2


, θ =

[
φx

φy

]
, ∇ =

[ ∂
∂x
∂
∂y

]
,

and α =

[
kGh 0

0 kGh

]
. D is the bending rigidity, Γw, Γφx

, Γφy
, ΓMn

, ΓMns
, and

ΓQn
are the boundaries where the displacement (ŵ), rotations (φ̂x and φ̂y),

moments (M̂n and M̂ns), and shear force (Q̂n) are prescribed, respectively.
The boundary condition sets ( w and Qn ), (φn and Mn ), and (φs and Mns)
are disjoint.

The external work Wext(w, θ) has four components due to the applied
lateral loads, applied moments and transverse shear

Wext(w, θ) =

∫

Ω

q(x, y)wdxdy+

∮

ΓMn

M̂nφndΓ +

∮

ΓMns

M̂nsφsdΓ +

∮

ΓQn

Q̂nwdΓ .

(2.10)
The essential boundary conditions are imposed by defining the augmented

functional
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π∗
MP (w, θ) = πMP (w, θ) + γ1

2

∫
Γw

(w − ŵ)
2
dΓ

+γ2

2

∫
Γφx

(
φx − φ̂x

)2

dΓ + γ3

2

∫
Γφy

(
φy − φ̂y

)2

dΓ
(2.11)

where γ1 and γ2 are penalty parameters.

Functionally Graded Material Plate Model

We assume that the material property gradation is through the thickness and
that the volume fraction is given by the following power law

V (z) = (Vt − Vb)

(
z

h
+

1

2

)n

+ Vb (2.12)

where V is the material property, Vt and Vb are the values at the top and
bottom faces of the plate, respectively, h is the thickness, and n is a constant
that dictates the volume fraction profile through the thickness. The material
properties are homogenized using the Mori-Tanaka scheme described in [30].
Here we assume that the modulus E, density ρ, and thermal coefficient of
expansion α vary through the thickness, while ν is assumed constant.

The constitutive relations are [29]





σxx

σyy

σxy



 =

E

1− ν2




1 ν 0
ν 1 0
0 0 1−ν

2









ǫxx

ǫyy

γxy



−





1
1
0



α∆T


 (2.13)

and {
σyz

σxz

}
=

E

1− ν2

[
1−ν
2 0
0 1−ν

2

]{
γyz

γxz

}
(2.14)

where ∆T is the temperature change, and





ǫxx

ǫyy

γxy



 = z





∂φx

∂x
∂φy

∂y
∂φx

∂y +
∂φy

∂x





{
γyz

γxz

}
=

{
φy + ∂w

∂y

φx + ∂w
∂x

}
.

The potential energy functional corresponding to this problem can be writ-
ten as

Π = Uint −Wext (2.15)

where Uint is the internal energy given by

Uint = Ub + Us (2.16)

Ub and Us are the bending and shear energy, respectively, given by



Genetic Algorithms for Meshfree Numerical Integration 23

Ub =
1

2

∫

Ω

[ǫxxǫyyγxy]




σx

σy

σxy


 dΩ (2.17)

and

Us =
k

2

∫

Ω

[γxzγyz]

[
σxz

σyz

]
dΩ (2.18)

and k is the shear correction factor. Wext is the external work done by the
applied force given by

Wext =

∫

Ω

qwdΩ (2.19)

where q is the external load applied to the upper surface of the plate. The
corresponding potential energy functional in equation (2.15) can be expressed
in terms of the displacements as

Π =
1

2
C1

∫

Ω

[
∂φx

∂x

2

+
∂φy

∂y

2

+ 2ν
∂φx

∂x

∂φy

∂y
+

1− ν

2
(
∂φx

∂y
+

∂φy

∂x
)2
]
dΩ

(2.20)

+
k

2
C2

∫

Ω

[
(
∂w

∂x
+ φx)2 + (

∂w

∂y
+ φy)2

]
dΩ

− 1

2

∫

Ω

(
∂φx

∂x
M t +

∂φy

∂y
M t)dΩ −

∫

Ω

qwdΩ

where

C1 =

∫ h/2

−h/2

E

1− ν2
z2dz

and

C2 =

∫ h/2

−h/2

E

2(1 + ν)
dz

M t is the the thermal moment resultant given by

M t =
1

1− ν

∫ h/2

−h/2

αETzdz. (2.21)

The essential boundary conditions are imposed by defining the augmented
functional

Π∗ = Π +
γ1

2

∫

Γw

(w− ŵ)2dΓ +
γ2

2

∫

Γφx

(φx− φ̂x)2dΓ +
γ3

2

∫

Γφy

(φy − φ̂y)2dΓ

(2.22)
where γ1, γ2, and γ3 are penalty parameters. Γw, Γφx

, and Γφy
are the bound-

aries where ŵ, φ̂x, and φ̂y are prescribed, respectively.
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Thermal Analysis

In this section we discuss the thermal analysis of functionally graded plates.
It is assumed that the top and bottom surfaces of the plate are subjected to
constant temperature. The temperature field within the plate depends only
on the z-coordinate. The temperature distribution can be obtained by solving
the one-dimensional steady state heat transfer equation

− d

dz

(
λ(z)

dT

dz

)
= 0 (2.23)

with the boundary conditions

T = Tt at z = h/2,
T = Tb at z = −h/2

(2.24)

where λ is the thermal conductivity which varies according to the power law
distribution, given by

λ(z) = (λt − λb)

(
2z + h

2h

)n

+ λb. (2.25)

The solution of equation (2.23) with the prescribed boundary conditions is

T (z) = Tt −
Tt − Tb∫ h/2

−h/2
dz

λ(z)

∫ h/2

z

dη

λ(η)
. (2.26)

This equation is used for the evaluation of M t in equation (2.21).

2.2 The Method of Finite Spheres Approximation Scheme

In the method of finite spheres the approximation functions are generated
using the partition of unity paradigm [11] and are supported on spheres. In
this section we briefly describe this method.

Let Ω ∈ Rd (d =1, 2, or 3) be an open bounded domain with Γ as its
boundary (Figure 2), and let a set of open spheres {B(xI , rI); I = 1, 2, ..., N}
cover the entire domain Ω, where xI and rI is the sphere I center and radius,
respectively. Each node is placed at the geometric center of a sphere, and the
surface of the sphere I is denoted by S(xI , rI).

Since we are interested in solving fourth order differential equations, we
define a positive radial weight function WI(x) = W (sI) ∈ Cs

0(B(xI , rI)), s ≥ 1
with sI = ||x− xI ||0/rI at each node I which is compactly supported on the
sphere at node I. In our work we used a 7th order spline weight functions

WI =

{
1− 35s4 + 84s5 − 70s6 + 20s7 0 ≤ s < 1
0 s ≥ 1

(2.27)
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Figure 2. Schematic of the MFS. Discretization of a domain Ω in R
2 by the method

of finite spheres, using a set of nodes, for each node I there is a sphere ΩI . A sphere
that lies completely in the domain is an interior sphere, while if the sphere has
an intersection with the boundary, Γ , then it is a boundary sphere. The natural
boundary conditions are defined on Γf , and the essential boundary conditions are
defined on Γu;Γ = Γu ∪ Γf and Γu ∩ Γf = 0.

These functions are utilized to generate the Shepard partition of unity func-
tions

ϕ0
I(x) =

WI

N∑
J=1

WJ

, I = 1, 2, ..., N (2.28)

which satisfy

1.
N∑

I=1

ϕ0
I(x) = 1 ∀x ∈ Ω

2. ϕ0
I(x) ∈ Cs

0(Rd), s ≥ 1.

The Shepard functions {ϕ0
I(x)} satisfy zeroth order consistency. To ensure

higher order consistency, a local approximation space V h
I = spanm∈ℑ{Pm(x)}

is defined at each node I, where Pm(x) is a polynomial and ℑ is an index set,
and h is a measure of the size of the spheres. For instance,

V h
I = {1, (x− xI)/rI , (y − yI)/rI}

may be used to generate a linearly accurate displacement field.
The global approximation space Vh is generated by multiplying the parti-

tion of unity functions with the local basis functions at each node

Vh =

N∑

I=1

ϕ0
IV

h
I . (2.29)
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Therefore, any function wh ∈ Vh can be written as

wh(x) =

N∑

I=1

∑

m∈ℑ
hIm(x)αIm (2.30)

where
hIm = ϕ0

I(x)Pm(x)

is the shape function associated with the mth degree of freedom αImof node
I. It is important to note that

hIm(x) ∈ Cs
0(Rd), s ≥ 1.

2.3 Discretized Equations

Kirchhoff Plate

For the Kirchhoff plate, using the discretization

wh(x, y) =

N∑

I=1

∑

m∈ℑ
hIm(x, y)αIm = bfH(x, y)α (2.31)

the augmented potential energy functional (2.1) is approximated by

π∗
KP (α) = 1

2α
TKα− αTf + γ1

2

∫
Γw

(Hα− ŵ)
T

(Hα− ŵ) dΓ

+γ2

2

∫
Γθ

(
∂H
∂n α− θ̂

)T (
∂H
∂n α− θ̂

)
dΓ

(2.32)

where

K =

∫ ∫

Ω

BTDBdxdy (2.33)

f =

∫ ∫

Ω

HTq(x, y)dxdy −
∫

ΓM

M̂n
∂HT

∂n
dΓ +

∫

ΓQeff

Q̂effH
TdΓ +

N∑

j=1

RcH
T
j

(2.34)
where B = PH.

Minimizing the augmented potential energy functional with respect to the
nodal unknowns results in the following set of linear algebraic equations

(K + G1 + G2)α = f + fs1
+ fs2

(2.35)

where

G1 = γ1

∫

Γw

(
HTH

)
dΓ
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G2 = γ2

∫

Γθ

(
∂HT

∂n

∂H

∂n

)
dΓ

fs1
= γ1

∫

Γw

(
ŵHT

)
dΓ

and

fs2
= γ2

∫

Γθ

(
θ̂
∂HT

∂n

)
dΓ .

Mindlin-Reissner Plate

For the Mindlin-Reissner plate, using the method of finite spheres discretiza-
tion

wh(x, y) =
N∑

I=1

∑
m∈ℑ

hIm(x, y)w̃Im = Hw(x, y)w̃

θ
h
(x, y) =

N∑
I=1

∑
m∈ℑ

NIm(x, y)θ̃Im = Hθ(x, y)θ̃

(2.36)

where Hθ =

[
Hφx

0
0 Hφy

]
, and θ̃T =

[
φ̃x, φ̃y

]
. Using (2.34) we may discretize

the augmented potential energy functional (2.15) as

π∗
MP (a) = 1

2a
TKa− aTf + γ1

2

∫
Γw

(Hww̃ − ŵ)
T

(Hww̃ − ŵ) dΓ

+γ2

2

∫
Γφx

(
Hφx

φ̃x − φ̂x

)T (
Hφx

φ̃x − φ̂x

)
dΓ

+γ3

2

∫
Γφy

(
Hφy

φ̃y − φ̂y

)T (
Hφy

φ̃y − φ̂y

)
dΓ

(2.37)

where
K = Kb + Ks

aT =
[
w̃, θ̃
]

and

f =

[
fw
fθ

]
.

The matrices are defined as

Kb =

[
0 0
0 Kb

θθ

]
(2.38)

Ks =

[
Ks

ww Ks
wθ

Ks
θw Ks

θθ

]
(2.39)
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with
Ks

ww =
∫ ∫

Ω

(∇Hw)
T
α∇Hwdxdy

Ks
θw = −

∫ ∫
Ω

Hθ
T
α∇Hwdxdy = (Ks

wθ)
T

Ks
θθ =

∫ ∫
Ω

Hθ
T
αHθdxdy

Kb
θθ =

∫ ∫
Ω

(LHθ)
T
DLHθdxdy

fw =
∫ ∫

Ω

HT
wq(x, y)dxdy +

∫
ΓQn

Q̂nHT
wdΓ

fθ =
∫

ΓM

HT
θ M̂dΓ

where M̂T =
[
M̂n, M̂ns

]
.

Minimizing the augmented potential energy functional with respect to the
nodal unknowns results in the following set of linear algebraic equations

(K + G)a = f + fs (2.40)

where

G =

[
Gw 0
0 Gθ

]

and fs =

[
fsw

fsθ

]
with

Gw = γ1

∫

Γw

(
HTH

)
dΓ (2.41)

Gθ =

[
Gφx

0
0 Gφy

]
(2.42)

where

Gφx
= γ2

∫
Γφx

(
HT

φx
Hφx

)
dΓ

Gφy
= γ3

∫
Γφy

(
HT

φy
Hφy

)
dΓ

fsw
= γ1

∫
Γw

(
ŵHT

)
dΓ

fsθ
=

[
fsφx

fsφy

]

fsφx
= γ2

∫
Γφx

(
φ̂xH

T
φx

)
dΓ

and fsφy
= γ3

∫
Γφy

(
φ̂yH

T
φy

)
dΓ .



Genetic Algorithms for Meshfree Numerical Integration 29

Functionally Graded Material Plate Model

The method of finite spheres gives the following discretized equations

φh
x(x, y) =

N∑

I=1

∑

m∈I
hIm(x, y)ãIm = Ha (2.43a)

φh
y(x, y) =

N∑

I=1

∑

m∈I
hIm(x, y)b̃Im = Hb (2.43b)

wh(x, y) =

N∑

I=1

∑

m∈I
hIm(x, y)c̃Im = Hc. (2.43c)

Minimizing the potential functional (2.22) with respect to the nodal unknowns
results in the following set of linear algebraic equations

Kd =F (2.44)

where K, d, and F are the stiffness matrix, nodal unknowns, and force matrix,
respectively. d and F are defined as

d =




a
b
c


 , F =




fx
fy
fz


 (2.45)

where

fx =
∫

Ω
BxM

tdΩ, fy =
∫

Ω
ByM

tdΩ and fz =
∫

Ω
HqdΩ,

where Bx and By are the derivatives of H with respect to x and y, respectively.
The stiffness matrix K is defined as

K =




DAxx + 1−ν
2 Ayy + QA νDAxy + 1−ν

2 Ayx QAx

DAyy + 1−ν
2 Axx + QA QAy

symmetric Q(Axx + Ayy)




(2.46)
where

A =
∫

Ω
HTHdΩ,

Ax =
∫

Ω
HTBxdΩ, Ay =

∫
Ω

HTBydΩ,

Axx =
∫

Ω
BT

x BxdΩ, Ayy =
∫

Ω
BT

y BydΩ,

Axy =
∫

Ω
BT

x BydΩ, Ayx =
∫

Ω
BT

y BxdΩ.

(2.47)

and

D =
∫ h/2

−h/2
E

1−ν2




1 ν 0
ν 1 0
0 0 1−ν

2


 z2dz, Q =

∫ h/2

−h/2
E

1−ν2

[
1−ν
2 0

0 1−ν
2

]
dz . (2.48)
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3 Numerical Integration

As in most other meshfree methods, the method of finite spheres requires spe-
cialized numerical integration techniques to evaluate the integrals in the weak
form where the integrands are nonpolynomial rational functions and the inte-
gration domains are much more complex than in traditional finite elements.
In [12, 1] several computationally efficient integration schemes have been pro-
posed for the method of finite spheres applied to two-dimensional elasto-static
problems and it has been reported that piece-wise midpoint quadrature rules
are more effective than higher order Gaussian quadrature.

However, for the solution of fourth order problems such as plates, the
integrands in the weak form contain higher order derivatives that are more ill
behaved than the integrands encountered in second order problems. Hence, in
[26, 21] we have developed a novel integration technique based on a lookup
table generated using genetic algorithms. This method has much promise since
it provides accurate solutions with a reasonable number of integration points.
In this section we will briefly describe how genetic algorithms may be used
in generating numerical integration schemes and then we will describe the
lookup table approach. Details can be found in [26, 21].

Figure 3. Interior (filled), lens (cross-hatched) and boundary disks (striped) on a
two-dimensional domain.

In what follows we will consider the following integral

Q2D =

∫

ΩI

f(x, y)dxdy (3.49)

where ΩI is a general subdomain in R
2. For the method of finite spheres we

will consider three types of subdomains (see Figure 3):
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1. Interior disk ; defined as a disk that does not intersection the domain
boundary.

2. Lens; defined as the region of intersection of two spheres.
3. Boundary disk ; defined as a disk with a nonzero intersection with the

domain boundary.

3.1 Numerical Integration using Genetic Algorithm

Genetic algorithms [17, 18, 19] are a class of biologically inspired optimization
algorithms in which a population of potential solutions is chosen at random.
Individuals (population members) compete according to their fitness for se-
lection as parents to the next generation. The genetic material of the parents
is modified to produce offsprings (new population) using genetic operators
such as mutation and crossover. The process is continued until the maximum
fitness in the population has not reached a certain preset value or the number
of generations has not reached the maximum limit. This general algorithm
is adapted to numerical quadrature, the two dimensional case is described
below.

The algorithm starts by choosing µ partitions (β) randomly, the approxi-
mate integral Q of each partition is evaluated as well as the relative error E
using two different quadrature rules, one more accurate than the other (e.g.,
we have used one and three point Gauss quadrature rules). For each subin-
terval the difference between the two integrals is the relative error Ei, while
the integration value Qi corresponds to the more accurate rule.

In the two-dimensional case each subdomain type (interior, lens or bound-
ary disk) has a different partition. An interior disk (of radius R) is divided into
m subdomains using concentric circles of radii {0 = r0 < r1 < . . . < rm = R},
and each subregion bounded by ri and ri+1 is then divided by n radial lines
{θi,0, . . . , θi,(n−1)|θij ∈ [0, 2π]} and θi,j < θi,j+1, see Figure 4.

The partition β for this case is a matrix of the form

β =




0 = r0, < r1, < . . . , < rm = R
θ0,0, . . . , θm0

...
...

θ0,(n−1), . . . , θm,(n−1)


 , such that r0 = 0, and ri < ri+1.

(3.50)
The integral in equation (3.49) may be written as

Q =

m−1∑

i=0

n−1∑

j=0

Qi,j

with

Qi,j =

ri+1∫

r=ri

θi,(j+1)∫

θ=θi,j

f(r, θ)rdrdθ ≈
Nr∑

k=1

Nθ∑

l=1

Wklf(r̄k, θ̄l) (3.51)
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Figure 4. Partition of (a) an interior disk and (b) a lens into integration subdo-
mains.

where Nr, and Nθ are the number of the radii and angles used in the approx-
imation rule, Wkl are the weights, e.g., for a mid-point Gauss quadrature

Wkl =
1

2
(θl+1 − θl)(r

2
k − r2

k−1),

and (r̄k, θ̄l) is the centroid of the subdomain.
The relative error is the sum of the relative errors for each subdomain, i.e.,

E =

m−1∑

i=0

n−1∑

j=0

|Ei,j |.

A lens (Figure 4(b)), on the other hand is partitioned by first randomly gen-
erating m concentric lenses, the area between any two of which is then par-
titioned by n randomly generated straight lines passing through the point O.
The partitions have the form

β =




0 = χ0, . . . , χm = Ξ(θ)
θ0,0, . . . , θm,0

...
...

θ0,(n−1), . . . , θm,(n−1)


 , (3.52)

such that χ ∈ [0, Ξ(θ)], χ0 = 0, χi < χi+1and

Ξ(θ) =

{
κI(θ)

3π
2 < θ < π

2
κI+1(θ)

π
2 < θ < 3π

2

(3.53)

where θ ∈ [0, 2π], χi is the radius of the concentric lenses and Ξ(θ) is the
radius of the outer lens κi which is the distance from O to the circumference
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of the nearest disk i ∈ {I, I +1}. For a boundary disk, the integration domain
is either a disk or a lens truncated at the boundary.

For a lens we need to evaluate

Q =

Ξ(θ)∫

χ=0

2π∫

θ=0

f(χ, θ)χdθdχ =

m−1∑

i=0

n−1∑

j=0

Qi,j (3.54)

where

Qi,j =

χi+1∫

χ=χi

θi,(j+1)∫

θi,j

f(χ, θ)χdθdχ ≈
Nr∑

k=1

Nθ∑

l=1

Wklf(χ̄k, θ̄l) (3.55)

Nr, and Nθ are the number of the radii and angles used in the approx-
imation rule, respectively. Wkl are the weights, e.g., for a one-point Gauss
quadrature rule Wkl = 1

2 (θl+1− θl)(χ
2
k −χ2

k−1), and (χ̄k, θ̄l) is the centroid of
the subdomain.

In genetic algorithms the data (genetic material) for each member in the
population (individual) is stored in chromosomes. In our case the genetic
material in the chromosomes is the partition β. The integration value Q and
the relative error E are stored along with the partitions in the chromosomes.
We define the fitness of a chromosome as

F (β) =
1

E
(3.56)

to ensure that chromosomes with higher fitness values will indeed correspond
to lower overall relative error.

The chromosomes are ranked in ascending order of their fitness values. Par-
ents are selected from them in a process called “rank selection” [19], where
each chromosome’s probability of being selected is proportional to its rank.
After the selection, the parent’s genetic material is modified with genetic op-
erators. In genetic algorithms there are two types of operators: ”crossover”
and ”mutation”. In mutation of a real-coded chromosome, where the chro-
mosomes are vectors of numbers instead of binary strings [20], the interior
points xi in the chromosomes are perturbed by a small amount δ, where
ǫ− < δ < ǫ+, ǫ− = xi−1 − xi and ǫ+ = xi+1 − xi. The crossover oper-
ator takes two parents, randomly select one or more crossover points, and
exchange the genetic information between parents after each of these points.
Both crossover and mutation are applied on the rows of radii and the columns
of angles separately.

3.2 A Genetic Algorithm-Based Look-up Table Approach

A naive use of the genetic algorithm-based numerical integration technique
described in Section 3.1 is computationally inefficient. Instead, we generate a
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lookup table for normalized integration points and weights assuming a regular
arrangement of nodal points using genetic algorithms. The key to generating
this lookup table is a set of simple normalization schemes described in the
following paragraphs.

In two-dimensions the strategy is to map both the interior disk and the
lens to a unit disk. For an interior disk at node I, using the transform

η =
r

rI

we may rewrite the integral in equation (3.49) as

Q =

∫

ΩI

f(x, y)dxdy =

2π∫

0

rI∫

0

f(r, θ)rdrdθ = r2
I

2π∫

0

1∫

0

f(η, θ)ηdηdθ. (3.57)

For a lens in two-dimensions, formed by the intersection of two disks centered
at nodes I and I + 1 (Figure 4b), we define

η =
χ

Ξ(θ)
(3.58)

where we use the same notations as in Section 3.1. Equation (3.49) becomes

Q =

Ξ(θ)∫

χ=0

2π∫

θ=0

f(χ, θ)χdχdθ =

2π∫

0

1∫

0

f(η, θ)Ξ(θ)2ηdηdθ. (3.59)

For generating the lookup table, a regular arrangement of nodes with inter-
nodal spacing of unity in each coordinate direction is used as shown in
Figure 5. The genetic algorithm described in Section 3.1 is used on the nor-
malized domain, producing partitions β in the normalized coordinates (η, θ).
Once the partitions are generated for the regular arrangement of nodal points,
they are stored in the lookup table using these normalized coordinates.

4 Numerical Examples

In this section we provide several example problems of thin and thick isotropic
and functionally graded material plate models.

4.1 Kirchhoff Plate

Clamped Edges

We will consider the problem shown in Figure 6 of a rectangular plate with
clamped edges. The boundary conditions for this problem are
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Figure 5. Domains used to generate the integration points and weights in two-
dimensional analysis.

Figure 6. A plate with clamped edges and uniformly distributed load on the top
surface.

w = ∂w
∂x = 0 along x = ±a/2,

w = ∂w
∂y = 0 along y = ±b/2.

. (4.60)

A distributed constant force f(x, y) = q0 acts on the top surface of the plate
as shown in the figure. The values a = b = 1, D = 1, and q0 = 1 and have
been assumed

A comparison between the convergence rate in the solution for the trans-
verse deflection w(x, y) in the H1 norm, using the method of finite spheres
with genetic algorithm-based lookup table for integration and the finite ele-
ment method is shown in Figure 7, where the exact solution is evaluated as
the first 50 terms in the infinite series in [15].
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Figure 7. Convergence in the solution for the transverse deflection w(x, y) in the
H1 norm in a rectangular plate with clamped edges obtained using the method of
finite spheres and the finite element method.

Mindlin-Reissner Plate

Now we will consider a shear deformable plate [27]

Clamped Edges

We will consider the problem of a rectangular plate with clamped edges. The
boundary conditions for this problem are

w = φx = φy = 0 along x = ±a, y = ±b . (4.61)

For simplicity the length of the square plate as well as the rigidity D are as-
sumed to be unity, the Poisson’s ratio ν = 0.3, the thickness h = 0.1 , the shear
correction factor k = 5/6 and the force q0 = 10. A comparison between the
convergence rate in the solution for the transverse deflection w(x, y) in the L2

norm, using the method of finite spheres with genetic algorithm-based lookup
table for integration and the finite element method is shown in Figure 8.

Functionally Graded Material Plate Model

Now we will consider a shear deformable square plate with simply supported
edges composed of functionally graded material. The boundary conditions for
this problem are

w = φx = φy = 0 along x = ±a, y = ±b . (4.62)
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Figure 8. Convergence in the solution for the transverse deflection w(x, y) in a
rectangular plate with clamped edges obtained using the method of finite spheres
and the finite element method.

A distributed constant load f(x, y) = q0 acts on the top surface of the plate.
A temperature difference of ∆T = 100◦C exists between the top and bottom
surfaces; the bottom surface is kept at 0◦C and the top surface at 100◦C.
The lower plate surface is assumed to be aluminum and the top surface is
zirconia. The material properties vary as a power law with n = 1. The values
of the material properties are given in Table 1. The dimensions of the plate are
assumed to be unity, while the thickness is h = 0.3, and the shear correction
factor is k = 5/6.

Table 1. Material properties

Material property Aluminum Zirconia

Young’s modulus 70GPa 151GPa
Poisson’s ratio 0.3 0.3
Thermal conductivity 204W/mK 2.09W/mK
Thermal expansion 23×10−6/C 10×10−6/C

Figure 9 shows the thermal solution for the problem presented in Sec-
tion 2.1.

A comparison between the convergence rate in the solution for the trans-
verse deflection w(x, y) using the method of finite spheres with genetic
algorithm-based lookup table for integration and the finite element method is
shown in Figure 10. Since the exact solution does not exist in closed form, a fi-
nite element solution using a very fine mesh of 100×100 nine-noded quadratic
elements was used.
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Figure 9. Temperature distribution through the thickness of a functionally graded
plate with n = 1.0 and thermal conductivity values shown in Table 1. The temper-
ature 0◦C and 100◦C at the lower and upper surfaces, respectively.

Figure 10. The convergence in the solution for the transverse deflection w(x, y) in
the L2 norm for a circular plate with simply supported edges computed using the
method of finite spheres with the genetic algorithm-based lookup table integration
scheme.
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5 Concluding Remarks

Through the solution of different plate problems, it was confirmed in this
study that the genetic algorithm-based lookup table approach provides a com-
putationally efficient scheme to solve higher order differential equations using
meshfree methods. The technique is very similar to the use of a lookup table
for Gaussian integration points and weights used in traditional finite element
methods. The smoothness of the approximation spaces results in excellent
solution accuracies as evidenced in the convergence curves. Extension of the
integration method to handle nonlinear problems is under development.
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14. I. Babuška, U. Banerjee, and J. E. Osborn, Meshless and Generalized Finite El-
ement Methods: A Survey of Some Major Results, Meshfree Methods for Partial
Differential Equations (M. Griebel and M. A. Schweitzer, eds.), Lecture Notes
in Computational Science and Engineering, vol. 26, Springer, 2002, pp. 1–20.

15. L. C. Dym and I. H. Shames, Solid Mechanics: A Variational Approach,
McGraw-Hill, Inc., (1973).

16. S. Timoshenko and S. Woinowsky-Krieger, Theory of Plates and Shells,
McGraw-Hill, Inc., (1959).

17. G. Goldberg, Genetic Algorithms in Search, Optimization and Machine Learn-
ing, Addison Wesley., (1989).

18. D. B. Fogel, Evolutionary Computation, IEEE press: New York., (1995).
19. Z. Michalewicz, Genetic Algorithms + Data Structure = Evolution Programs,

Springer-Verlag: Berlin., (1994).
20. A. H. Wright, Genetic Algorithms for Real Parameter Optimization. Founda-

tions of Genetic Algorithms, Morgan Kaufmann Publishers: San Mateo, CA.
(1991), pp. 205–218.

21. S. BaniHani and S. De, A Computationally Efficient Technique for the Solution
of Timoshenko Beam and Mindlin-Reissner Plate Problems Using the Method of
Finite Spheres, International Journal of Computational Methods., (Submitted).

22. G. R. Liu and Y. T. Gu, Meshless Methods for Shear-Deformable Beams and
Plates, Computer Methods in Applied Mechanics and Engineering. 152 (1998),
pp. 47–72.

23. O. Garcia, E. A. Fancello, C. S. Barcellos, and C. A.Duarte, hp-Clouds in
Mindlin’s Thick Plate Model, International Journal for Numerical Methods in
Engineering. 47 (2000), pp. 1381–1400.
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Summary. Recently, very intensive efforts have been devoted to develop mesh-
less or element free methods that eliminate the need of element connectivity in
the solution of PDEs. The motivation is to cut down modelling costs in industrial
applications by avoiding the labor intensive step of mesh generation. In addition,
these methods are particularly attractive in problems with moving interfaces since
no remeshing is necessary.

In this paper, we address the problem of injection molding described as a free
boundary problem defined by conservation equations for mass, momentum and en-
ergy. This model can be dramatically simplified assuming that the mould is thin so
that a Hele-Shaw approximation can be used. In this case the momentum equation
is just a 2D elliptic equation whose solution yields the pressure distribution in the
filled region of the mould. From this pressure field, the velocity distribution can be
computed and the location of the advancing front can be updated.

Therefore, this problem is very well suited to meshfree techniques and, in this
paper, we use a radial basis function (RBF) method which is based on the in-
terpolation and collocation of global shape functions, and for simplicity assume a
Newtonian fluid so that the model is linear. In particular, we use multiquadric (MQ)
RBFs which have been shown to have exponential convergence.

To advance the front we use a level set method which is very efficient for this
type of problems because it is very fast and can handle both front collisions and
front break-ups without difficulty.

Key words: Meshfree, RBF, Hele-Shaw, Level Set.

1 Model Equations

To model the flow of an injected fluid in a mould, let us start from the con-
servation equations for mass, momentum and energy,



42 F. Bernal and M. Kindelan

∂ρ

∂t
+ ∇ · (ρv) = 0

ρ

(
∂v

∂t
+ v · ∇v

)
= −∇p + ∇ · τ

ρCp

(
∂T

∂t
+ v · ∇T

)
= k∇2T + η Φ

where τ is the extra stress tensor and Φ the dissipation function. Under the
assumptions of incompressibility, creeping flow ((ρ∞ U∞ L/η∞) (h/L)2 << 1)
and small thickness (h/L << 1), the above equations simplify to,

∂u

∂x
+

∂v

∂y
= 0 (1.1)

∂p

∂x
=

∂

∂z

(
η
∂u

∂z

)
,

∂p

∂y
=

∂

∂z

(
η
∂v

∂z

)
,

∂p

∂z
= 0 (1.2)

ρCp

(
∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y

)
= k

∂2T

∂z2
+ ηΦ (1.3)

where the inertia terms in the momentum equations have been neglected in
comparison to the viscous terms (creeping flow), and where partial deriva-
tives in the horizontal directions (x, y) have been neglected in comparison to
derivatives in the vertical direction (small thickness).

Integrating the momentum equations along the vertical direction from the

mid-plane, and taking into account that by symmetry
∂u

∂z
(z = 0) =

∂v

∂z
(z =

0) = 0 , results in

∂u

∂z
= −Λx

z

η

∂v

∂z
= −Λy

z

η

Λx ≡ −
∂p

∂x
, Λy ≡ −

∂p

∂y

A new integration in the vertical direction yields,

∫ b

z

∂u

∂z̃
dz̃ =

∫ b

z

−Λxz̃

η
dz̃ ⇒ u = Λx

∫ b

z

z̃

η
dz̃ (1.4)

∫ b

z

∂v

∂z̃
dz̃ =

∫ b

z

−Λy z̃

η
dz̃ ⇒ v = Λy

∫ b

z

z̃

η
dz̃ (1.5)

where b(x, y) is the half-height and use has been made of the no slip boundary
condition u(z = b) = v(z = b) = 0. Integrating these equations along the
vertical direction results in the following averaged horizontal velocities,

ū =
1

b

∫ b

0

u dz =
Λx

b
S, v̄ =

1

b

∫ b

0

v dz =
Λy

b
S (1.6)

where
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S =

∫ b

0

z2

η
dz

Thus, the velocity vector is in the direction of −∇p. Analogously, the conti-
nuity equation (1.1) is integrated along the half-height,

∫ b

0

[
∂u

∂x
+

∂v

∂y

]
dz =

∂(bū)

∂x
+

∂(bv̄)

∂y
(1.7)

Introducing the values of the average horizontal velocities (1.6) into the inte-
gral form of the continuity equation (1.7) produces,

∂

∂x

(
S
∂p

∂x

)
+

∂

∂y

(
S
∂p

∂y

)
= 0. (1.8)

This is an elliptic, nonlinear equation whose solution yields the pressure field
and from (1.4-1.5) the velocity field. Notice that, in general, the viscosity is a

function of temperature and shear stress (γ̇ =
√

u2
z + v2

z). Thus, η = η(T, γ̇),
and the momentum equation (1.8) is coupled to the energy equation (1.3).
For simplicity, we will consider the case of Newtonian fluids for which η is
constant and, therefore, the pressure and energy equations are decoupled.
The flowability S is simply S = b3/(3η) and equation (1.8) simplifies to,

∂

∂x

(
b3

∂p

∂x

)
+

∂

∂y

(
b3

∂p

∂y

)
= 0. (1.9)

This equation is solved with the following boundary conditions,

• inlet pressure (or flow rate) at the mould gate
• p = 0 in advancing front
• normal velocity zero at the walls of the mould, ∂p/∂n = 0

The solution of equation (1.8) is used in (1.6) to compute the average velocity
field, which is in turn used to advance the front.

This model is the Hele Shaw approximation for injection molding which
was introduced by Hieber and Shen [4] and later used by many authors(see
for instance [5, 8, 14]).

2 Pressure Field

We use an RBF based method in order to compute, at a certain instant, the
pressure distribution within the mould.

Let us consider the rectangular mould shown in Figure 1, where the in-
jected fluid is shown in dark. We consider an injection pressure p = 1 and zero
pressure in the moving front. In the case of a Newtonian fluid and a mould
with constant height (b = const.), equation (1.9) simplifies to the Laplace
equation.
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p=0 

p=1 

Figure 1. Problem Geometry.

Kansa [6, 7] was the first to use RBF’s for the solution of partial differential
equations. His method was based on multiquadric (MQ) basis functions,

φj (x) =
√
‖ x − xj ‖2 + c2j (2.10)

first proposed by Hardy [3]. Using this basis, the solution of equation (1.9) is
approximated by

p(x) =

N∑

k=1

αk φk(x) (2.11)

and the unknown coefficients αk(k = 1, . . . , N) are computed by collocation
on N collocation points, X = {x1,x2, . . . ,xN} on the domain, Ω, and on
its boundary, ∂Ω, where either the PDE (1.9) or the appropriate boundary
conditions are imposed.

To specify the MQ basis (2.10), one must specify both the centers xj

and the shape parameters cj . Usually, the collocation points are used also as
centers for the MQ, although some authors [2] use different data centers and
collocation points near the boundaries.

The upper left of Figure 2 shows the location of the RBF centers within
the domain. There are NI interior centers, which are represented by crosses,
and NB boundary centers which are represented by open circles. These N
centers (N = NI + NB) are taken from a finite element mesh.

As a first numerical experiment we consider the solution of equation (1.9)
with b = 1, using Dirichlet boundary conditions throughout, that is, we replace
the null normal velocity at the walls by p = 0. Introducing (2.11) in equation
(1.9) results in the following linear system of NI equations in the N unknowns
αk,

N∑

k=1

αk ∆φk (xi) = 0, i = 1, 2, . . . , NI (2.12)
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Figure 2. Upper left: RBF centers. Upper right: RBF solution for pressure at the
collocation centers (c2

j = 0.02). Lower left: error at collocation centers. Lower right:
RBF solution in a regular mesh.

The remaining equations come from implementing Dirichlet boundary condi-
tions in the NB boundary centers, namely,

N∑

k=1

αk φk(xi) = pi, i = NI + 1, NI + 2, . . . , NI + NB (2.13)

where pi = 0 except for centers located at the mould entrance where pi = 1.
Notice that for multiquadric RBFs

∆φk (xi) =
1√

‖ xi − xj ‖2 + c2j

+
c2j(

‖ xi − xj ‖2 + c2j
)3/2

Equations (2.12, 2.13) can be written in matrix form as,

Aα = b (2.14)

The upper right of Figure 2 shows the numerical solution at the colloca-
tion centers obtained with the RBF method using a constant shape parameter
cj = 0.1414 (c2j = 0.02). The solution appears smooth and the error relative
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to the finite element solution is shown in the lower left of Figure 2. Notice
that the maximum error at the collocation centers is 0.044 and the mean
square error 0.0027. Essentially the error is relevant only in the vicinity of the
discontinuity in the boundary condition since we try to approximate a discon-
tinuous solution by a linear combination of smooth and global multiquadric
functions. However, if we use the coefficients αk obtained by RBF using the
collocation points shown in Figure 2, to compute the solution in a fine and
regular mesh, the solution ceases to be smooth (lower right of Figure 2) and
an overshoot near the discontinuity can be clearly seen. Also shown are the
isolines corresponding to p = 0, p = 0.25, p = 0.5, p = 0.75 and p = 1. Notice
that the advancing front (p = 0) is clearly identified.
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Figure 3. Mean square error at the collocation centers (solid) and condition number
(dashed) as a function of the shape parameter cj .

The accuracy of the solution is strongly dependent on the shape parameter
cj . As the shape parameter increases, accuracy increases, but the condition
number of the resulting linear system also increases. Too large or too small
shape parameters make the MQ basis too flat or too peaked, and both should
be avoided. Thus, an appropriate selection of the shape parameters is crucial
but there are no definite rules as to their optimal values. Hardy [3] suggested a
constant shape parameter cj = c = 0.815 d̄j , where d̄j is the average distance
from each center to its nearest center. Other authors [9] use non constant
shape parameters such as cj = θ dj , where θ is a constant factor. For the
mesh shown in the upper left of Figure 2, the average distance between nodes
is d̄j =

√
π/(8N) = 0.0374. Thus, [3] suggests a value of the shape parameter

cj = 0.03.
Figure 3 shows the mean square error and the condition number of matrix

A as a function of the shape parameter. Notice that the condition number
grows exponentially with the shape parameter cj . On the other hand, the
error decreases with the shape parameter until the matrix becomes too ill-
conditioned and rounding errors become important. Thus, there is an optimal
value of the shape parameter (cj ≈ 0.1) which minimizes the average error.
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Figure 5. RBF centers (circles) and col-
location centers (crosses).

Going back to the initial problem with null normal velocity at the walls
(∂p/∂n = 0), and using the same collocation centers and shape parameters
as before, we obtain the solution shown in Figure 4). In this case, large errors
occur, specially near the mould entrance and the wall. The maximum error at
the collocation centers is 0.778 and the mean square error 0.06. The solution
is even worse for other values of the shape parameter.

A well known feature [2] in all RBF approximations is how relatively in-
accurate they are at boundaries. As shown by the previous examples, this is
specially true in the case of discontinuous boundary conditions. To overcome
this problem Fornberg et al. proposed the Not-a-Knot method [2], which is
based on the idea of using the nodes in the boundary only as collocation
points to enforce the boundary conditions, but not as RBF centers for the
RBF expansion of the solution.

Figure 5 shows the distribution of collocation centers (circles) and RBF
centers (crosses). For interior nodes both sets of centers coincide. However,
for each collocation center in the boundary, a new RBF center is introduced
which is located in the direction normal to the boundary at a distance equal
to the average distance between centers.

The left of Figure 6 shows the pressure distribution obtained with the
Not-a-Knot method using a constant shape parameter (cj = 0.0245). Notice
that the errors in the vicinity of the boundary have disappeared and that the
maximum error at the collocation centers has decreased to 0.0435 and the
mean square error to 0.006. The right hand side of figure 6 shows the mean
square error and the condition number as a function of the shape parameter.
In this case the mean square error shows a different behavior that in the case
of Dirichlet boundary conditions. In fact, there is a wide range of values of
c for which the error remains approximately constant or even decreases with
decreasing c.

A different alternative to improve accuracy near the boundaries was pro-
posed by Fedoseyev et al. [1]. It is based on the observation that the residual
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Figure 6. Left: pressure distribution at the collocation centers with the Not-a-Knot
method. Right: Mean square error and condition number as a function of c.

error is typical largest near the boundaries. Thus, they proposed to enforce
collocation of the PDE in boundary nodes so that both the boundary condi-
tion and the PDE are imposed in those nodes and the residuals dramatically
decrease. However, since the number of equations increases, it is necessary to
introduce additional RBF centers to match the number of unknown coeffi-
cients αk. Using Fedoseyev’s method with the same additional centers shown
in figure 5, we obtain results which have similar accuracy to those obtained
with the Not-a-Knot method.
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Figure 7. Mean square error and condition number as a function of θ.

Slightly better results can be obtained with a non-constant shape parame-
ter cj = θ dj . Figure 7 shows the mean square error and the condition number
as a function of the parameter θ. These results correspond to the Not-a-Knot
method using the centers shown in Figure 5. Notice that, similarly to what
happened in the case with Dirichlet boundary conditions, the mean square er-
ror exhibits a minimum for an optimal value of the parameter θ. It should be
pointed out that both the average error and the maximum error are slightly
smaller than those obtained with finite elements.
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3 Front Displacement

Once the pressure field is known, equation (1.6) provides the average velocity
which is shown in Figure 8. Of particular relevance are the velocities in the
advancing front which are needed to update its location.

Figure 8. Velocity field at RBF centers (arrows). The absolute value of the velocity
is represented in color.

Marker particle techniques [13] and volume-of-fluid techniques [10] are two
methods which have been often used to model moving fronts. However, they
have severe drawbacks which hamper their use. Since the seminal work of
Osher and Sethian [11], level set methods and fast marching methods have
been shown to be accurate and numerically efficient techniques, which do
not have any of the drawbacks of traditional methods, and which have been
successfully applied in a great variety of applications [12, 13].

The level set method considers the moving front as the zero level set of a
higher dimensional function ψ(x, t). The evolution of the front is obtained by
evolving the level set function with the simple advection equation,

ψt + V · ∇ψ = 0 (3.15)

which defines the motion of the front ψ(x, t) = 0. It is an Eulerian formu-
lation since the front is captured by the implicit function ψ. To solve (3.15)
requires the velocity field V, and an initial level set function ψ(x, 0) with the
property that its zero level set corresponds to the initial front. Otherwise, the
initial level set function is quite arbitrary although a signed distance function
is often used.

In order to correctly evolve the front, the velocity field V has to be defined
throughout the domain or, at least, within a narrow band surrounding it. The
front, defined by the zero level set of the solution of (3.15), will move correctly
provided that the velocity of the front is correct. In the present case, the
velocity field is only defined in the filled region of the mould and, therefore,
it has to be reasonably extended to the whole mould domain.
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Figure 9. Upper left: narrow band and collocation centers within the narrow band.
Upper right: velocity of collocation centers in the narrow band. Lower left: x velocity
obtained by RBF interpolation from narrow band. Lower right y velocity obtained
by RBF interpolation from narrow band.

In order to correctly extend the velocities we have used the following
method:

1. Compute the pressure field by solving equation (2.14)
2. Use equation (1.6) to compute the velocity of collocation centers located

in the filled region and within a narrow band surrounding the front (see
upper part of figure 9).

3. Extrapolate this velocity field to the rest of the domain using an RBF
interpolation technique (see lower part of figure 9).

Notice that the resulting velocities are smooth but not physically correct.
However, for the purpose of evolving the front, it is only necessary that the
velocity is correct near the front and, therefore, this velocity field is perfectly
adequate.

Equation (3.15) is solved in a uniform grid covering the whole domain by
means of the upwind method,
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ψn+1
i,j = ψn

i,j − νx ūij

{(
ψn

i,j − ψn
i−1,j

)
if ūi,j ≥ 0(

ψn
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)
if ūi,j < 0

−
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i,j − ψn
i,j−1

)
if v̄i,j ≥ 0(

ψn
i,j+1 − ψn

i,j

)
if v̄i,j < 0

where νx = ∆t/∆x, νy = ∆t/∆y, and where subscripts i (j) refer to the
horizontal (vertical) discretization and superscript n to the time discretization
(t = n∆t). As boundary conditions we use extrapolation of the level set
function. Thus, for instance, at the left boundary (i = 1), ψn

0,j = 2ψn
1,j − ψn

2,j

and, therefore,

ψn+1
1,j = ψn

1,j − νx ū1j

(
ψn

2,j − ψn
1,j

)
− νy v̄1j

{(
ψn

1,j − ψn
1,j−1

)
if v̄1,j ≥ 0(

ψn
1,j+1 − ψn

1,j

)
if v̄1,j < 0

The time step is defined by a CFL condition

∆t =
0.9

max

{ |ūij |
∆x

+
|v̄ij |
∆y

} . (3.16)

At each time step, the level set function is updated from (3.15) and a set
of points located in the new location of the front are computed by interpo-
lating the level set function in the finite difference mesh. At the next time
step, these points become RBF collocation centers, where the boundary con-
dition p = 0 is enforced, while the old boundary centers become interior RBF
centers. However, a filtering operation is needed to eliminate points in the
front that are too much close to each other or too close to some interior point
and which would, therefore, make the computation of the pressure very ill
conditioned. In any case, as the front advances, the number of RBF centers
increases and therefore the size and condition number of matrix A (in equation
2.14) increases.

The upper left of Figure 10 shows the finite difference mesh (30 x 30,
∆x = ∆y = 0.6666) and the initial set of RBF centers used. The upper
right shows the level set function at t = 0 (signed distance function) together
with its evolution at time step t = 0.17. The zero level set of each surface
determines the location of the advancing front. The lower left of the figure
shows a profile of the initial level set function (solid curve) at x = 0, 4 and the
same profile at at a later time (t = 0.17). The intersection of these curves with
the line ψ = 0 defines the location of the front at each time. The lower right
of the figure shows the zero level set (advancing front) at t = 0 and t = 0.17.

To test the suitability of the method, we have used the rectangular mould
described in Section 3, but with an elliptic inset placed in the center of the
mould. The upper left of figure 11 shows the domain, the initial location of
the front and the RBF centers. The other figures show the evolution of the
front and the RBF centers for t = 1, 2 and 4.75 respectively. These centers are
used to solve equation (1.9) using the RBF method described in Section 3.
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Figure 10. Upper left: uniform finite difference mesh and initial distribution of
RBF centers (red circles) and collocation centers (crosses and black and blue circles).
Upper right: level set function at t = 0 and t = 0.17. Lower left: level set function
profile ψ(0.4, y, 0) (solid line) and ψ(0.4, y, 0.17) (dashed line). Lower right zero level
sets at t = 0 and t = 0.17; ψ(x, 0) = 0 and ψ(x, 0.17) = 0.

As time progresses, the number of RBF centers increases (from 78 at t = 0 to
1051 at t = 4.75). Thus, the resulting linear system grows and the computing
time per step increases. Notice also how the method is able to handle properly
the collision of the two fronts behind the elliptic obstacle. These changes in
topology are difficult to handle with other methods.

Figure 12 shows the evolution of the level set function ψ(x, t) which is
obtained by solving (3.15). For t = 0 (upper left) this function is initialized
to the signed distance from the front. Then this function is advected with
the velocity field obtained by RBF interpolation of velocities in the centers
located in the narrow band. No re-initialization has been necessary. Notice in
the lower right figure that when two fronts collide and produce a change in
topology, no difficulty is encountered. The front is always the zero level set
of function ψ, and the two fronts coalesce into a new smooth front. However,
the level set function has become very flat and, therefore, small errors in its
computation may lead to high errors in the location of the front. This can be
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Figure 11. Distribution of RBF centers and collocation centers for t = 0 (upper
left), t = 1 (upper right), t = 2 (lower left) and t = 4.75 (lower right).

avoided by re-initializing the level set function to a signed distance function,
when min(∇ψ) becomes smaller than a predefined value.

Figure 13 shows the evolution of the advancing front as time progresses.
For clarity, consequent time steps are plotted in different colors (red, blue). It
shows the nodes located in the front for different time steps spaced approxi-
mately every 0.5 time units. Notice that initially the velocities are higher and
the front advances much faster that in later times. However, the CFL condition
(3.16) implies that ∆t increases as the velocities decrease and, therefore, the
number of time steps to advance a given length is approximately constant. As
time progresses, the computational cost for advancing a given length increases
because the number of RBF centers increases.

collocation RBF centers cond(A) time RBF centers total time
nodes (t=0) (t=0) solution (2.14) final step simulation

78 106 1.461 · 107 0.014 1057 126.45
281 337 5.818 · 1011 0.117 1794 386.97
446 531 9.650 · 1013 0.332 2109 596.83
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Figure 12. Level set function evolution: t = 0 (upper left), t = 1 (upper right),
t = 2 (lower left) and t = 4.75 (lower right).

Figure 13. Front evolution. From left to right: t = 0, 0.4947, 0.9794, 1.4753, 1.9839,
2.4905, 3.0533, 3.5662, 3.98898, 4.4296, 5.0233, 5.5171 respectively.
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The preceding table shows how the number of RBF centers affects the
overall computational time. The first column lists the number of collocation
nodes used in the first time step, while the second column lists the initial
number of RBF centers (collocation nodes plus one additional center outside
the boundary for each boundary collocation center). The third column shows
how the condition number of matrix A for the linear system (2.14) at the first
time step increases with N . The 4th column shows the time in seconds needed
for the solution of the linear system (2.14). The results for N = 337 and N =
531 imply that t ∝ N2.29. For larger N the exponent should approach 3. As
the simulation progresses and the front advances, the number of RBF centers
increases. Column 5th shows the number of RBF centers in the last time step
of the simulation. Finally, column 6th lists the total time for the complete
simulation. Notice that the total simulation time grows approximately linear
with the initial number of RBF centers (T ∝ N0.96). This is due to the fact
that the time spent in solving equation (2.14) is only a fraction of the total
simulation step and there are many other processes (computation of matrix
A, computation of velocities in narrow band, interpolation of velocities, time
stepping of level set function, ...) which contribute significantly to the total
computational time.

4 Conclusions

We have used a meshfree method to solve a linear moving boundary prob-
lem corresponding to the Hele-Shaw approximation of injection molding. The
pressure equation is accurately solved using the RBF collocation method and
the front motion is modelled by evolving a signed distance level set function.

The discontinuities in the normal derivatives at the boundaries result in
large errors when the standard RBF technique is used. However, this diffi-
culty is eliminated by introducing additional RBF centers outside the domain
and using either the not-a-knot method or PDE collocation at the boundary.
With this modification, the method described is an efficient, fully meshfree,
alternative to the traditional numerical method (finite elements and volume
of fluid method) used in injection molding codes.
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Summary. In this paper we introduce various forms of strain smoothing for stabi-
lization and regularization of two types of instability: (1) numerical instability re-
sulting from nodal domain integration of weak form, and (2) material instability due
to material strain softening and localization behavior. For numerical spatial insta-
bility, we show that the conforming strain smoothing in stabilized conforming nodal
integration only suppresses zero energy modes resulting from nodal domain integra-
tion. When the spurious nonzero energy modes are excited, additional stabilization
is proposed. For problems involving strain softening and localization, regularization
of the ill-posed problem is needed. We show that the gradient type regularization
method for strain softening and localization can be formulated implicitly by intro-
ducing a gradient reproducing kernel strain smoothing. It is also demonstrated that
the gradient reproducing kernel strain smoothing also provides a stabilization to the
nodally integrated stiffness matrix. For application to modeling of fragment penetra-
tion processes, a nonconforming strain smoothing as a simplification of conforming
strain smoothing is also introduced.

Key words: Strain smoothing, Stabilization, Regularization, Meshfree, Nodal
integration

1 Introduction

Nodal integration offers considerable efficiency in Galerkin type meshfree
methods, but it encounters spatial instability due to under integration and
vanishing derivatives of meshfree shape functions at nodes. Several methods
have been introduced as a correction and stabilization of nodal integration.
Beissel et al. [1] proposed a least-squares stabilization technique. Randles et al.
[12] introduced stress point method to enhance collocation formulation for
SPH. Bonet et al. [2] presented a correction term into the derivative of shape
function at nodal point, which is constructed by satisfying a linear patch test.



58 J.S. Chen et al.

Chen et al. [5, 6, 13, 14] proposed a conforming strain smoothing in a stabi-
lized conforming nodal integration (SCNI) as a stabilization of rank instability
in nodal integration, and as a mechanism to pass linear patch test. Our recent
study showed that SCNI produces spurious low energy modes under certain
conditions. A modified SCNI is introduced, and its stability in reproducing
kernel particle method is examined. For application to modeling of fragment
penetration processes, a nonconforming strain smoothing as a simplification
of conforming strain smoothing is also introduced.

Material instability refers to the event of strain softening and localization
that yields an ill-posed problem. The difficulty in strain localization arises
because solutions possess features of measure zero, and as such, characteristic
length of the mesh introduces a mesh-size perturbation. The dependence on
the discretization is not only with respect to mesh refinement but is also with
respect to the mesh alignment. The inability of the classical continuum theory
to describe the discontinuous strain fields can be corrected if the discontin-
uous strain field is regularized (smoothed). A commonly used regularization
method in strain localization is the gradient method [8, 9, 10]. The classi-
cal gradient type regularization results in a governing equation with higher
order differentiation, and thus requires additional nonphysical boundary con-
ditions for a solution. A gradient reproducing kernel strain smoothing has
been introduced as a regularization of strain localization problem [7, 4]. This
gradient type regularization can be implicitly imbedded in a reproducing ker-
nel approximation of strain, and thus does not require additional nonphysical
boundary conditions to solve the regularized governing equation. In this work,
we show that this gradient strain smoothing offers a stabilization of nodally
integrated stiffness matrix similar to the one-point integrated stiffness with
stabilization obtained from Taylor expansion of gradient matrix in the finite
element setting [11].

This paper is organized as follows. In Section 2, we review the conforming
strain smoothing in the stabilized conforming nodal integration (SCNI) for
rank instability. In Section 3, we show that SCNI only eliminates improper
zero energy modes, and additional stabilization is introduced to suppress spu-
rious nonzero energy modes. In Section 4, we first demonstrate how gradient
type regularization method for strain localization can be formulated under a
gradient reproducing kernel strain smoothing. The eigenmodes associated with
the regularized weak form integrated by nodal integration are also examined.
For application to fragment problems in Section 5, we introduce a noncon-
forming strain smoothing as a simplification of conforming strain smoothing
in SCNI. Concluding remarks are given in Section 6.

2 Conforming Strain Smoothing for Rank Instability

Domain integration of weak form poses considerable complexity in Galerkin
meshfree method. Employment of Gauss quadrature rules yields integration
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error when background grids do not coincide with the covers of shape func-
tions. Nodal integration, on the other hand, results in rank deficiency. Further,
both Gauss integration and nodal integration methods do not pass linear patch
test for nonuniform point distribution. For demonstration of rank instability,
consider the following Poisson problem with Dirichlet boundary condition:

∇2u + Q = 0 in Ω (2.1)

By introducing test function vh, the corresponding Galerkin approximation is

a
(
vh, uh

)
=
(
vh, Q

)
(2.2)

By introducing nodal integration we have the following discrete bilinear form
associated with the differential operator:

ah
(
vh, uh

)
=

N∑

L=1

∇vh (xL) · ∇uh (xL)wL (2.3)

where wL is the weight associated with point L. A rank instability resulting
from nodal integration in (2.3) is shown in Figure 1 (a), where the test and
trial functions are approximated by reproducing kernel approximation with
linear basis. Low convergence rate in nodal integration is also observed in
Figure 1 (b).
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Figure 1. Nodal integration of weak form yields (a) rank instability (b) low con-
vergence rate.

It is shown in Figure 1, even when the approximation of test and trial functions
is linearly complete, the first order accuracy is not guaranteed in the Galerkin
approximation due to nodal integration. Integration constraints are necessary
conditions for linear exactness in the Galerkin approximation [5]. There are
two requirements for linear exactness in the Galerkin approximation of second
order differential equations. The first condition requires the approximation
functions ΨI (x) of uh and vh to possess linear consistency:
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NP∑

I=1

ΨI (x) = 1,

NP∑

I=1

ΨI (x)xI = x (2.4)

These conditions are automatically satisfied in the reproducing kernel shape
functions ΨI(x) if complete linear bases are used. The second condition re-
quires the numerical integration to satisfy the following integration constraint
[5]:

∧∫

Ω

∇ΨIdΩ =

∧∫

∂Ω

ΨIndΓ (2.5)

where
∧∫

denotes numerical integration. A stabilized conforming nodal inte-
gration (SCNI) [5] has been introduced to satisfy linear patch test and to
remedy rank instability of nodal integration. In SCNI approach, a conforming
smoothed gradient operator at nodal point xL is introduced as

∇̄uh (xL) =
∑

I

∇̄ΨI (xL) dI (2.6)

∇̄ΨI (xL) =
1

wL

∫

ΩL

∇ΨIdΩ =
1

wL

∫

∂ΩL

ΨIndΓ , wL =

∫

ΩL

dΩ (2.7)

Here ΩL is the nodal representative domain, which can be obtained from
triangulation or Voronoi cell of a set of discrete points as shown in Figure 2.
Note that a divergence theorem has been used in (2.7) to pass linear patch
test when the weak form is integrated by nodal integration. It can be easily
shown that the conforming smoothed gradient satisfies integration constraint
of (2.5) using nodal integration, i.e.,

∧∫

Ω

∇̄ΨIdΩ =

NP∑

L=1

∇̄ΨI (xL)wL =

NP∑

L=1


 1

wL

∧∫

∂ΩL

ΨIndΓ


wL

=

NP∑

L=1

∧∫

∂ΩL

ΨIndΓ =

∧∫

∂Ω

ΨIndΓ (2.8)

Note that to yield the results of (2.8) we have used the conforming property
of nodal representation domain ΩL as shown in Figure 2. Introducing the
smoothed gradient of (2.7) into (2.3) yields the following discrete differential
operator:

āh
(
vh, uh

)
=

NP∑

L=1

∇̄vh (xL) · ∇̄uh (xL)wL (2.9)
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Figure 2. Nodal representative domains.

The corresponding stiffness matrix is

KIJ =
NP∑
L=1

B̄T
I (xL) B̄J (xL)wL

B̄I (xL) = 1
wL

∧∫
∂ΩL

ΨIndΓ , wL =
∫

ΩL

dΩ
(2.10)

The problem in Figure 1 is solved again for comparison of solution of using
SCNI, nodal integration, and the fifth order Gauss quadrature rule as shown
in Figure 3.
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Figure 3. Comparison of solution obtained from various domain integration meth-
ods.
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3 Additional Stabilization for Spurious Nonzero

Energy Modes

The spurious zero energy mode with alternating gradient generates zero
smoothed gradient at nodal point, except on the boundary. Thus for a fi-
nite domain, zero energy modes cannot propagate as the nonzero smoothed
gradient on the boundary precludes the zero energy mode. However, the en-
ergy of an oscillatory mode can be very small and stability is not ensured as
the mesh is refined. The V1 coercivity requires the following condition for any
non rigid body modes:

ah
(
vh, uh

)
≥ γ

∥∥uh
∥∥2

1
(3.11)

where γ is a mesh independent constant. Consider a uniform discretization
of a one-dimensional domain by N + 1 uniformly distributed points, and let
the nodal value of u to take the oscillating pattern [+1,−1,+1, · · ·+1,−1] we
have the following bilinear form of SCNI with smoothed gradient:

āh
(
vh, uh

)
=

h

2

(
u2 − u1

h

)2

+ h

(
u3 − u1

2h

)2

+ · · ·+

+h

(
uN+1 − uN−1

2h

)2

+
h

2

(
uN+1 − uN

h

)2

=
4

h
(3.12)

where h is the nodal distance. It can also be shown

∥∥uh
∥∥2

1
=

∫ L

o

u2dx +

∫ L

o

u2
,xdx

=
1

3

(
u2

1 + u1u2 + u2
2

)
h +

1

3

(
u2

2 + u2u3 + u2
3

)
h + · · ·+

+
1

3

(
u2

N + uNuN+1 + u2
N+1

)
h +

(
u2 − u1

h

)2

h +

+

(
u3 − u2

h

)2

h + · · ·+
(

uN+1 − uN

h

)2

h

=
1

3
L +

4

h2
L

=
h2 + 12

3h2
L (3.13)

It follows γ = āh
(
vh, uh

)
/
∥∥uh
∥∥2

1
= 12h

L(h2+12) → 0 as h→ 0 and thus violating

coercivity. One way to gain coercivity in SCNI is to consider the following
modification:
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āh
(
vh, uh

)

=

NP∑

L=1



∇̄vh (xL) · ∇̄uh (xL)︸ ︷︷ ︸

SCNI

+

+
∑

K∈SL

[
cK
L

((
∇vh

)K
L
− ∇̄vh (xL)

)
·
((
∇uh

)K
L
− ∇̄uh (xL)

)]

︸ ︷︷ ︸
Additional stabilization





wL

(3.14)

where
(
∇uh

)K
L

is ∇uh evaluated at the centroid of the K-th Delaunay tri-

angles associated with node L as shown in Figure 4, cK
L is the stabilization

parameter, and SL is the set containing Delaunay triangles associated with
node L.

Figure 4. Voronoi cell and Delaunay trangulation.

In elasticity, the Galerkin approximation is

a
(
vh,uh

)
=
(
vh,b

)
+
(
vh,h

)
∂Ωhi

(3.15)

where
(
vh,b

)
and

(
vh,h

)
∂Ωhi

are the standard linear forms in domain Ω and

Neumann boundary ∂Ωhi , respectively, b is the body force vector, h is the
traction vector, and a

(
vh,uh

)
in elasticity is

a
(
vh,uh

)
=

∫

Ω

∇svh : C : ∇suhdΩ ≡
∫

Ω

ε
(
vh
)

: C : ε
(
uh
)
dΩ (3.16)

where

ε
(
uh
)
ij
≡
(
∇suh

)
ij

=
1

2

(
∂uh

i

∂xj
+

∂uh
j

∂xi

)
(3.17)



64 J.S. Chen et al.

and C is the 4-th rank elasticity tensor. By taking a similar modified SCNI
procedure with smoothed gradient on ∇s, we have the following discrete equa-
tion:

āh
(
vh,uh

)
=
(
vh,b

)h
+
(
vh,h

)h
∂Ωhi

(3.18)

Here
(
vh,b

)h
and

(
vh,h

)h
∂Ωhi

are obtained by nodal integration, and

āh
(
vh,uh

)

=

NP∑

L=1





ε̄
(
vh
)
L

: C : ε̄
(
uh
)
L︸ ︷︷ ︸

SCNI

+

+
∑

K∈SL

[
cK
L

(
ε
(
vh
)K
L
− ε̄
(
vh
)
L

)
: C :

(
ε
(
uh
)K
L
− ε̄
(
uh
)
L

)]

︸ ︷︷ ︸
Additional stabilization





wL

(3.19)

where

(
ε̄
(
uh
)
L

)
ij

=
1

wL

∧∫

ΩL

1

2

(
∂uh

i

∂xj
+

∂uh
j

∂xi

)
dΩ

=
1

wL

∧∫

∂ΩL

1

2

(
∂uh

i nj + ∂uh
j ni

)
dΓ

=
NP∑

I=1

1

2

(
∇̄iΨIdjI + ∇̄jΨIdiI

)
(3.20)

∇̄iΨI =
1

wL

∧∫

∂ΩL

ΨInidΓ , (3.21)

and ε
(
uh
)K
L

is ε
(
uh
)

evaluated at the centroid of the K-th Delaunay trian-

gles associated with node L as shown in Figure 4, and cK
L is the stabilization

parameter.
A first nonzero eigenmode associated with the stiffness in two dimensional

elasticity (E = 1, ν = 0.499) integrated using SCNI is shown in Figure 5. The
corresponding eigenvalue of this mode is 0.0211. The first nonzero energy
eigenmode obtained using modified SCNI (M-SCNI) with stabilization pa-
rameter cK

L = c = 0.01, which will be used for all the following numerical
examples, has shown to provide stabilization.
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(a) Eigenvalue = 0.0211 (b) Eigenvalue = 0.0356

Figure 5. First nonzero energy eigenmode generated using (a) SCNI and
(b) M-SCNI with c = 0.01.

A cantilever beam shown in Figure 6 is analyzed. Figure 7 compares the
results of SCNI and M-SCNI with different stabilization parameters c. It is
shown that the use of c = 0.01 in M-SCNI that properly suppresses spurious
nonzero energy modes in Figure 5 also generates good convergence rate in
Figure 7.

Figure 6. Cantilever beam (L = 10m, H = 2m, P = 200N, E = 3 × 107Pa, ν =
0.25).

The numerical studies show that the use of a minimum value in cK
L = c = 0.01

is required for stability. Employment of cK
L larger than 0.01, on the other hand,

yields reduction of convergence rate. It is recommended that cK
L = c = 0.01

be employed in M-SCNI for stability and accuracy.

4 Gradient Strain Smoothing Regularization

for Material Instability in Strain Localization

Strain localization is usually a precursor of catastrophic material failure. In
the event of strain softing and localization, the change of sign in the tangent
moduli yields an ill-posed problem and requires a regularization for unique
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Figure 7. Convergence rate of L2 error norm.

solution. A commonly used regularization method in strain localization is the
gradient method [8, 9, 10], where a “nonlocal strain” ε̃ is introduced as

ε̃(x) = ε(x) +
n∑

i+j=1

βijDijε(x) (4.22)

where ε is any component of strain, and Dij(·) = ∂i+j(·)/∂xi
1∂x

j
2. However,

introducing strain regularization of (4.22) into equilibrium equation leads to
a PDE with higher order differentiation and thus requires additional non-
physical boundary conditions to solve the problem. Until now, the physical
explanation of these additional boundary conditions is still lacking [9]. The
issue of additional boundary conditions has been addressed by introducing a
gradient reproducing kernel strain smoothing [4, 7] as follows:

ε̃(x) =

∫

Ω

Φ̃a(x;x− s)ε(s)ds (4.23)

We write the discrete counter part of the strain smoothing equation as

ε̃(x) =

NP∑

I=1

Φ̃a(x;x− xI)ε(xI) (4.24)

where Φ̃a(x;x − xI) is a smoothing function that takes the following repro-
ducing kernel form:

Φ̃a(x;x− xI) =




n∑

i+j=0

(x1 − x1I)
i(x2 − x2I)

jbij(x)


Φa(x− xI)

≡ HT (x− xI)b(x)Φa(x− xI) (4.25)

The vector b(x) is obtained by imposing the following gradient reproducing
conditions according to the gradient regularization equation (4.22):
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NP∑

I=1

xp
1Ix

q
2I Φ̃a(x;x− xI) = xp

1x
q
2 +

n∑

i+j=0

βijDij(x
p
1x

q
2)

0 ≤ p + q ≤ n , β00 = 0 (4.26)

It can be shown that the above equation is equivalent to

NP∑

I=1

(x1 − x1I)
p(x2 − x2I)

qΦ̃a(x;x− xI) = δp0δq0 + βpq(−1)p+qp!q!

0 ≤ p + q ≤ n , β00 = 0 (4.27)

This leads to a system of discrete equations for b(x)

M(x)b(x) = g (4.28)

where g is the vector form of gij = δi0δj0 + βij(−1)i+ji!j!, and

M(x) =

NP∑

I=1

H(x− xI)H
T (x− xI)Φa(x− xI) (4.29)

Substituting b(x) = M−1(x)g into (4.25), we obtain the following strain
smoothing function

Φ̃a(x;x− xI) = H(x− xI)M
−1(x)gΦa(x− xI) (4.30)

Due to the employment of gradient reproducing conditions in the construction
of smoothing function Φ̃a, we have the following property:

ε̃(x) =

NP∑

I=1

Φ̃ (x;x− xI) ε (xI) ≈ ε(x) +

n∑

i+j=1

βijDijε(x) (4.31)

For example, in one-dimension, if 2nd order basis and gT = [1, 0, 2β] are used
in the construction of Φ̃a in (4.30), we have the following property:

ε̃(x) =

NP∑

I=1

Φ̃(x;x− xI)ε(xI) ≈ ε(x) + βε,xx(x) (4.32)

Recalling strain smoothing equation (4.24), and introducing approximation of
displacements, we obtain

ε̃(x) =

NP∑

I=1

Φ̃a(x;x− xI)ε(xI)

=

NP∑

I=1

Φ̃a(x;x− xI)

{
1

2

[
∂uh

i (xI)

∂xj
+

∂uh
j (xI)

∂xi

]}

=

NP∑

J=1

(
B̃iJdjJ + B̃jJdiJ

)
(4.33)
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where

B̃iJ =

NP∑

I=1

1

2
Φ̃a(x;x− xI)

∂ΨJ(xI)

∂xi
(4.34)

A one-dimensional damage mechanics problem as shown in Figure 8 is an-
alyzed. A rod with imperfection in the middle of the bar is subjected to a
uniaxial tensile deformation as shown in Figure 8. The equilibrium equation
of this problem is

[E(1−D)ε],x = 0, 0 < x < L

u(0) = 0

u(L) = g (4.35)

where D is the damage function. Here, we consider the following damage
function:

D(ε) =

{
εc(ε−εi)
ε(εc−εi)

if εi ≤ ε ≤ εc

1 if ε > εc

(4.36)

Figure 8. One-dimensional bar model.

Equations (4.35) and (4.36) represent a linear softening behavior as shown in
Figure 9.

The following parameters are used: εi = 1.0 × 10−4, εc = 6.25 × 10−3,
and E = 2× 106N/mm2. An imperfection of the cross sectional area between
x = 30 mm and x = 40 mm is introduced to initiate bifurcation from a ho-
mogeneous state of deformation. It is expected that the strain will localize in
the imperfection zone, while the rest of the structure will relax elastically. We
consider a second order gradient regularization ε̃ = ε+βε,xx, with β = 0.0408,
and third order basis functions are employed in the smoothing function. The
force-displacement curves obtained using four spatial discretizations regular-
ized with the second order gradient method shown in Figure 10 demonstrate
a mesh-independent results using the proposed method.

The regularized strain approximation in (4.33)-(4.34) also provides a sta-
bilization to the nodally integrated discrete differential operator. Consider the
weak form with the smoothed strain as follows:

ã
(
vh,uh

)
=
(
vh,b

)
+
(
vh,h

)
∂Ωhi

(4.37)
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Figure 9. Linear softening stress-strain
relation of 1-D elastic damage model.

Figure 10. Force-displacement curves
obtained by second order strain gradient
method.

where

ã
(
vh,uh

)
=

∫

Ω

ε̃
(
vh
)

: C : ε̃
(
uh
)
dΩ (4.38)

The nodal integration of (4.38) yields:

ãh
(
vh,uh

)
=

NP∑

L=1

ε̃
(
vh
)
L

: C : ε̃
(
uh
)
L
wL (4.39)

Note that by using the gradient producing properties in (4.31), we have:

ãh
(
vh,uh

)

=

NP∑

L=1

ε̃
(
vh
)
L

: C : ε̃
(
uh
)
L
wL

≈
NP∑

L=1


ε
(
vh
)
L

+
∑

i,j

βijDijε
(
vh
)
L


: C :


ε
(
uh
)
L

+
∑

i,j

βijDijε
(
uh
)
L


wL

(4.40)

This is analogous to the use of Taylor expansion of gradient matrix in the
stiffness matrix as a stabilization of the one-point integrated stiffness matrix
[11] in finite element.

Figure 11 shows the comparison of the first nonzero eigenmodes of a
nodally integrated stiffness matrix of 2-dimensional elasticity obtained using
SCNI from (2.9), modified SCNI (M-SCNI) from (3.19), and gradient SCNI
(G-SCNI) from (4.40), and no spurious oscillation is observed in M-SCNI and
G-SCNI.
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(a) Eigenvalue = 0.0211 (b) Eigenvalue = 0.0356 (c) Eigenvalue = 0.0390

Figure 11. The first nonzero energy eigenmodes of nodally integrated stiffness using
(a) SCNI, (b) M-SCNI, and (c) G-SCNI.

5 Application to Fragment Penetration Problems

5.1 Stabilized Nonconforming Nodal Integration (SNNI)

In transient large deformation problems, consider the following governing
equation:

ρü = ∇ · τ + b in Ωx (5.41)

with boundary conditions ui = gi on Γ g
x and τijnj = hi on Γhi

x , where Ωx,
Γ gi

x , and Γhi
x are the domain, Dirichlet boundary, and Neumann boundary

at the current configuration, respectively, ρ is density, τ is Cauchy stress,
b is the body force vector, hi is the traction. The corresponding Gakerkin
approximation is

(
vh, ρuh

)
+ a
(
vh,uh

)
=
(
vh,b

)
+
(
vh,h

)
∂Ωhi

(5.42)

For fragment problems, updated Lagrangian formulation is employed, and the
above weak form is integrated over the domain and boundary at the current
configuration, in which a

(
vh,uh

)
is expressed as:

a
(
vh,uh

)
=

∫

Ωx

∇svh : τ
(
∇suh

)
dΩ ≡

∫

Ωx

ε
(
vh
)

: τ
(
ε
(
uh
))

dΩ (5.43)

where Ωx is the domain at the current configuration, and

ε
(
uh
)
ij
≡
(
∇suh

)
ij

=
1

2

(
∂uh

i

∂xj
+

∂uh
j

∂xi

)
(5.44)

and xi is the spatial coordinate at the current configuration. In updated La-
grangian formulation, the approximation of uh is formulated at the current
configuration [3], and constructing Voronoi cell for conforming strain smooth-
ing in SCNI becomes tedious, and sometimes impossible during the fragmen-
tation processes. To simplify the conforming strain smoothing in SCNI, we
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consider the following stabilized nonconforming nodal integration (SNNI), in
which a simple nonconforming circular smoothing domain ̟L with boundary
∂̟L is used, as shown in Figure 12. For elasticity, a nonconforming strain
smoothing is introduced

ε̄h
ij(xL) =

1

2πr2

∫

̟L

(uh
i,j + uh

j,i)dΩ =
1

2πr2

∫

∂̟L

(uh
i nj + uh

j ni)dΓ (5.45)

where r is the radius of the circular smoothing domain.

Remark 1. Additional stabilization in the construction of stiffness follows
(3.19), where ε

(
uh
)K
L

can be evaluated at the centroid of the quarter cir-
cle associated with node L.

Figure 12. Averaging domain for SNNI.

5.2 Test of Convergence Property of SNNI in Elastostatics

A cantilever beam as shown in Figure 6 is analyzed, where L = 10m, H = 2m,
P = 1.0× 104N , E = 2.11× 107Pa, ν = 0.3. The meshfree discretization (of
half the beam) and the corresponding Voronoi nodal representative domain
for SCNI and smoothing domain for SNNI with α = 1.5 are shown in Fig-

ure 13(a) and Figure 13(b), where α =
√∫

̟L
dΩ/

√∫
ΩL

dΩ. Since this beam

geometry has large surface to volume ratio, we do not add the additional sta-
bilization in SNNI. The tip displacement normalized by the analytical solution
is shown in table 1. The comparison of L2 error norms of the solution obtained
with various integration methods are compared in Figure 14. The numerical
experiment shows that the smoothing domain with α around 1.0 gives the
best convergence rate for SNNI and is used for the following fragment prob-
lem. Although SNNI method offers a slight reduction in the solution accuracy
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Figure 13. Nodal representative and smoothing domains for SCNI and SNNI.

Table 1. Accuracy of tip displacement of beam problem by different integration
techniques.

Integration Method Accuracy (%)

Gauss 5 × 5 95.0

Direct Nodal 192.8

SCNI 99.2

SNNI 98.5

Figure 14. L2 error norms of solution obtained from SNNI
(
e = ||uh − u||0

)
with

various α values, SCNI, and Gauss integration.

compared to that of SCNI, the simplicity in the strain smoothing makes it
particularly attractive for fragment problems. For problems that exhibit ex-
cessive particle motion and large degree of material separation, SNNI is the
obvious choice over SCNI.

5.3 High Velocity Penetration

A Carbon-Tungsten projectile ball is impacting on a 0.4m × 1m concrete
wall. Plane strain assumption is assumed. The material constants of the
ball are: Young’s modulus E = 630GPa, Poisson’s ratio ν = 0.33, density
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ρ = 8700kg/m3, initial yield stress σy = 800MPa and the initial velocity of
the ball is 500m/s. The ball is discretized into 100 particles. The material
constants of the concrete wall are: Young’s modulus E = 30GPa, Poisson’s
ratio ν = 0.2, density ρ = 2400kg/m3, initial yield stress σy = 40MPa. The
wall is fixed at both vertical ends and uniformly discretized into 41×17 = 697
particles. The two vertical surfaces of the concrete wall are fixed. The SNNI
domain integration is employed. The progressive deformation of the penetra-
tion is shown in Figure 15.

Figure 15. Progressive deformation in high velocity penetration.

6 Conclusions

In this paper, we have introduced several forms of strain smoothing for stabi-
lization and regularization of numerical instability resulting from nodal in-
tegration of meshfree Galerkin weak form and material instability due to
strain softening and localization. In many large deformation and fragment
penetration problems, nodal integration in meshfree methods is highly desir-
able for the ability to trace complex material motion and for computational
efficiency. Nodal integration, however, yields spatial instability. Conforming
strain smoothing in stabilized conforming nodal integration (SCNI) has been



74 J.S. Chen et al.

introduced to stabilize spurious zero energy modes. This study demonstrated
that SCNI does not guarantee coercivity. The energy of an oscillatory mode
can be very small and spurious nonzero energy modes can exist as the mesh
is refined. To recover coercivity, an additional stabilization has been added to
the SCNI with a rather simple construction. Test problems have been analyzed
to examine the stability and convergence of the modified SCNI method.

In the event of strain softing and localization, the change of sign in the
tangent moduli yields an ill-posed problem and requires a regularization for
unique solution. The classical gradient type regularization operating on strain
results in a governing equation with higher order differentiation, and thus re-
quires additional nonphysical boundary conditions for a solution. This strain
gradient regularization can be implicitly imbedded in a gradient reproducing
kernel strain smoothing, leading to a naturally regularized weak form without
the need of additional nonphysical boundary conditions. It is shown in the nu-
merical test that the imbedded gradient term in the gradient strain smoothing
offers a stabilization to the nodally integrated stiffness matrix similar to the
stabilization obtained from Taylor series expansion of the one-point evaluated
gradient matrix in finite element [11].

For application to fragment and penetration problems, the construction
of Voronoi cells in the conforming strain smoothing in SCNI is too tedious
and sometimes impossible. We have introduced a stabilized nonconforming
nodal integration (SNNI) in which a nonconforming circular strain smoothing
zone has been employed. It is shown that although the conforming property
is relaxed in SNNI strain smoothing which results in a slight reduction in the
solution accuracy compared to that of SCNI, the simplicity in the nonconform-
ing strain smoothing makes it particularly attractive for fragment penetration
problems.
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Fuzzy Grid Method for Lagrangian Gas

Dynamics Equations

O.V. Diyankov and I.V. Krasnogorov

NeurokTechsoft LLC, Troitsk, Moscow region, Russia,
diyankov@aconts.com

Summary. This paper addresses the numerical solution of the system of the La-
grangian gas dynamics equation. Usually Finite Difference Methods are applied for
the simulation of fluid dynamics. However, for problems with large deformations
as the application under consideration they encounter problems with intercrossed
numerical grids. This disadvantage can be overcome by meshfree methods which
do not require a numerical grid like the Smoothed Particle Hydrodynamics method
in principle [1], [2]. We show, however, that this approach does not work properly
for the solution of the Lagrangian system for hydrodynamic flow, except for special
cases, because of conservation violations.

In order to overcome this problem, we construct a new fully conservative particle
method – a Fuzzy grid approach. More precisely a system of Lagrangian partial
differential equations for non-radiating inviscid fluid is considered. The presented
numerical solution scheme is based on the central difference scheme [3]. In order
to fulfill the consistency condition and the corresponding conservation law the use
of modified weights is proposed. Extra smoothing is reduced by including an anti-
diffusion term. For the determination of the modified weights, a symmetrical and an
unsymmetrical approaches are considered. In both cases the weights can be obtained
by the solution of a linear system. The performance of the different modifications
is demonstrated on numerical examples in one space dimension. According to the
numerical results the symmetrical modification leads to better approximations than
the unsymmetrical one.

Key words: Meshless, hydrodynamics, central schemes.

1 Smooth Particle Hydrodynamics

Simulation of fluid dynamic problems have been widely performed using tra-
ditional Finite Difference Methods (FDM). The main advantage of FDM is
simple construction of a difference scheme, but the destructive distinction is
necessity of a numerical grid. When modeling problems with large deformation
or moving material interfaces this method encounters many difficulties. For
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instance, if you use Lagrange-based methods for a penetration problem, you
perfect simulate material interfaces, but encounter problems with intercrossed
numerical grid.

Another alternative method is Smooth Particle Method (SPH). SPH
doesn’t need a numerical grid and uses smoothed particles as interpolation
points to represent materials at discrete locations, so it can easily trace ma-
terial interfaces and moving boundaries.

In SPH method function f(r) is approximated by the following represen-
tation [1]

〈f(r)〉 =

∫

Ω

f(ξ)W (r − ξ, h) dξ

where W (r − ξ, h) is the SPH symmetric kernel function, h - smoothed dis-
tance, which controls size of the support domain Ω ∈ R

3.
The transition from continuum to discrete representation for arbitrary

hydrodynamic function is denoted by the following equation:

〈fi〉 =
∑

j∈Ωi

mjfj

ρj
Wij (ri − rj , h)

where Ωi is the neighbouring particles within a support domain of the i-th
particle, mj - mass, ρj - density, fj - function value of the j-th particle located
at the point rj .

The approximation of spatial derivatives of the function can be obtained
from

〈∇fi〉 =
∑

j∈Ωi

mjfj

ρj
∇iWij (1.1)

∇iWij =
ri − rj

|ri − rj |
∂Wij

∂r
.

The system of Lagrangian partial differential equations of hydrodynamics
flow are given by

dρ

dt
= −ρ · divU

dU

dt
= −1

ρ
· gradP

dE

dt
= −P

ρ
· divU

P = (γ − 1)ρ

(
E − U2

2

)
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where γ denotes the ratio of specific heats and other symbols have their con-
ventional meanings.

The most common SPH approximation for this system can be written

〈
dρ

dt

〉

i

=
∑

j∈Ωi

mj (U i −U j) ·∇iWij

〈
dU

dt

〉

i

=
∑

j∈Ωi

mj
Pi + Pj

ρiρj
·∇iWij

〈
dE

dt

〉

i

=
∑

j∈Ωi

mj
Pi + Pj

2ρiρj
(U i −U j) ·∇iWij .

This approach works good only for very special tests, when all distances
between the i-th and the j-th particles are the same. For all other tasks this
method doesn’t work properly, because of conservation violation that follows
from inequality ∇iWij �= −∇jWji.

This fact led us to construct fully conservative particle method.

2 Fuzzy Grid

For our purpose it’s more convenient to study the following system of La-
grangian partial differential equations for non-radiating inviscid fluid

dV

dt
− V divU = 0

d(mU)

dt
+ V gradP = 0 (2.2)

d(mE)

dt
+ V div(PU) = 0.

The difference scheme is based on central difference scheme, proposed in
[3]

F n+1
i = F n

i + τ · (Qi −Gi) (2.3)

Qi =
1

2

∑

j∈Ωi

(
F n

i − F n
j

)
·
(

ci

Vi
+

cj

Vj

)
·max

(
|W̃ij |, |W̃ji|

)
(2.4)

τmax = 0.5min
i


∑

j∈Ωi

(
ci

Vi
+

cj

Vj

)
·max

(
|W̃ij |, |W̃ji|

)


−1

(2.5)
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where F = {V,mU ,mE}, G = {−V divU , V gradP, V div(PU)}, Q - addi-

tional mathematical viscousity, ci - local sound speed, W̃ij - modified weights
(will be discussed later), τ - time step.

Instead of spatial derivatives calculation procedure in the SPH (1.1) we
obtain derivatives from

〈
V∇gk

i

〉
=
∑

j∈Ωi

(
gk

i − gk
j

)
· sign (xi − xj) · W̃ij (2.6)

where k is the component number of vector G.
In order to reduce extra smoothing (especially in a depression wave) we

include anti-diffusion term. It is based on well-known MinMod limiter function

MM (f1, f2, ..., fn) =





minj {fj} , fj > 0,∀j ∈ 1, ..., n
maxj {fj} , fj < 0,∀j ∈ 1, ..., n
0, otherwise.

(2.7)

Thus, the time evolution scheme (2.3) can be rewritten

F n+1
i = F n

i + τ · [(Qi −M i)−Gi] (2.8)

M i =
1

2

∑

j∈Ωi

(
ci

Vi
+

cj

Vj

)
·sign (xj − xi)·MM

(
∇F n

j ,∇F n
i

)
·max

(
|W̃ij |, |W̃ji|

)
.

(2.9)

3 The Unsymmetrical Approach to Modify Weights

We assume, that

W̃ij =

{
α+

i Wij , xi − xj < 0
α−

i Wij , otherwise.
(3.10)

Our goal is to achieve two equalities:

1. Approximation law:
∑

j∈Ωi
W̃ij = 1.

2. Conservation law:

∑

j∈Ωi

W̃ij · sign (xi − xj)−
∑

j∈Ωi

W̃ji · sign (xj − xi) = 0. (3.11)

The approximation equation follows from unity condition that assures the
zeroth order consistency of the integral form representation of the continuum
function [2].

The conservation equation follows from derivative representation (2.6) that
guarantees absence of inner artificial source. To prove this fact looks at the
following computations.
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Let’s consider 1D case and assume that each particle has 4 neighbour
particles (2 left and 2 right) except, of course, boundary ones and expand
expression for gradient (2.6)

〈∇g1〉 = W̃12 · (g2 − g1) + W̃13 · (g3 − g1)

〈∇g2〉 = W̃21 · (g2 − g1) + W̃23 · (g3 − g2) + W̃24 · (g4 − g2)

〈∇g3〉 = W̃31 · (g3 − g1) + W̃32 · (g3 − g2) + W̃34 · (g4 − g3) + W̃35 · (g5 − g3)

〈∇g4〉 = W̃42 · (g4 − g2) + W̃43 · (g4 − g3) + W̃45 · (g5 − g4)

〈∇g5〉 = W̃53 · (g5 − g3) + W̃54 · (g5 − g4).
(3.12)

Extract coefficients for each gi, i ∈ 1, ..., 5

g1 :
(
−W̃12 − W̃13

)
−
(
W̃21 + W̃31

)

g2 :
(
W̃21 − W̃23 − W̃24

)
−
(
−W̃12 + W̃32 + W̃42

)

g3 :
(
W̃31 + W̃32 − W̃34 − W̃35

)
−
(
−W̃13 − W̃23 + W̃43 + W̃53

)

g4 :
(
W̃42 + W̃43 − W̃45

)
−
(
−W̃24 − W̃34 + W̃54

)

g5 :
(
W̃53 + W̃54

)
−
(
−W̃35 − W̃45

)
.

(3.13)

Thus, in order to achieve conservation requirement each expression for gi

must be equal to zero, which was to be proved.
We have (2n − 2) unknowns α+ and α− on the one side and we can

write (2n − 2) equations from the system (3.11) on the other side, where n
is the number of particles. Though we can solve system of linear equations
respectively unknowns α+ and α−.

The problem is the huge magnitude of resulted α, because large α signif-
icantly reduces time step τ (2.5) and leads to extra mathematical viscousity
Q (2.4) and smoothing. This fact is obviously seen in figures (7 – 10).

4 The Symmetrical Approach to Modify Weights

We assume, that

{
W̃ij = αij ·Wij

W̃ij = W̃ji.
(4.14)

Our goal is to achieve two equalities:

1. Approximation law:
∑

j∈Ωi
W̃ij = 1.

2. Conservation law:
∑

j∈Ωi

W̃ij · sign (xi − xj) = 0. (4.15)
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The conservation law equation was simplified because of W̃ij symmetry.
At first we need to build matrix Θ that is consisted from equation coeffi-

cients of system (4.15) relatively to unknowns αij . The number of unknowns
are equal to number of Wij , j > i. So, the system (4.15) is transformed to the
equation

Θ · α = B (4.16)

where B is the right hand side of the system (4.15).
In order to obtain optimal α we pose the following minimization problem

min
[
αT · α− λT · (Θ · α−B)

]
(4.17)

where λ is the Lagrange multiplier.
We can minimize (4.17) by setting the partial derivatives of the α to zero,

which is a necessary condition for a minimum

2αT − λT ·Θ = 0

α =
1

2
ΘT · λ. (4.18)

Substitute (4.18) into (4.16) we can find λ

1

2
ΘΘT · λ = B

λ = 2
(
ΘΘT

)−1 ·B. (4.19)

And finally compute α

α = ΘT ·
(
ΘΘT

)−1 ·B. (4.20)

Corresponding results are presented in figures (3-6, 11-18). With using
antidifussion term the depression wave is closer to exact solution. To more ac-
curate simulation of the contact discontinuity it needs to use special algorithm
for solving Riemann problem.

5 Numerical Examples

In this section we will present numerical examples which demonstrate perfor-
mance of our Fuzzy Grid approach. We consider the approximate solution of
the Lagrange equations of hydrodynamics flow (2.2)

d

dt




V
mU
mE


+



−V
V
V


 · ∂

∂x




U
P
PU


 = 0, (5.21)

P = (γ − 1)ρ

(
E − U2

2

)
, ρ =

m

V
.

We experiment with the following algorithms:
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Figure 1. Shock wave - density. t = 1.3 Figure 2. Shock wave - pressure.
t = 1.3

Figure 3. Shock wave - density. t = 1.3 Figure 4. Shock wave - pressure.
t = 1.3

Figure 5. Shock wave - density. t = 1.3 Figure 6. Shock wave - pressure.
t = 1.3

1. The unsymmetrical modification, see (3.10). It is referred to as W1.
2. The symmetrical modification, see (4.14). It is referred to as W2.
3. The symmetrical modification with MinMod anti-diffusion terms, see

(4.14), (2.8). It is referred to as W3.

We solve the system (5.21) with two sets of initial conditions.
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Figure 7. Sod problem - density.
t = 1.3

Figure 8. Sod problem - pressure.
t = 1.3

Figure 9. Sod problem - velocity.
t = 1.3

Figure 10. Sod problem - energy.
t = 1.3

Figure 11. Sod problem - density.
t = 1.3

Figure 12. Sod problem - pressure.
t = 1.3

5.1 Example 1. Strong Shock Wave

The first example is the strong shock wave propagation problem which consists
of the following initial data

{
ρ = 4, U = 1, E = 1, x < 0.5
ρ = 1, U = 0, E = 0, x > 0.5.

The number of particles is equal to 110.
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Figure 13. Sod problem - velocity.
t = 1.3

Figure 14. Sod problem - energy.
t = 1.3

Figure 15. Sod problem - density.
t = 1.3

Figure 16. Sod problem - pressure.
t = 1.3

Figure 17. Sod problem - velocity.
t = 1.3

Figure 18. Sod problem - energy.
t = 1.3

As we can see the best result is obtained by using W3 method. The only
disadvantage that we have small oscillation on the shock wave front.

5.2 Example 2. Sod Problem

The second example is the Riemann problem proposed by Sod [4] which con-
sists of the following initial data
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{
ρ = 1, U = 0, E = 2.5, x < 2.5
ρ = 0.125, U = 0, E = 2, x > 2.5

γ = 1.4.

The number of particles is equal to 300.

6 Conclusion

We’ve presented a new approach to modify weight coefficients for mesh free
method. The unsymmetrical modification method displays excessive dissipa-
tion properties for shock wave problem (8 points on shock wave front) and non-
physical behaviour for Sod problem. The symmetrical modification method
showes good spatial resolution for shock wave problem (5-6 points on shock
wave front) and sufficient correspondence with exact solution for Sod problem.
The only disadvantage is the slightly broad transition of the contact disconti-
nuity. With using anti-diffusion correction procedure the discontinuity profiles
are sharper and rarefaction wave is more accurate.
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Summary. A method is proposed for arbitrary discontinuities, without the need for
a mesh that aligns with the interfaces, and without introducing additional unknowns
as in the extended finite element method. The approximation space is built by special
shape functions that are able to represent the discontinuity, which is described by
the level-set method. The shape functions are constructed by means of the moving
least-squares technique. This technique employs special mesh-based weight functions
such that the resulting shape functions are discontinuous along the interface. The
new shape functions are used only near the interface, and are coupled with standard
finite elements, which are employed in the rest of the domain for efficiency. The
coupled set of shape functions builds a linear partition of unity that represents the
discontinuity. The method is illustrated for linear elastic examples involving strong
and weak discontinuities.

Key words: Discontinuity, partition of unity, moving least-squares

1 Introduction

A discontinuous change of field quantities or their gradients along certain
interfaces is frequently observed in the real world. For example, this may be
found in structures in the presence of cracks, pores, and inclusions. In fluids, it
occurs on interfaces between two different fluids. The mathematical model and
the numerical methods for their approximation have to appropriately consider
these interfaces. Discontinuities may be classified as strong and weak. The first
involve discontinuous changes in the dependent variable of a model, i.e. of the
function itself, whereas weak discontinuities describe discontinuous changes
of the derivative of the function. For structural models, typical examples of
strong and weak discontinuities are cracks and interfaces of different materials,
respectively.

In the approximation of discontinuous fields, a suitable treatment of the
interfaces is required. In standard finite element analysis [4, 22], this may be
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achieved by constructing a mesh whose element edges align with the inter-
face. For moving interfaces, this requires a frequent remeshing, which often
restricts this approach to problems where the interface topology does not
change significantly during the simulation [18]. The extended finite element
method (XFEM) [6, 16, 21] overcomes the need for aligning the elements with
the discontinuity. The approximation space resulting from the standard finite
element method is enriched by special functions via a partition of unity so
that the discontinuity may be considered appropriately. However, additional
unknowns for the enriched nodes are needed for this method. With the XFEM,
arbitrary discontinuities may be treated implicitly on a fixed mesh. Often, the
description of the discontinuities is realized by means of the level-set method
[18, 21]. An interesting method that does not require a partition of unity is
given by Hansbo and Hansbo [11], though it can be shown to have the same
basis functions as the XFEM [1]. Furthermore, meshfree methods have been
successfully used for arbitrary discontinuities, see e.g. the overview in [19].

In this paper a new method, which constructs the shape functions from the
beginning so that they are able to represent discontinuities, is proposed. No
additional unknowns are introduced. The moving least-squares (MLS) method
[14] is used for the construction of the shape functions. This method is fre-
quently used in the context of meshfree methods [3, 10], where it is often the
underlying principle for the construction of meshfree shape functions. How-
ever, the functions are only meshfree if the weight functions which are involved
in the MLS technique are mesh-independent. In this paper, the weight func-
tions are defined on a standard finite element mesh, and the resulting shape
functions are mesh-based. For each nodal weight function, the support consists
of the neighboring and next-neighboring elements of that node. The support
of the weight function is truncated along the discontinuity, consequently, a
node has no influence across the interface. The visibility criterion of [17] is
employed for this purpose. Thereby, the weight functions are designed so that
they lead to shape functions which build a linear partition of unity and are
able to represent the discontinuity.

The new shape functions have larger supports than standard finite element
shape functions. The final system of equation, which results from the use of
these shape functions in a weighted residual setting, is less sparse due to the
increased connectivity. Therefore, it is desirable to employ the new shape
functions only in the proximity of the discontinuity. In all other parts of the
domain, standard finite element shape functions are used. The coupling of the
two different types of shape functions is realized by a ramp function according
to the approach in [7]. The set of coupled shape functions still builds a linear
partition of unity with the ability to consider discontinuous changes of the
sought functions or its derivatives along the interface.

An outline of the paper is as follows: In section 2, the level-set method
for the description of the interface is briefly discussed. Throughout this work,
the interfaces are static. Section 3 gives an outline of the moving least-squares
method, which constructs shape functions based on locally defined weight
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functions. Shape functions, which are able to consider a discontinuity, result
for specially designed weight functions. This is worked out in section 4. The
coupling of the new shape functions with standard finite element shape func-
tions is described in section 5, and enables an efficient assembly of the final
system of equations. Section 6 shows numerical results with the coupled shape
functions for linear elastic problems including strong and weak discontinuities.
The numerical results exhibit the optimal rate of convergence. The paper ends
in section 7 with a summary and conclusions.

2 Level-Set Method

The level-set method is a numerical technique for the implicit tracking of
moving interfaces [18]. Throughout this work, only static interfaces Γdisc in a
d-dimensional domain Ω ∈ R

d are considered. The signed distance function
[18] is used for the representation of the interface position,

ψ (x) = ±min ‖x− xΓdisc
‖ , ∀xΓdisc

∈ Γdisc,∀x ∈ Ω, (2.1)

where the sign is different on the two sides of a closed interface and ‖ · ‖
denotes the Euclidean norm. It follows directly from (2.1) that the zero-level
of this scalar function is a representation of the discontinuity, i.e.

ψ (x) = 0 ∀x ∈ Γdisc. (2.2)

If the discontinuity only partially cuts the body, it is necessary to construct
another level-set function ξ such that ξ (x) > 0 on the cut part, and ξ (x) < 0
on the uncut part.

Consider a discretization of the domain by a mesh. The values of the
level-set function are only computed at nodes ψ = ψ (xi), and the level-set
function ψh (x) = MT (x) ψ is an approximation of ψ (x) using the interpo-
lation functions M (x). Then, also the representation of the discontinuity as
the zero-level of ψh (x) is only an approximation of the real interface posi-
tion, which improves with mesh refinement. In this work, the interpolation
functions M (x) are standard bilinear finite element (FE) functions [4, 22].

3 Moving Least-Squares Method

The method is discussed here following [14, 15]. For a function u (x) defined
on an open set Ω ∈ R

d being sufficiently smooth, i.e. at least u (x) ∈ C0 (Ω),
one can define a “local” approximation around a fixed point x ∈ Ω as

uh
local (x,x) = pT (x) a (x) , (3.3)

where p (x) forms a basis of the approximation subspace, which generally
consists of monomials. Throughout this paper, a linear basis is used,
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pT (x) = [1, x, y] . (3.4)

The coefficient vector a (x) is obtained by minimizing the weighted least-
squares discrete L2-error norm

Jx (a (x)) =

r∑

i=1

φi (x)
[
pT (xi) a (x)− u

]2
, (3.5)

where φi (x) are weight functions. Thereby, a relation between the unknowns
a (x) with the nodal values u is found. The vector xi refers to the position of

the r nodes within the domain. The weight function φi has small supports Ω̃i

around each node, thereby ensuring the locality of the approximation. It plays
an important role in the context of the MLS method. A mesh-independent
definition of the weight functions leads to the class of meshfree methods, where
the MLS is often the underlying principle for the construction of meshfree
shape functions, see e.g. [3, 10]. Throughout this work, however, the weight
functions are defined on a mesh and the new shape functions, to be derived
in section 4, are mesh-based.

Minimization of (3.5) with respect to a (x) results in a system of equations

r∑

i=1

φi (x) p (xi) pT (xi) a (x) =

r∑

i=1

φi (x) p (xi)ui. (3.6)

Solving this for a (x) and then replacing a (x) in the local approximation
(3.3) leads to

uh
local (x,x) = pT (x)

[
r∑

i=1

φi (x) p (xi) pT (xi)

]−1 r∑

i=1

φi (x) p (xi)ui. (3.7)

Since the point x can be chosen arbitrarily, one can let it “move” over the
entire domain, x→ x, which leads to the global approximation of u (x) [15]. It
should be noted that the concept of a “moving” approximation is not needed to
construct the MLS functions; one can simply start with (3.5) as the definition
and proceed as in [5]. Finally, the MLS approximation may be written as

uh (x) = pT (x) [M (x)]
−1

B (x) u, (3.8)

where

M (x) =

r∑

i=1

φi (x) p (xi)pT (xi) , (3.9)

and

B (x) =
[
φ1 (x) p (x1) φ2 (x) p (x2) . . . φr (x) p (xr)

]
. (3.10)

The matrix M (x) is of size k× k, with k being the number of components in
p (x). This matrix has to be inverted wherever the MLS functions are to be
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evaluated. Using these MLS functions as shape functions in an approximation
of the form uh (x) = NT (x) u, one can immediately write a specific shape
function Ni at a point x

Ni (x) = pT (x) [M (x)]
−1

φi (x) p (xi) . (3.11)

The set of r MLS functions {N (x)} builds a partition of unity (PU) of
order n over the d-dimensional domain Ω [3].

4 Design of Special Shape Functions

The aim is to develop shape functions that are able to model arbitrary discon-
tinuities without losing their interpolation properties and without additional
degrees of freedom at nodes around the discontinuity. This aim is achieved by
especially designed weight functions, which—through the MLS procedure—
guarantee shape functions that build a linear PU in the entire domain, taking
the discontinuity into account. These functions are C0-continuous everywhere
in the domain except along the interfaces, where they are constructed to be
discontinuous.

4.1 Special Weight Functions

The weight functions φi (x) in the MLS procedure determine some important
properties of the resulting shape functions. The support and the continuity of
the shape functions are identical to the weight functions, that is, ∀i = 1, . . . , r:
Ni = 0 where φi = 0, and Ni ∈ Cl (Ω) if φi ∈ Cl (Ω) (assuming that p (x) is
sufficiently smooth). For the new weight functions, the supports consist in the
elements contiguous to a node and their neighboring elements. This is shown
in Fig. 1 for quadrilateral elements.

Figure 1. The weight function corresponding to the center node has a support
which includes the neighboring elements of that node (dark-grey area) and the next-
neighboring elements (light-grey area).
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The following definition of the weight functions has been found useful: It
is assumed that a domain Ω ∈ R

2 is subdivided into nel elements, and each
element is defined by a set Iel

k ∈ (N+)
m

, k = 1, . . . , nel, of m element nodes.
The set of neighboring nodes of a particular node ℓ is defined as

Iℓ =
( ⋃

i:ℓ∈Iel
i

Iel
i

)
\ ℓ. (4.12)

The weight function of node ℓ is defined as

φ⋆
ℓ (x) = 2 ·NFEM

ℓ (x) +
∑

i∈Iℓ

NFEM
i (x) , (4.13)

where NFEM
i (x) is a standard finite element shape function. This weight

function is depicted in Fig. 2 for a node in a structured and unstructured
quadrilateral element setting. One may use the definition of the new weight
functions (4.13) for both triangular and quadrilateral elements. However, in
this work, without loss of generality, only quadrilateral elements with corre-
sponding bilinear shape functions are considered. The shape functions, used
for the construction of the approximation, follow from the MLS procedure, as
described in section 3, based on these weight functions. It is noted, that stan-
dard FE shape functions are employed for the definition of the special weight
functions, which are then used to obtain C0-continuous shape functions by
the MLS technique.

2

node ℓ1

2

1

Figure 2. The proposed weight function of node ℓ in a structured and unstructured
element situation when no discontinuity is present.

4.2 Modifying the Weight Function in the Presence
of a Discontinuity

To introduce the discontinuity we use the visibility method [17], in which all
nodes not visible from a point x, when the discontinuity is considered opaque,
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are omitted. That is, the support of the weight function is truncated on the
other side of the discontinuity, see Fig. 3. This modification of the support of
the weight functions is a standard treatment of a discontinuity in the field of
meshfree methods [5, 17].

discontinuity

Figure 3. The modified supports of the new weight functions, as a consequence of
the discontinuity, are shown for two selected nodes.

Mathematically, this is expressed as

φℓ (x) =

{
φ⋆

ℓ (x) , for x visible from xℓ

0 , instead,
(4.14)

where φ⋆
ℓ (x) is defined in (4.13). The fact whether x is visible from xℓ can

be based on the sign of the level-set functions, see section 2. The point x is
visible from xℓ if

ψ (x) · ψ (xℓ) > 0 and ξ (x̄) > 0, (4.15)

where x̄ is the intersection of the line going from xℓ to x with ψ (x) = 0.
It may be seen in Fig. 3 that the truncation of the weight function supports

results in a reduced overlap of weight functions. However, due to the large sup-
ports of the new weight functions, there is still sufficient overlap of the weight
functions in the cut elements so that a linear PU may be constructed through
the MLS procedure. It is noted that for weight functions with supports of the
same size as the standard bilinear FE shape functions, the MLS matrix M (x)
in Eq. (3.9) would become singular near the discontinuity, and a PU of the
same order as in uncut elements could not be constructed.

For open discontinuities, it should be noted that the visibility criterion
introduces discontinuous shape functions not only along the interface. Close
to the tip of the discontinuity (e.g. a crack tip), artificial discontinuities are
resulting in the domain, see Fig. 4. However, these artificial discontinuities do
not inhibit the convergence [13], and may be avoided by using approaches as
in [17].

It may thus be found that the new shape functions resulting from the
proposed definition of the weight functions share the following properties:
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(b)(a)

1.0

0.0

2.0 0.6

0.0

0.4

0.2

Figure 4. (a) Weight function, and (b) shape function of a node close to the tip of
an open discontinuity.

• They build a linear PU in the entire domain which is able to represent the
discontinuity, because no shape function has influence across the disconti-
nuity.

• Their supports are larger than those of standard FE shape functions. This
leads to an increase in the computational effort. Therefore, it is desirable
to use these shape functions only near the discontinuity, i.e., where it is
needed, and standard FE shape functions in all other parts of the domain.
This is discussed in section 5.

• They are C0-continuous throughout the domain except along the inter-
face Γdisc. For open discontinuities, some artificial discontinuities in the
shape functions are introduced by the visibility criterion near the tip of
the interface. This can be avoided by using approaches as described in [17].

• The resulting shape functions do not have Kronecker-delta property, that is
Ni (xj) �= δij . If the new shape functions are employed near the boundary,
special treatment of the boundary conditions is necessary. This is well-
known in the context of meshfree methods, see [3, 10] for an overview of
different techniques to apply boundary conditions there.

The proposed truncation of the supports is directly appropriate only in case
of strong discontinuities, where the function u (x) has a strong discontinuity.
In case of weak discontinuities, where u (x) is continuous but its derivatives
are not (e.g., wherever the coefficients of the underlying partial differential
equation change), continuity of the function has to be enforced. One may for
example enforce continuity by a penalty method or Lagrangian multipliers [4].

5 Coupling

In order to ameliorate the increased amount of computational work which
results from the larger supports, it is desirable to use the new shape functions
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as little as possible. They are only needed near the discontinuity because
there the standard FE shape functions lose their favorable approximation
properties. In all other parts, standard bilinear FE shape functions may be
used.

The approach of [7] is used for the coupling of the two different shape
function classes. Alternatively, the method of [12] could be used. The domain
is decomposed into several subdomains as shown in Fig. 5. The set of cut
elements is defined as

Q′ =
{
k
∣∣ i, j ∈ Iel

k : ψ (xi) · ψ (xj) < 0
}
, (5.16)

where Iel
k ∈ (N+)

m
, k = 1, . . . , nel, are the sets of m element nodes belonging

the nel elements, and i, j are any two nodes of an element. The union of the
elements in Q′ is called ΩMLS. The set of neighboring elements is

Q⋆ =
{
l
∣∣Iel

k ∩ Iel
l �= ∅,∀k = 1, . . . , nel,∀l ∈ Q′} \Q′ (5.17)

and the union of its elements is called transition area Ω⋆. Finally, the domain
Ω \ΩMLS \Ω⋆ is called ΩFEM.

The shape functions are defined as follows:

Ni (x) = [1−R (x)]NFEM
i (x) + R (x)NMLS

i (x) , (5.18)

where NFEM
i are standard FE functions, and NMLS

i are the shape functions
of Eq. (3.11) constructed by the MLS technique. A ramp function R (x) is
involved in this definition of the coupled shape functions,

Ω⋆

ΩMLS

ΩFEM

1.00.50.0

tinuity
discon-

ΩFEM

Figure 5. The decomposition of the domain into ΩFEM, Ω⋆, and ΩMLS in depen-
dence of the discontinuity is shown, together with the ramp function R (x).
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R (x) =





0 , x ∈ ΩFEM

1 , x ∈ ΩMLS
∑

i∈I′ NFEM
i (x) , x ∈ Ω⋆, I ′ =

{
i
∣∣xi ∈ ∂ΩMLS ∩ ∂Ω⋆

}
.

(5.19)

The set I ′ is the set of nodes that are on the boundary between ΩMLS and
Ω⋆. The ramp function varies monotonically between 0 and 1 in the transition
area, a graphical representation may be seen in Fig. 5.

In an element-based code, only in Ω⋆ both shape function classes have
to be evaluated. All elements in ΩMLS require only the construction of the
new shape functions, and all elements in ΩFEM have only standard FE shape
functions.

6 Numerical Results

6.1 Governing Equations of Linear Elasticity

The strong form for an elastic solid in two dimensions, undergoing small dis-
placements and strains under static conditions, is [4, 22]

∇ · σ = f , on Ω ⊆ R
2, (6.20)

where f describe volume forces, and σ is the Cauchy stress tensor,

σ = C : ε = λ (tr ε) I + 2µε, (6.21)

with λ and µ being the Lamé constants. The linearized strain tensor ε is

ε =
1

2

(
∇u + (∇u)

T
)
. (6.22)

For the approximation of the displacements u, the following test and trial
function spaces Sh

u and Vh
u are introduced as

Sh
u =

{
uh
∣∣uh ∈

(
H1h

)d
, uh = ûh on Γu

}
, (6.23)

Vh
u =

{
wh
∣∣wh ∈

(
H1h

)d
, wh = 0 on Γu

}
, (6.24)

where H1h ⊆ H1 is a finite dimensional Hilbert space consisting of the shape
functions. The space H1 is the set of functions which are, together with their
first derivatives, square-integrable in Ω. Along the Dirichlet boundary Γu,
the displacements are prescribed as ûh. The discretized weak form may be
formulated in the following Bubnov-Galerkin setting [4, 22]: Find uh ∈ Sh

u

such that∫

Ω

σ
(
uh
)

: ε
(
wh
)
dΩ =

∫

Ω

wh · fhdΩ +

∫

Γt

wh · t̂h
dΓ ∀wh ∈ Vh

d , (6.25)

where t̂
h

characterizes the traction along the Neumann boundary. It is noted
that the numerical integration of this weak form, in elements cut by the discon-
tinuity, has been realized by dividing these elements into suitable quadrilateral
subelements, where Gauss integration is performed in the standard way.
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6.2 Error Norms

Two test cases with analytical solution are considered in this work. A conver-
gence test is realized based on the following two error norms:

energy-norm:
∥∥u− uh

∥∥
E

=

(∫

Ω

(
ε− εh

)T
C
(
ε− εh

)
dΩ

)1/2

,(6.26)

L2-norm:
∥∥u− uh

∥∥
L2

=

(∫

Ω

(
u− uh

)T (
u− uh

)
dΩ

)1/2

. (6.27)

where u and ε are the analytical solutions. The norms are normalized as∥∥u− uh
∥∥

E
/‖u‖E and

∥∥u− uh
∥∥

L2

/
‖u‖L2

, respectively.
For standard bilinear shape functions, the optimal rate of convergence in

the L2-norm is of order 2, and in the energy-norm of order 1, as long as the
discontinuities align with element edges and the exact solution is suitable for
a polynomial approximation. It is found that this order of convergence is also
obtained with the new shape functions if the discontinuities cut arbitrarily
through the elements. However, in case of an approximation of a solution that
contains a singularity, as is the case in a crack problem, a polynomial basis
only leads to a reduced convergence order [20] for both, finite element and
new shape functions.

6.3 Edge-Crack Problem

The first test case considers a square domain of size L×L with an edge-crack
of length a, see Fig. 6 for a sketch. Along the boundary of the square domain,
displacements are prescribed such that the well-known analytic solution of a
near-tip crack field is the exact solution in the entire domain. The material
is defined by E = 10000 and ν = 0.3, no Neumann boundary is present. The
exact solution of this problem may be found e.g. in [9]. It is given in polar
coordinates as

σ11 (r, θ) =
k1√
2πr

cos
θ

2

(
1− sin

θ

2
sin

3θ

2

)
, (6.28)

σ22 (r, θ) =
k1√
2πr

cos
θ

2

(
1 + sin

θ

2
sin

3θ

2

)
, (6.29)

σ12 (r, θ) =
k1√
2πr

cos
θ

2

(
sin

θ

2
cos

3θ

2

)
, (6.30)

for the stress components and

u1 (r, θ) =
k1

2µ

√
r

2π
cos

θ

2

[
κ− 1 + 2 sin2 θ

2

]
, (6.31)

u2 (r, θ) =
k1

2µ

√
r

2π
sin

θ

2

[
κ + 1− 2 cos2

θ

2

]
, (6.32)
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(a) (b)

L

a

L

Figure 6. (a) Problem statement of the edge-crack problem and the exact displace-
ment solution (grey) enlarged by a factor of 1000, (b) Structured mesh with 9 × 9
elements and the discontinuity.

for the displacements. The Kolosov constant κ is defined for

plain strain: κ = 3− 4ν, plain stress: κ =
3− ν

1 + ν
, (6.33)

and µ is the shear modulus. The parameter k1 is called stress intensity factor,
where the index 1 refers to the present case of a mode-1 crack [9].

For the numerical computation, we choose L = 2, a = 1, and k1 = 1 is
prescribed for the displacements along the Dirichlet boundary. Plane stress
conditions are assumed. Only structured meshes have been used with nel

d ele-
ments per dimensions, see Fig. 6b, where also the discontinuity is shown. For
the convergence study, nel

d is 9, 19, 29, 39, 49, 69, 99, consequently, the discon-
tinuity never aligns with the elements.

At the crack tip, the consideration of the visibility criterion requires special
attention. It is practically impossible to divide the elements near the crack
tip for integration purposes such that they align with the modified supports
of the weight functions resulting from the visibility criterion. This is only
relevant in the element containing the crack tip and its neighboring elements.
In these elements, instead of a decomposition into subelements for integration,
the trapezoidal rule is used with a large number of integration points (nQ =
20 × 20). As the element size of the affected elements decreases for higher
element numbers, this does not degrade the convergence of the method [13].

Figure 7 shows the rate of convergence obtained with the new shape func-
tions for this test case with a strong discontinuity. It is found, that due to the
singularity at the crack tip, the order 2 in the L2-norm and 1 in the energy-
norm can not be obtained. However, comparing the results with a standard
finite element computation with bilinear elements, where the crack aligns with
the elements and a node is placed at the crack tip, it may be seen that the
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Figure 7. Convergence result in the L2-norm and energy-norm, and convergence of
the approximated stress intensity factor k1.

same convergence order is obtained. For the present test case, the obtained
convergence rate is the best possible for a linear basis. In the presence of a
singularity, identical rates of convergence were found in meshfree methods in
[2]. Higher-order convergence may only be found with methods that enrich
this basis by appropriate terms.

The stress intensity factor k1 has been evaluated numerically in different
integration domains of length b × b around the crack tip. The interaction
integral is evaluated for this purpose, see [16], and k1 should be constant,
independent of the integration domain. The results may be seen in the right
part of Fig. 7. A convergence towards the exact value of k1 = 1 may be seen,
and the dependence form the size of the integration domain becomes virtually
zero for increasing node numbers.

6.4 Bi-material Problem

This test case includes a weak discontinuity. Inside a circular plate of radius
b, whose material is defined by E1 = 10 and ν1 = 0.3, a circular inclusion
with radius a of a different material with E2 = 1 and ν2 = 0.25 is considered.
The loading of the structure results from a linear displacement of the outer
boundary: ur (b, θ) = r and uθ (b, θ) = 0. The situation is depicted in Fig. 8.
The exact solution may be found in [21]. The stresses are given as

σrr (r, θ) = 2µεrr + λ (εrr + εθθ) , (6.34)

σθθ (r, θ) = 2µεθθ + λ (εrr + εθθ) , (6.35)

where the Lamé constants λ (x) and µ (x) are piecewise constant functions
with a discontinuity at r = a. The strains are
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(a) (b)

x2

r

x1

a

θ

b

L

L

ur(b, θ) = r
uθ(b, θ) = 0

Figure 8. (a) Problem statement of the bi-material problem (the grey area is the
numerical domain), (b) the exact displacement solution.

εrr (r, θ) =

{
(1− b2

a2 )α + b2

a2 , 0 ≤ r ≤ a,

(1 + b2

r2 )α− b2

r2 , a < r ≤ b,
(6.36)

εθθ (r, θ) =

{
(1− b2

a2 )α + b2

a2 , 0 ≤ r ≤ a,

(1− b2

r2 )α + b2

r2 , a < r ≤ b,
(6.37)

and the displacements

ur (r, θ) =

{[
(1− b2

a2 )α + b2

a2

]
r, 0 ≤ r ≤ a,

(r − b2

r )α + b2

r , a < r ≤ b,
(6.38)

uθ (r, θ) = 0. (6.39)

The parameter α involved in these definitions is

α =
(λ1 + µ1 + µ2) b

2

(λ2 + µ2) a2 + (λ1 + µ1) (b2 − a2) + µ2b2
. (6.40)

For the numerical model, the domain is a square of size L×L with L = 2,
the outer radius is chosen to be b = 2 and the inner radius a = 0.4 + ǫ. The
parameter ǫ is set to 10−3, and avoids for the used meshes that the level-set
function is exactly zero at a node (in this case, the discontinuity would directly
cut through that node). The exact stresses are prescribed along the boundaries
of the square domain, and displacements are prescribed as u1 (0,±1) = 0
and u2 (±1, 0) = 0. Plane strain conditions are assumed. In this test case, a
weak discontinuity is present, and the displacement field is continuous with
discontinuous strains. The continuity information is considered by introducing
a penalty term in the weak form (6.25):
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Figure 9. (a) Structured mesh with 20 × 20 elements and the discontinuity, (b)
convergence result for the bi-material problem.

γ ·
∫

Γdisc

wh
[
uh
(
Γ+

disc

)
− uh

(
Γ−

disc

)]
dΓ, (6.41)

where Γ+
disc and Γ−

disc represent each side of the discontinuity. The penalty
parameter is set to γ = 105; this value enforces the continuity appropriately
without increasing the condition number of the stiffness matrix too much.

Structured meshes have been used with nel
d elements per dimensions, see

Fig. 9a, where also the discontinuity is shown. For the convergence study, nel
d is

10, 20, 30, 40, 50, 70, 100, 200. Fig. 9b shows the rate of convergence of different
methods employed for this test case with a weak discontinuity. The standard
finite element result is obtained by a mesh which aligns with the discontinuity.
The XFEM results are displayed for two different extended bases, the results
are taken from [21], see this reference for details. It may be seen that these
XFEM results have a convergence order of 0.75 and 0.91 in the energy norm,
respectively [21]. It is noted, that the XFEM matches optimal convergence
for the same test case in [8] by employing special blending elements. With the
new shape function, the order is 2 for the L2-norm and 1 for the energy-norm,
which is the optimal convergence for shape functions that build a linear PU.

7 Conclusion

A method is proposed which constructs special shape functions with the abil-
ity to represent discontinuous changes of field quantities along arbitrary inter-
faces. The set of shape functions builds a linear partition of unity. The shape
functions are C0-continuous in the domain except along the interfaces, where
they are C−1-continuous (discontinuous).

Close to the interfaces, the moving least-squares technique is employed for
the construction of the shape functions, and especially designed mesh-based
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weight functions are involved. In all other parts of the domain, standard FE
shape functions are used. The coupling of the two types of shape functions
is realized in transition areas by a ramp function. The transition areas de-
pend directly on the interface position, which itself is defined by the level-set
method.

The resulting method shows favorable numerical properties in a weighted
residual setting for the approximation of continua with strong and weak dis-
continuities. In case of weak discontinuities, the continuity information of the
primal variable has to be introduced into the weak form by a penalty or La-
grange multiplier method. It will be a matter of further investigation whether
shape functions can be found which are also able to represent weak disconti-
nuities from the beginning without the need of an indirect way to introduce
the continuity information of the primal variable. Furthermore, it would be
desirable to extend the linear partition of unity by appropriate terms such
that singularities as those occurring in crack problems can be considered ap-
propriately.
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98-1-0578 and the Army Research Office under grant W911NF-05-1-0049 is grate-
fully acknowledged.
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Summary. A meshless boundary element method (BEM) for stress analysis in
two-dimensional (2-D), isotropic, continuously non-homogeneous, and linear elas-
tic functionally graded materials (FGMs) is presented in this paper. It is assumed
that Young’s modulus has an exponential variation, while Poisson’s ratio is taken
to be constant. Since no fundamental solutions are yet available for general FGMs,
fundamental solutions for isotropic, homogeneous, and linear elastic solids are ap-
plied, which results in a boundary-domain integral formulation. Normalized dis-
placements are introduced in the formulation, which avoids displacement gradients
in the domain-integrals. The radial integration method (RIM) is used to transform
the domain-integrals into boundary integrals along the global boundary. The nor-
malized displacements appearing in the domain-integrals are approximated by a
series of prescribed basis functions, which are taken as a combination of radial basis
functions and polynomials in terms of global coordinates. Numerical examples are
presented to verify the accuracy and the efficiency of the present meshless BEM.

Key words: Meshless boundary element method (BEM), Radial integration
method, Partial differential equations (PDFs) with variable coefficients, Func-
tionally graded materials (FGMs).

1 Introduction

Meshfree or meshless methods have certain advantages over many domain-
type discretization methods like the Finite Element Method (FEM), the
Finite-Difference Method (FDM) and the Finite Volume Method (FVM).
Among many meshless methods, the global and the local weak-form for-
mulations are often applied ([1]-[4]). The global approach uses a weak-form
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formulation for the global domain, which requires background meshes for the
integration of the weak-form. In the local approach, the weak-form formu-
lation is applied to local sub-domains, which doesn’t need any background
meshes ([2, 4, 5]). The meshless local Petrov-Galerkin (MLPG) method [2, 4]
is a representative example of the local approach, where trial and test func-
tions can be selected from different functional spaces. If the unit step function
is chosen as the test function, then a local boundary-domain integral equation
formulation for the sub-domains can be obtained.

An alternative way to avoid domain-type discretizations is the boundary
element method (BEM) or boundary integral equation method (BIEM). In the
classical BEM, the problem dimension is reduced by one, which reduces the
computational effort, especially for problems with complicated geometries and
moving boundary value problems, where a cumbersome mesh generation and
re-meshing are needed in FEM and FDM. Unfortunately, the classical BEM
with a boundary-only discretization is limited to problems where the funda-
mental solutions of the governing partial differential equations can be obtained
in closed or simple forms. For isotropic, continuously non-homogeneous and
linear elastic solids, the governing partial differential equations possess vari-
able coefficients. Thus, the corresponding fundamental solutions in this case
are either not available or they are too complicated. This fact brings signifi-
cant difficulties to the extension and the application of the classical BEM to
non-homogeneous linear elastic solids. This difficulty can be circumvented by
using both the global and the local boundary-domain integral equation formu-
lations. The global BEM uses fundamental solutions for homogeneous linear
elastic solids, which contains a domain-integral due to the material nonho-
mogeneity. To transform the domain-integral into boundary integrals over the
global boundary of the analyzed domain, the dual reciprocity method (DRM)
[6] can be used, where radial basis functions (RBF) are applied. Another novel
transform technique is the so-called radial integration method (RIM), which
has been developed by Gao ([7, 8, 9]). In the local BEM, the analyzed do-
main is divided into sub-domains, for which local boundary-domain integral
equations are formulated. Recent applications of the local BEM based on the
meshless local Petrov-Galerkin (MLPG) method can be found for instance in
references [10, 11, 12]. A mesh-free method based on the global weak-form
formulation for elastostatic crack analysis in isotropic linear elastic FGMs has
been presented by Rao and Rahman [13].

In this paper, a meshless BEM for 2-D stress analysis of isotropic, contin-
uously non-homogeneous, and linear elastic FGMs is presented. The method
uses a global boundary-domain integral equation formulation, where funda-
mental solutions for isotropic, homogeneous, and linear elastic solids are uti-
lized. Normalized displacements are introduced in the formulation to avoid the
appearance of displacement gradients in the domain-integrals. An exponential
variation is assumed for Young’s modulus, while Poisson’s ratio is taken to
be constant. To transform the domain-integral into boundary-integrals along
the global boundary of the analyzed domain, the radial integration method
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(RIM) developed by Gao [7, 8] is applied. The unknown normalized displace-
ments are approximated by a series of prescribed basis functions, which are
taken as a combination of radial basis functions and polynomials in terms of
global coordinates [14]. The present meshless BEM uses interior nodes instead
of domain-type meshes and it is therefore a meshfree or meshless method. To
verify the accuracy and the efficiency of the present meshless BEM, numerical
results are presented and discussed.

2 Formulation of Boundary-Domain Integral Equations

Let us consider an isotropic, continuously non-homogeneous and linear elastic
solid with variable Young’s modulus E(x) and constant Poisson’s ratio ν. In
this case, the elasticity tensor can be written as

cijkl(x) = µ(x)c0ijkl , (2.1)

where

µ(x) =
E(x)

2(1 + ν)
, c0ijkl =

2ν

1− 2ν
δijδkl + δikδjl + δilδjk , (2.2)

In Eq. (2.2), ν is Poisson’s ratio, µ(x) is the shear modulus, and δij denotes
the Kronecker delta. The stress tensor σij and the displacement gradients ui,j

are related by Hooke’s law

σij = µc0ijkluk,l . (2.3)

Here and in the following analysis, a comma after a quantity represents spatial
derivatives and the conventional summation rule over repeated subscripts is
applied. The traction vector ti on the boundary of the considered domain is
related to the stress components by

ti = σijnj , (2.4)

where nj is the unit outward normal vector to the boundary Γ of the con-
sidered domain Ω. In the absence of body forces, the equilibrium equations
σij,j = 0 can be written in the weak-form as

∫

Ω

Uijσjk,kdA = 0 , (2.5)

where Uij is the weight-function. Substitution of Eq. (2.3) into Eq. (2.5) and
application of Gauss’s divergence theorem yield
∫

Γ

Uijtjds−
∫

Γ

Tijµujds +

∫

Ω

Uir,slc
0
rsjlµujdA +

∫

Ω

Uir,sc
0
rsjlµ,lujdA = 0 ,

(2.6)
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where

Tij = Σijlnl , Σijl = c0rsjlUir,s =
2ν

1− 2ν
Uik,kδjl + Uij,l + Uil,j . (2.7)

As weight-function the fundamental solution of the following governing equa-
tions is chosen

c0rsjlUir,sl = −δijδ(x− y) , (2.8)

where δ(x− y) is the Dirac-delta function. Substitution of Eq. (2.8) into Eq.
(2.6) leads to

ũi(y) =

∫

Γ

Uij(x,y)tj(x)ds−
∫

Γ

Tij(x,y)ũj(x)ds +

∫

Ω

Vij(x,y)ũj(x)dA ,

(2.9)
where

ũi(x) = µ(x)ui(x) , Vij(x,y) = Σijl(x,y)µ̃,l(x) , µ̃(x) = logµ(x) .
(2.10)

The solution Uij(x,y) of Eq. (2.8) is the Kelvin’s displacement fundamental
solution for an isotropic, homogeneous and linear elastic solid with µ = 1,
which, as well as the corresponding traction fundamental solution Tij(x,y)
and the stress fundamental solution Σijl(x,y), can be found for instance in
[15]. The fundamental solution Vij in the domain-integral of Eq. (2.9) can be
expressed as

Vij = − 1

4π(1− ν)r
{µ̃,kr,k [(1− 2ν)δij + 2r,ir,j ]

+ (1− 2ν)(µ̃,ir,j − µ̃,jr,i)} . (2.11)

It should be noted here that Eq. (2.9) is a representation integral for the
displacement components at an arbitrary internal point. By taking the limit-
process y → Γ , boundary integral equations for boundary points can be
obtained (e.g., [15]).

Unlike many previous BEM formulations for isotropic, non-homogeneous
and linear elastic solids (e.g., [10, 16]), Eq. (2.9) is formulated in terms of
the tractions tj and the normalized displacements ũj . The domain-integral
contains only the normalized displacements instead of the displacement gra-
dients. This feature not only facilitates the numerical implementation, but
also results in highly accurate numerical results. For an exponential variation
of Young’s modulus or shear modulus such as that used in [10] and in this
analysis, it can be seen from Eq. (2.10) that µ̃,j is constant and Eq. (2.11)
thus becomes much simpler for integration.
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3 Transformation of Domain-Integrals

into Boundary Integrals

In this analysis, the radial integration method (RIM) developed by Gao
[7, 8, 9] is used to transform the domain-integral of Eq. (2.9) into bound-
ary integrals. For this purpose, the normalized displacements in the domain-
integral of Eq. (2.9) are approximated by a series of prescribed basis functions
as commonly used in dual reciprocity method (DRM) [6]. As shown by many
previous investigations (e.g., [14]), the combination of the radial basis func-
tions and the polynomials in terms of global coordinates can give satisfactory
results. Therefore, the normalized displacements ũi(x) are approximated by

ũi(x) =
∑

A

αA
i φA(R) + αk

i xk + a0
i , (3.12)

∑

A

αA
i = 0 , (3.13)

∑

A

αA
i xA

j = 0 , (3.14)

where R = |x− xA| is the distance from the application point A to the field
point x, αA

i and ak
i are unknown coefficients to be determined, and xA denotes

the coordinates at the application point A which consists of all boundary nodes
and some internal nodes. The commonly used radial basis functions φA(R)
can be found in many references (e.g., [7], [14]). In this analysis, we use the
following 4-th order spline-type RBF [2]

φA(R)





1− 6
(

R
dA

)2

+ 8
(

R
dA

)3

− 3
(

R
dA

)4

, 0 ≤ R ≤ dA ,

0 dA ≤ R ,

(3.15)

where dA is the support size for the application point A.
The unknown coefficients αA

i and ak
i in Eqs. (3.12)-(3.14) can be deter-

mined by applying the application point A in Eqs. (3.12)-(3.14) to every node.
This leads to a set of linear algebraic equations, which can be written in the
matrix form as

ũ = φ ·α , (3.16)

where α is a vector consisting of the coefficients αA
i for all application points

and ak
i . If two nodes do not coincide, i.e., share the same coordinates, the

matrix φ is invertible and thus

α = φ−1 · ũ . (3.17)

Substitution of Eq. (3.12) into the domain-integral of Eq. (2.9) yields
∫

Ω

Vij ũjdA = αA
j

∫

Ω

Vijφ
AdA + ak

j

∫

Ω

VijxkdA + a0
j

∫

Ω

VijdA . (3.18)
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By using RIM [7, 8, 9], the domain-integrals on the right-hand side of Eq.
(3.18) can be transformed into boundary integrals as

∫

Ω

Vij ũjdA = αA
j

∫

Γ

1

r

∂r

∂n
FA

ij ds + ak
j

∫

Γ

r,k

r

∂r

∂n
F 1

ijds

+
(
ak

j yk + a0
j

) ∫

Γ

1

r

∂r

∂n
F 0

ijds , (3.19)

where

FA
ij =

∫ r

0

rVijφ
Adr , (3.20)

F 1
ij =

∫ r

0

r2Vijdr , (3.21)

F 0
ij =

∫ r

0

rVijdr . (3.22)

Note here that in the radial integrals (3.20)-(3.22) the term r,i is constant [8]
and the following relation is used for the transformation from x to r

xi = yi + r,ir . (3.23)

The radial integrals (3.20)-(3.22) are regular and they can be computed nu-
merically by using standard Gaussian quadrature formula for every field point
[9].

4 System of Linear Algebraic Equations

After numerical integration and substitution of Eq. (3.17) into Eq. (3.19), the
domain-integral can be expressed in terms of the normalized displacement
vector ũ at all nodes. If the BEM model consists of Nb boundary nodes and
Ni internal nodes and after invoking the boundary conditions, Eq. (2.9) leads
to the following system of linear algebraic equations

Abxb = yb + Vbũ (4.24)

for boundary nodes, and

ũi = Aixb + yi + Viũ (4.25)

for internal nodes. In Eqs. (4.24) and (4.25), the sizes of the matrices Ab

and Ai are 2Nb × 2Nb and 2Ni × 2Nb, while Vb and Vi are 2Nb × 2Nt and
2Ni × 2Nt with Nt = Nb + Ni, respectively. The vector xb with a size of
2Nb× 1 contains the unknown normalized boundary displacements or the un-
known boundary tractions. The vector ũ with a size of 2Nt × 1 consists of
the unknown normalized boundary displacements and all normalized internal
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displacements. It should be noted here that after invoking the boundary con-
ditions, the columns of the matrices Vb and Vi corresponding to the known
boundary displacement nodes should be zero. By combining Eqs. (4.24) and
(4.25) we obtain

([
Ab 0

−Ai I

]
−
[
Vb

Vi

]){
xb

ũi

}
=

{
yb

yi

}
, (4.26)

where I is the identity matrix. By solving Eq. (4.26) numerically the boundary
unknowns xb and the normalized internal displacements ũi can be obtained.
Subsequently, the true displacements can be computed by using the first equa-
tion of Eq. (2.10).

5 Computation of Stresses

Once the unknown boundary data and the internal normalized displacements
are obtained from Eq. (4.26), stress components at boundary and internal
nodes can be computed by using these quantities. By taking Eq. (2.10) into
account, the generalized Hooke’s law (2.3) can be rewritten as

σij = µc0ijkl

∂uk

∂xl
= µc0ijkl

∂

∂xl

(
ũk

µ

)
= c0ijkl

∂ũk

∂xl
− c0ijklũkµ̃,l . (5.27)

From Eq. (2.9) we obtain

∂ũk

∂yl
=

∫

Γ

∂Ukj(x,y)

∂yl
tj(x)ds−

∫

Γ

∂Tkj(x,y)

∂yl
ũj(x)ds

+

∫

Ω

∂Vkj(x,y)

∂yl
ũj(x)dA , (5.28)

where all integrals exist in the sense of Cauchy principal values except the
last one which will be discussed later. Substituting Eqs. (2.7) and (2.11) into
Eq. (5.28) and using the relation ∂(·)/∂yl = −∂(·)/∂xl, the following integral
representation for the stress components can be obtained from Eq. (5.27)

σij(y) =

∫

Γ

Uijk(x,y)tk(x)ds−
∫

Γ

Tijk(x,y)ũk(x)ds

+

∫

Ω

Vijk(x,y)ũk(x)dA− c0ijklũkµ̃,l , (5.29)

where the kernels Uijk and Tijk have the same expressions as in the conven-
tional BEM formulation with µ = 1 (e.g. in [15]), and

Vijk(x,y) = −c0ijmn

∂Vmk(x,y)

∂xn
. (5.30)
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By using the second equation of Eq. (2.2) the last term in Eq. (5.27) or (5.29)
can be written as

c0ijklũkµ̃,l =

(
2ν

1− 2ν
δijµ̃,k + δikµ̃,j + δjkµ̃,i

)
ũk . (5.31)

Since the differentiation of Vmk(x,y) causes a strong singularity in the domain
integral of Eq. (5.29), a jump term exists. Following the procedure as described
in [15], the jump term can be obtained by cutting-out an infinitesimal circle
around the source point y and finally, after putting the jump term and the
term given in Eq. (5.31) together, equation (5.29) can be rewritten as

σij(y) =

∫

Γ

Uijk(x,y)tk(x)ds−
∫

Γ

Tijk(x,y)ũk(x)ds

+

∫

Ω

Vijk(x,y)ũk(x)dA + Fijk(y)ũk(y) , (5.32)

where

Vijk =
1

2π(1− ν)r2
{2µ̃,mr,m [(1− 2ν)δijr,k + ν(δikr,j + δjkr,i)

− 4r,ir,jr,k] + 2ν(µ̃,ir,j + µ̃,jr,i)r,k − (1− 4ν)µ̃,kδij

+ (1− 2ν)(2µ̃,kr,ir,j + µ̃,jδik + µ̃,iδjk)} , (5.33)

Fijk = − 1

4(1− ν)
(δij µ̃,k + δikµ̃,j + δjkµ̃,i) . (5.34)

Now the domain-integral in Eq. (5.32) exists in the sense of Cauchy prin-
cipal values. This means that cutting-out an infinitesimal circle around the
source point y does not change the integration result. Based on this property,
the conventional singularity-separation technique [15] can be applied to regu-
larize this strongly singular domain-integral. The domain-integral in Eq. (5.32)
can be computed by using the radial integration method as described in sec-
tion 3. Note here that the procedure is exactly the same as in the treatment
of domain-integrals with initial stresses arising in plasticity problems [8].

It should be remarked here that the stress integral representation (5.32)
is only applicable to compute stresses at internal points. For boundary points
when the source point y approaches the field point x, hypersingularities arise.
Although the hypersingular integrals can be evaluated directly by using the
methods suggested in [9] and [17], the Fortran subroutines as presented in
[15] based on the ’traction-recovery’ technique is adopted in this analysis to
compute the stresses at the boundary points.
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6 Numerical Example

We consider an isotropic, continuously non-homogeneous and linear elastic
rectangular plate with the dimensions L × W as depicted in Fig. 6.1. The
FGM plate is subjected to a uniform tensile stress loading σ=1. The plate
is discretized into 48 equally-spaced linear boundary elements: 20 along the
longitudinal and 4 along the transversal directions, with a total of 48 bound-
ary nodes. An exponential variation of Young’s modulus in the transversal
direction is considered, which is described by

E(x) = E0e
βy , β =

1

W
log

(
Ew

E0

)
, (6.35)

where E0 = 10000 and Ew = 20000. Plane stress condition is assumed and
Poisson’s ratio is taken as ν = 0.25.

�=1

L=1

W=0.3

x

y

Figure 1. A rectangular FGM plate subjected to a tensile loading.

Table 6.1 and Fig. 6.3 show a comparison of the computed displacement
component ux at y = 0.3 by the present meshless BEM with the results ob-
tained by Sladek et al. [10], who used a meshless local Petrov-Galerkin method.
To investigate the influences of the number and the distribution of internal
nodes on the numerical results, 48 boundary nodes are used, while the internal
nodes are varied from 57 to 0 as shown in Fig. 6.2. The comparison shows
that our numerical results agree very well with that of Sladek et al. [10]. In
addition, it is seen here that the present meshless BEM is pretty insensitive
to the selected node number and distribution, at least for the case considered
here. Even with very few or no internal nodes, the present meshless BEM can
still yield very accurate numerical results.

In Tabs. 6.2 and 6.3 as well as Figs. 6.4 and 6.5, numerical results for
the stress component σ11 at x = 0.0 and x = 0.75 obtained by the present
meshless BEM are presented and compared with that of Sladek et al. [10].
Numerical calculations are carried out by using 48 boundary nodes and 57
internal nodes (see Fig. 6.2a). The present numerical results for the stress
component σ11 show a very good agreement with that obtained by Sladek et
al. [10].
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Figure 2. Boundary and internal nodes.
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Table 1. Comparison of computed displacement component ux at y = 0.3.

x homog. Ref. [10] Ni = 57 Ni = 30 Ni = 9 Ni = 3 Ni = 0

0.00 0 0 0 0 0 0 0
0.05 5.0−6 3.44353−6 3.46979−6 3.46983−6 3.46897−6 3.47958−6 3.47949−6

0.10 1.0−5 6.88585−6 6.94299−6 6.94292−6 6.94249−6 6.96360−6 6.96383−6

0.15 1.5−5 1.03293−5 1.04200−5 1.04196−5 1.04200−5 1.04513−5 1.04530−5

0.20 2.0−5 1.37755−5 1.38985−5 1.38983−5 1.38987−5 1.39398−5 1.39447−5

0.25 2.5−5 1.72253−5 1.73781−5 1.73783−5 1.73779−5 1.74287−5 1.74386−5

0.30 3.0−5 2.06784−5 2.08579−5 2.08585−5 2.08579−5 2.09175−5 2.09338−5

0.35 3.5−5 2.41341−5 2.43360−5 2.43367−5 2.43372−5 2.44036−5 2.44280−5

0.40 4.0−5 2.75896−5 2.78096−5 2.78103−5 2.78121−5 2.78825−5 2.79179−5

0.45 4.5−5 3.10426−5 3.12738−5 3.12747−5 3.12766−5 3.13487−5 3.13981−5

0.50 5.0−5 3.44827−5 3.47214−5 3.47222−5 3.47222−5 3.47947−5 3.48605−5

0.55 5.5−5 3.78967−5 3.81418−5 3.81422−5 3.81386−5 3.82104−5 3.82942−5

0.60 6.0−5 4.12715−5 4.15206−5 4.15210−5 4.15125−5 4.15815−5 4.16840−5

0.65 6.5−5 4.45876−5 4.48380−5 4.48389−5 4.48249−5 4.48888−5 4.50109−5

0.70 7.0−5 4.78189−5 4.80700−5 4.80710−5 4.80511−5 4.81082−5 4.82512−5

0.75 7.5−5 5.09342−5 5.11884−5 5.11897−5 5.11634−5 5.12123−5 5.13781−5

0.80 8.0−5 5.39030−5 5.41644−5 5.41663−5 5.41338−5 5.41747−5 5.43644−5

0.85 8.5−5 5.67056−5 5.69748−5 5.69774−5 5.69430−5 5.69776−5 5.71886−5

0.90 9.0−5 5.93457−5 5.96176−5 5.96197−5 5.95901−5 5.96209−5 5.98480−5

0.95 9.5−5 6.18648−5 6.21251−5 6.21267−5 6.21042−5 6.21333−5 6.23695−5

1.00 1.0−4 6.43231−5 6.45682−5 6.45699−5 6.45503−5 6.45787−5 6.48155−5

0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0

0,0

1,0x10
-5

2,0x10
-5

3,0x10
-5

4,0x10
-5

5,0x10
-5

6,0x10
-5

7,0x10
-5

8,0x10
-5

9,0x10
-5

1,0x10
-4

1,1x10
-4

y = 0.3

: homogeneous
: Sladek et al [10]
: N

i
= 57

: N
i
= 30

: N
i
= 9

: N
i
= 3

: N
i
= 0u x

x

Figure 3. Comparison of computed displacement component ux at y = 0.3.
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Table 2. Comparison of numerical re-
sults (x = 0.0, 57 internal nodes).

y Sladek et al. [10] This work

0.000 0.685000 0.693971
0.075 0.814000 0.821044
0.150 0.969000 0.977980
0.225 1.155000 1.167289
0.300 1.375000 1.383252

Table 3. Comparison of numerical re-
sults (x = 0.75, 57 internal nodes).

y Sladek et al. [10] This work

0.000 0.758000 0.772665
0.075 0.884000 0.897074
0.150 0.995000 1.004405
0.225 1.102000 1.105088
0.300 1.220000 1.218766

Figure 4. Comparison of numerical re-
sults (x = 0.0, 57 internal nodes).

Figure 5. Comparison of numerical re-
sults (x = 0.75, 57 internal nodes).

The effects of the number and the distribution of used internal nodes on
the computed stress component σ11 are shown in Tabs. 6.4 and 6.5 as well as
Figs. 6.6 and 6.7. Numerical calculations are performed for 48 fixed boundary
nodes and different internal nodes as shown in Fig. 6.2. Here again, it can be
concluded that the present meshless BEM for the stress computation is quite
insensitive to the selected node number and distribution. This confirms the
accuracy, the efficiency, and the robustness of the present meshless BEM.

Table 4. Numerical results for different internal nodes (x = 0.0).

y Ni=57 Ni= 30 Ni=9 Ni=3 Ni=0

0.000 0.693971 0.693672 0.692579 0.686051 0.686164
0.075 0.821044 0.821500 0.821216 0.816922 0.817061
0.150 0.977980 0.978044 0.978779 0.979832 0.979900
0.225 1.167289 1.166979 1.167411 1.171966 1.171949
0.300 1.383252 1.383287 1.382814 1.387026 1.386973
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Table 5. Numerical results for different internal nodes (x = 0.75).

y Ni=57 Ni= 30 Ni=9 Ni=3

0.000 0.772665 0.772592 0.773472 0.776418
0.075 0.897074 0.897191 0.898036 0.900220
0.150 1.004405 1.004311 1.004399 1.004362
0.225 1.105088 1.105005 1.104611 1.102561
0.300 1.218766 1.219057 1.216538 1.213336

Figure 6. Numerical results for different internal nodes (x = 0.0).

7 Conclusions

In this paper, a meshless BEM for stress analysis in 2-D, isotropic, non-
homogeneous and linear elastic solids is presented. Normalized displacements
are introduced in the boundary-domain integral formulation, which avoids dis-
placement gradients in the domain-integrals. To transform domain-integrals
into boundary integrals along the global boundary of the analyzed domain,
the radial integration method of Gao [7, 8, 9] is applied, which results in a
meshless scheme. The normalized displacements in the domain-integrals are
approximated by a series of prescribed basis functions, which are taken as a
combination of radial basis functions and polynomials in terms of global coor-
dinates. A 4-th order spline-type radial basis function is chosen in the present
analysis. Numerical results are presented to show the accuracy and efficiency
of the present meshless BEM. The present meshless BEM is easy to imple-
ment, very accurate and quite insensitive to the selected node number and
distribution. For simple boundary value problems as shown in this analysis,
very few internal or even no internal nodes are required to achieve a sufficient
accuracy for the stress computation.
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Figure 7. Numerical results for different internal nodes (x = 0.75).
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Summary. This paper is concerned with the adaptive multilevel solution of elliptic
partial differential equations using the partition of unity method. While much of
the work on meshfree methods is concerned with convergence-studies, the issues of
fast solution techniques for the discrete system of equations and the construction
of optimal order algorithms are rarely addressed. However, the treatment of large
scale real-world problems by meshfree techniques will become feasible only with the
availability of fast adaptive solvers.

The adaptive multilevel solver proposed in this paper is a main step toward
this goal. In particular, we present an h-adaptive multilevel solver for the partition
of unity method which employs a subdomain-type error indicator to control the
refinement and an efficient multilevel solver within a nested iteration approach. The
results of our numerical experiments in two and three space dimensions clearly show
the efficiency of the proposed scheme.

Key words: Meshfree method, partition of unity method, adaptive refine-
ment, multilevel method.

1 Introduction

One main purpose of this paper is to investigate adaptive h-type refinement
strategies for meshfree methods and their interplay with multilevel solution
techniques; in particular we address these issues for the partition of unity
method [1, 15]. To this end, we employ a classical a posteriori error estimation
technique due to Babuška and Rheinboldt [2]. The resulting error indicator
is used to steer the local refinement procedure in our tree-based cover con-
struction procedure. To obtain an adaptive solver with optimal complexity we
combine the multilevel techniques developed in [7, 9, 15] for the PUM with the
nested iteration approach [12]. The results of our numerical experiments in
two and three space dimensions demonstrate the effectiveness of the proposed
approach and its overall efficiency.
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In this paper we restrict ourselves to the study of a scalar elliptic partial
differential equation, namely we consider the diffusion problem

−∆u = f in Ω ⊂ R
d,

u = gD on ΓD ⊂ ∂Ω,
∂u

∂n
= gN on ΓN = ∂Ω \ ΓD.

(1.1)

The remainder of this paper is organized as follows. In section 2 we give a
short overview of the PUM and its convergence properties. Furthermore, we
outline the implementation of essential boundary conditions using Nitsche’s
method and the Galerkin discretization of the arising variational problem.
The main theme of this paper, the adaptive meshfree multilevel solution of
an elliptic PDE, is presented in section 3. There, we introduce our refinement
algorithm and show that it leads to point sets and covers that are consistent
with the multilevel construction of [9]. Moreover, we present the construction
of our error indicator and discuss how we obtain an adaptive multilevel solver
with optimal complexity using the nested iteration approach. Then, we present
the results of our numerical experiments in two and three space dimensions
in section 4. These results clearly demonstrate the efficiency of the proposed
scheme. Finally, we conclude with some remarks in section 5.

2 Partition of Unity Method

In the following, we shortly review the construction of a partition of unity
space V PU and the Galerkin discretization of an elliptic partial differential
equation using V PU as trial and test space, see [15] for details.

2.1 Construction of a Partition of Unity Space

In a PUM, we define a global approximation uPU simply as a weighted sum
of local approximations ui,

uPU(x) :=

N∑

i=1

ϕi(x)ui(x). (2.2)

These local approximations ui are completely independent of each other, i.e.,
the local supports ωi := supp(ui), the local basis {ψn

i } and the order of
approximation pi for every single ui :=

∑
un

i ψ
n
i ∈ V pi

i can be chosen inde-
pendently of all other uj . Here, the functions ϕi form a partition of unity
(PU). They are used to splice the local approximations ui together in such
a way that the global approximation uPU benefits from the local approxima-
tion orders pi yet it still fulfills global regularity conditions. Hence, the global
approximation space on Ω is defined as
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V PU :=
∑

i

ϕiV
pi

i =
∑

i

ϕi span〈{ψn
i }〉 = span〈{ϕiψ

n
i }〉. (2.3)

The starting point in the implementation of a PUM approximation space V PU

is the construction of an appropriate PU, see Definition 1 and Definition 2.

Definition 1 (Partition of Unity). Let Ω ⊂ R
d be an open set. Let {ϕi}

be a collection of Lipschitz functions with

0 ≤ ϕi(x) ≤ 1,
∑

i ϕi ≡ 1 on Ω,
‖ϕi‖L∞(Rd) ≤ C∞, ‖∇ϕi‖L∞(Rd) ≤ C∇

diam(ωi)
,

where ωi := supp(ϕi), C∞ and C∇ are two positive constants. The sets ωi are
called patches and their collection is referred to as a cover CΩ := {ωi} of the
domain Ω.

For PUM spaces (2.3) which employ such a PU {ϕi} there hold the fol-
lowing error estimates due to [1].

Theorem 1. Let Ω ⊂ R
d be given. Let {ϕi} be a partition of unity according

to Definition 1. Let us further introduce the covering index λCΩ
: Ω → N such

that
λCΩ

(x) = card({i |x ∈ ωi}) (2.4)

and let us assume that λCΩ
(x) ≤ M ∈ N for all x ∈ Ω. Let a collection

of local approximation spaces V pi

i = span〈{ψn
i }〉 ⊂ H1(Ω ∩ ωi) be given.

Let u ∈ H1(Ω) be the function to be approximated. Assume that the local
approximation spaces V pi

i have the following approximation properties: On
each patch Ω ∩ωi, the function u can be approximated by a function ui ∈ V pi

i

such that

‖u− ui‖L2(Ω∩ωi) ≤ ǫ̂i, and ‖∇(u− ui)‖L2(Ω∩ωi) ≤ ǫ̃i (2.5)

hold for all i. Then the function

uPU :=
∑

ωi∈CΩ

ϕiui ∈ V PU ⊂ H1(Ω)

satisfies the global estimates

‖u− uPU‖L2(Ω) ≤
√

MC∞
( ∑

ωi∈CΩ

ǫ̂2i

) 1
2

, (2.6)

‖∇(u− uPU)‖L2(Ω) ≤
√

2M
( ∑

ωi∈CΩ

( C∇
diam(ωi)

)2
ǫ̂2i + C2

∞ǫ̃2i

) 1
2

. (2.7)

The estimates (2.6) and (2.7) show that the global error is of the same order
as the local errors provided that the covering index is bounded independent
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of the size of the cover, i.e. M = O(1). Note that we need to assume a slightly
stronger condition to obtain a sparse linear system by the Galerkin approach.
To this end, we introduce the notion of a local neighborhood or local cover
CΩ,i ⊂ CΩ of a particular cover patch ωi ∈ CΩ by

CΩ,i := {ωj ∈ CΩ |ωj ∩ ωi �= ∅} (2.8)

and require maxωi∈CΩ
card(CΩ,i) = O(1).

Note furthermore that the conditions imposed on the PU in Definition 1 do
not ensure that the product functions ϕiψ

n
i of (2.3) are linearly independent.

However, to obtain the linear independence of the product functions ϕiψ
n
i it

is sufficient to require that the PU has the following property.

Definition 2 (Flat top property). Let {ϕi} be a partition of unity accord-
ing to Definition 1. Let us define the sub-patches ωFT,i := {x |λCΩ

(x) = 1}
such that ϕi|ωFT,i

≡ 1. Then, the PU is said to have the flat top property, if
there exists a constant CFT such that for all patches ωi

µ(ωi) ≤ CFT µ(ωFT,i) (2.9)

where µ(A) denotes the Lebesgue measure of A ⊂ R
d. We have C∞ = 1 for a

PU with the flat top property.

Obviously the product functions ϕiψ
n
i are linearly independent if we as-

sume that the PU has the flat top property and that each of the local bases
{ψn

i } is locally linearly independent on the sub-patches ωFT,i ⊂ ωi.
1

The PU concept is employed in many meshfree methods. However, in most
cases very smooth PU functions ϕi ∈ Ck(Ω) with k ≥ 2 are used and the
functions ϕi have rather large supports ωi which overlap substantially. Hence
in most meshfree methods card(CΩ,i) is large and the employed PU does
not have the flat top property. This makes it easier to control ‖∇ϕi‖L∞ ,
compare Definition 1 and (2.7), but it can lead to ill-conditioned and even
singular stiffness matrices. For a flat top PU we obviously have ∇ϕi|ωFT,i

≡ 0
so that it is sufficient to bound ∇ϕi on the complement ωi \ ωFT,i which
requires some additional properties, compare (2.13) and (2.14). Hence, the
cover construction for a flat top PU is somewhat more challenging.

A PU can for instance be constructed by simple averaging, often referred
to as Shepard’s method. Let us assume that we have a cover CΩ = {ωi} of
the domain Ω such that 1 ≤ λCΩ

(x) ≤ M for all x ∈ Ω. With the help
of non-negative weight functions Wk defined on these cover patches ωk, i.e.
Wk(x) > 0 for all x ∈ ωk \ ∂ωk, we can easily generate a partition of unity by

ϕi(x) :=
Wi(x)

Si(x)
where Si(x) :=

∑

ωj∈CΩ,i

Wj(x). (2.10)

1 Note that the flat top property is a sufficient condition only. It is not a necessary
requirement. In practice we already obtain a linearly independent set of shape
functions if the flat top property is satisfied by most but not necessarily all patches
ωi of the cover CΩ .
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Obviously, the smoothness of the resulting PU functions ϕi is determined
entirely by the smoothness of the employed weight functions. Hence, on a
cover with tensor product patches ωi we can easily construct partitions of
unity of any regularity for instance by using tensor products of splines with
the desired regularity as weight functions.2 Hence, let us assume that the
weight functions Wi are all given as linear transformations of a generating
normalized spline weight function W : R

d → R with supp(W) = [0, 1]d, i.e.,

Wi(x) =W ◦ Ti(x), Ti : ωi → [0, 1]d, ‖DTi‖∞ ≤
CT

diam(ωi)
(2.11)

and ‖W‖∞ = 1, ‖∇W‖∞ ≤ CW,U . To show that the PU arising from (2.10) is
valid according to Definition 1 it is sufficient to make the following additional
assumptions:

• Comparability of neighboring patches: There exist constants CL and CU

such that for all local neighborhoods CΩ,i there holds the implication

ωj ∈ CΩ,i ⇒ CL diam(ωi) ≤ diam(ωj) ≤ CU diam(ωi) (2.12)

with absolute constants CL and CU .
• Sufficient overlap: There exists a constant K > 0 such that for any x ∈ Ω

there is at least one cover patch ωi with the property

x ∈ ωi, dist(x, ∂ωi) ≥ K diam(ωi). (2.13)

• Weight function and cover are compatible: There exists a constant CW,L

such that for all cover patches ωi

|∇Wi(x)| > CW,L

diam(ωi)
holds for all x ∈ Ω with λCΩ

(x) > 1, (2.14)

compare Figure 1.

Lemma 1. The PU defined by (2.10) with weights (2.11) is valid according
to Definition 1 under the assumptions (2.12), (2.13), and (2.14).

Proof. For x ∈ Ω with λCΩ
(x) = 1 we have ∇ϕi(x) = 0. Note that we have

|Si(x)| ≥ |Wl(x)| = |Wl(x)−Wl(y)|

where ωl denotes the cover patch with property (2.13) for x ∈ Ω and y ∈ ∂ωl

is arbitrary. For any x ∈ Ω with λCΩ
> 1 we therefore obtain with the mean

value theorem, (2.13) and (2.14)

2 Other shapes of the cover patches ωi ∈ CΩ are of course possible, e.g. balls or
ellipsoids, but the resulting partition of unity functions ϕi are more challenging to
integrate numerically. For instance a subdivision scheme based on the piecewise
constant covering index λCΩ

leads to integration cells with very complicated
geometry.
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Figure 1. A one-dimensional weight function Wi on a patch ωi = (C − h, C + h)
with ωFT,i = (a, b) that does not satisfy (left) the compatibility condition (2.14),
and one that does (right).

|Si(x)| ≥ CW,LK.

Together with (2.11) and (2.12) this yields the point-wise estimate

|∇ϕi(x)| =
∣∣∣Wi(x)∇Si(x)−∇Wi(x)Si(x)

S2
i (x)

∣∣∣

≤

(
|∇W ◦ Ti(x)DTi(x)Si(x)|+ |Wi(x)

∑
k∇W ◦ Tk(x)DTk(x)|

)

|S2
i (x)|

≤ (CW,LK)−2 2MCTCW,U

diam(ωi)
,

which gives the asserted bound ‖∇ϕi‖L∞(Rd) ≤ C∇

diam(ωi)
with C∇ ≥ 2MCT CW,U

(CW,LK)−2 .
⊓⊔

In general any local space which provides some approximation property
such as (2.5) can be used in a PUM. Furthermore, the local approximation
spaces are independent of each other. Hence, if there is a priory knowledge
about the (local) behavior of the solution u available, it can be utilized to
choose operator-dependent approximation spaces. For instance, the a priori
information can be used to enrich a space of polynomials by certain singu-
larities or it maybe used to choose systems of eigenfunction of (parts) of the
considered differential operator as local approximation spaces. Such special-
ized local function spaces may be given analytically or numerically.

If no a priori knowledge about the solution is available classical multi-
purpose expansion systems like polynomials are used. In this paper we employ
products of univariate Legendre polynomials throughout, i.e., we use

V pi

i (ωi) := Ppi ◦ T̃i, T̃i : ωi → (−1, 1)d

Ppi((−1, 1)d) = span〈{ψn |ψn =

d∏

l=1

Ln̂l , ‖n̂‖1 =

d∑

l=1

n̂l ≤ pi}〉,

where Lk denotes the Legendre polynomial of degree k.
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2.2 Essential Boundary Conditions and Galerkin Discretization

The treatment of essential boundary conditions in meshfree methods is not
straightforward and a number of different approaches have been suggested. In
[10] we have presented how Nitsche’s method [13] can be applied successfully
in the meshfree context.

In order to formulate the resulting weak formulation of (1.1) arising from
Nitsche’s approach, we introduce some additional notation. Let ∂nu := ∂u

∂n
denote the normal derivative, ΓD,i := ωi ∩ ΓD, and

CΓD
:= {ωi ∈ CΩ |ΓD,i �= ∅}

denote the cover of the Dirichlet boundary. Furthermore, we define the cover-
dependent norm

‖∂nu‖2− 1
2 ,CΩ

:=
∑

ωi∈CΓD

diam(ΓD,i)‖∂nu‖2L2(ΓD,i)
.

With these conventions we obtain the weak formulation

aβ(u, v) = lβ(v) for all v ∈ V PU (2.15)

with the cover-dependent bilinear form

aβ(u, v) :=

∫

Ω

∇u∇v −
∫

ΓD

(∂nuv + u∂nv) + β
∑

ωi∈CΓD

diam(ΓD,i)
−1

∫

ΓD,i

uv

(2.16)
and the corresponding linear form

lβ(v) :=

∫

Ω

fv−
∫

ΓD

gD∂nv +

∫

ΓN

gNv + β
∑

ωi∈CΓD

diam(ΓD,i)
−1

∫

ΓD,i

gDv (2.17)

from the minimization of the functional

Jβ(w) :=

∫

Ω

|∇w|2 − 2

∫

ΓD

∂nww + β
∑

ωi∈CΓD

diam(ΓD,i)
−1

∫

ΓD,i

|w|2. (2.18)

Note that this minimization is completed for the error in V PU, i.e., we are
looking for minuPU∈V PU JN,β(u − uPU). There is a unique solution uPU if
the regularization parameter β is chosen large enough; i.e., the regularization
parameter is dependent on the discretization space V PU. The solution uPU of
(2.15) satisfies an optimal error estimate if the space V PU admits the following
inverse estimate

‖∂nu‖− 1
2 ,CΩ

≤ Cinv‖∇u‖L2(Ω) for all v ∈ V PU (2.19)

with an absolute constant Cinv depending on the cover CΩ , the generating
weight function W and the employed local bases {ψn

i }. If Cinv is known, the
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regularization parameter β can be chosen as β > 2C2
inv. Hence, the main task

is the automatic computation of the constant Cinv. Fortunately, C2
inv can be

approximated very efficiently, see [10]. To this end, we consider the inverse
assumption (2.19) as a generalized eigenvalue problem locally on each patch
ωi ∈ CΓD

which intersects the Dirichlet boundary and solve for the largest
eigenvalue to obtain an approximation to C2

inv.
Note that this (overlapping) variant of Nitsche’s approach is slightly dif-

ferent from the one employed in [10, 15], e.g., there the inverse assumption
(2.19) was formulated using a cover-independent norm. To attain a conver-
gent scheme from (2.18) it is essential that the covering index λCΓD

(x) < M
is bounded. The implementation of (2.16) and (2.17) is somewhat more in-
volved since the numerical integration scheme must be capable of handling
the overlap region correctly. The main advantage of this overlapping variant
is that the regularization parameter β is dependent on the employed local
approximation spaces, i.e., on the employed polynomial degrees, and on the
maximal level difference L close to the boundary only. It is not dependent on
diam(ωi). Hence, it is sufficient to pre-compute β for the maximal allowable
value of L and the maximal polynomial degree. This value can then be used
for all patches on all levels.

For the Galerkin discretization of (2.15), which yields the linear system

Aũ = f̂ , with A(i,k),(j,n) = aβ(ϕjψ
n
j , ϕiψ

k
i ), and f̂(i,k) = lβ(ϕiψ

k
i ),

we need to employ numerical integration since the PU functions are in general
piecewise rational functions. Note that the flat top property is also beneficial
to the numerical integration since all PU functions are constant on each ωFT,i

so that the integration on a large part of the domain
⋃

i ωFT,i ⊂ Ω involves
only the local basis functions ψn

i . Therefore, a subdivision scheme based on
the covering index λCΩ

which employs sparse grid numerical integration rules
of higher order on the cover-dependent integration cells seems to be the best
approach, see [8] for details. Note that the use of an automatic construction
procedure for the numerical integration scheme is a must for adaptive compu-
tations since an a priori prescribed background integration scheme can hardly
account for the (possibly) huge variation in the support sizes diam(ωi) and
may lead to stability problems.

With respect to the assembly of the system matrix A for a refined PUM
space it is important to note that we do not need to compute all its entries
A(i,k),(j,n). We can re-use the entries A(i,k),(j,n) which stem from a patch ωi

with the property that none of its neighbors ωj ∈ CΩ,i have been refined.
Hence, there are a number of complete block-rows A(i,·),(·,·) that do not need
to be computed for the refined space and we need to compute only a minimal
number of matrix entries A(i,k),(j,n) from level to level.
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3 Adaptive Multilevel Solution

In [8, 9] we have developed a tree-based cover construction scheme that gives a
sequence of covers {Ck

Ω} based on a given point set P = {xi}. The fundamental
construction principle employed in [8] is a d-binary tree. Based on the given
point data P , we sub-divide a bounding-box CΩ ⊃ Ω until each of the tree
cells

Ci =

d∏

l=1

(cl
i − hl

i, c
l
i + hl

i)

contains at most a single point xi ∈ P , see Figure 2 (left). We obtain a valid
cover from this tree by choosing

ωi =

d∏

l=1

(cl
i − αhl

i, c
l
i + αhl

i), with α > 1. (3.20)

Note that we define a cover patch ωi and a corresponding PU function ϕi

for cells that contain a point xi ∈ P as well as for empty cells that do not
contain any point from P .3 This procedure increases the dimension of the
resulting PUM space, yet (under some assumptions) only by a constant factor
[5, 8]. The main benefit of using a larger number of cover patches is that
the resulting neighborhoods CΩ,i are smaller and that we therefore obtain a
smaller number of entries in the stiffness matrix. The coarser covers Ck

Ω are
defined considering coarser versions of the constructed tree, i.e., by removing
the complete set of leaves of the tree. For details of this construction see [8].

The constructed covers Ck
Ω all satisfy the conditions of the previous sec-

tion.

Figure 2. Subdivision corresponding to an initial cover (left). Subdivision with cells
of neighborhood CΩ,i (light gray) and cell corresponding to patch ωi (dark gray)
(center). Subdivision with cells of subset RΩ,i (gray) (right).

3 This approach can be interpreted as a saturation technique for our d-binary tree.
To this end, we can define an additional point set P̃ = {ξi} such that each cell of
the tree now contains exactly one point of the union P̃ ∪ P , compare [8, 9].
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Lemma 1. A cover CΩ = {ωi} arising from the stretching of a d-binary tree
cell decomposition {Ci} according to (3.20) with α > 1 satisfies conditions
(2.11), (2.12) and (2.13).

Proof. For the ease of notation let us assume hi = hk
i for k = 1, . . . , d. Then,

we have hi ≍ 2−li diam(Ω) where li refers to the tree-level of the cell Ci.
Obviously, we have CT = 1,

CU = max
ωi∈CΩ

max
ωj∈CΩ,i

2|li−lj |, and CL = C−1
U .

Due to the stretching of the tree cells we can find for any x ∈ Ω at least one
cover patch ωi such that x ∈ ωi and that the inequality

dist(x, ∂ωi) ≥
α− 1

2
min

ωj∈CΩ,i

2−lj

holds. Hence, with the maximal difference in tree levels of two overlapping
cover patches L := maxωi∈CΩ

maxωj∈CΩ,i
|li − lj | we obtain CU = 2L and

K = (α− 1)2−L−1. ⊓⊔
Therefore, the resulting PU defined by (2.10) using a tensor product B-

spline as generating weight function satisfies the assumptions of Definition
1 and the error estimates (2.6) and (2.7) hold for our multilevel PUM on
each level k. Furthermore, we can easily enforce that each PU of the resulting
sequence {ϕi,k}k has the flat top property.

Corollary 1. The PU resulting from (2.10) based on a cover CΩ = {ωi}
arising from the stretching of a d-binary tree cell decomposition {Ci} with
α > 1 according to (3.20) has the flat top property if α ∈ (1, 1 + 2−L).

3.1 Particle Refinement

In the following we consider the refinement of the given point set P and the
respective sequence of covers Ck

Ω obtained from the tree construction reviewed
above. One of the properties this refinement procedure should have is that we
are able to bound the maximal level difference L of the resulting tree. Only
then will we obtain a sequence of covers {Ck

Ω} and a sequence of PUs {ϕi,k}
which satisfy the conditions given above with uniform constants.

In general any local refinement procedure employs a Boolean refinement
indicator function r : CΩ → {true, false} which identifies or marks regions
which should be refined. Often the refinement indicator is based on thresh-
olding of local error estimates ηi ≈ ‖u− uPU‖H1(Ω∩ωi), e.g.

r(ωi) =

{
true if 2ηi ≥ ηmax

false else
, with ηmax := max

ωi∈CΩ

ηi. (3.21)

Based on this refinement indicator we then employ certain refinement rules to
improve the resolution on a patch ωi. Since we are interested in the refinement
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of a particle set, these refinement rules must essentially create new particles
in the regions {ωi ∈ CΩ | r(ωi) = true}. Furthermore, this refinement process
should be consistent with our tree construction.

Before we consider our refinement rules for particles, let us first consider if
a simple refinement indicator function like (3.21) is suitable for the PUM. To
this end let us assume that we have ηi ≈ ‖u − uPU‖H1(Ω∩ωi) an estimate of
the error u−uPU locally on each patch ωi, see section 3.3 for the construction
of such an error estimator. Note that the ηi are (overlapping) subdomain
estimators which are fundamentally different from the more common (disjoint)
element estimators in the FEM.

Recall that the local error is given by

‖u− uPU‖H1(Ω∩ωi) = ‖
∑

ωj∈CΩ,i

ϕj(u− uj)‖H1(Ω∩ωi) (3.22)

since
∑

ωj∈CΩ,i
ϕj(x) ≡ 1 for all x ∈ ωi. Thus, using a simple indicator like

(3.21) which would just mark the patch ωi for refinement may not be sufficient
to reduce the error on ωi. It seems necessary that at least some of the neighbors
are also marked for refinement to achieve a sufficient error reduction. Another
reason why the highly local indicator (3.21) is not suitable for our PUM is
the fact that we need to bound the maximal level difference L of neighboring
patches. This can hardly be achieved using (3.21). A simple solution to this
issue could be to refine all patches ωj ∈ CΩ,i since they all contribute to the
error on ωi. This will certainly ensure that the error on ωi is reduced, however,
it may lead to a substantial yet unnecessary increase in computational work
and storage. Taking a closer look at (3.22) we find that the contribution of a
patch ωj to the error on ωi lives on the intersection ωj ∩ωi only. Hence, it is a
promising approach to select an appropriate subset of neighbors ωj ∈ CΩ,i via
the (relative) size of these intersections. This approach is further in perfect
agreement with our constraint of bounding the maximal level difference since
the intersection ωj ∩ ωi will be (relatively) large if lj < li, i.e., ωj is a coarser
patch than ωi. Hence, we introduce the sets

RΩ,i := {ωi} ∪ {ωj ∈ CΩ,i | lj < li}

of patches with a large contribution to the local error on ωi. With the help of
these sets we define our refinement indicator function as

r(ωj) =

{
true if ωj ∈ RΩ,i and 2ηi ≥ ηmax

false else
, (3.23)

see Figure 2. Note however that this does not guarantee that the maximal
level difference L stays constant. But it ensures that L increases somewhat
slower and only in regions where the error is already small. Hence, the adverse
effect of larger constants in the error bound (2.7) is almost negligible. Also
note that the presented procedure can be interpreted as a refinement with
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implicit smoothing of the cover due to the selection of a subset of neighbors.
This strategy gave very favorable results in all our numerical studies and it is
employed in the numerical experiments presented in this paper.

Now that we have identified the refinement region, we need to consider
the refinement rules for our particle set P based on the patch-wise refinement
indicator function (3.23). Our goal is to define a set of refinement rules which
create new points xn and a respective cover C̃Ω , so that our original cover
construction algorithm with the input P ∪ {xn} will give the refined cover
C̃Ω . Hence, the locations of the created points are constrained to certain cells
of our tree. In this paper we employ a very simple and numerically cheap
positioning scheme4 for the new points based on a local center of gravity,
which is defined as

gi =
1

card(GΩ,i)

∑

xk∈GΩ,i

xk, GΩ,i = {xk ∈ P |xk ∈ ωk ∈ CΩ,i}.

Note that gi is well-defined for all patches. Due to our tree-based cover con-
struction we can always find at least one given point xi in the local neighbor-
hoods CΩ,e even for empty patches ωe, i.e. ωe∩P = ∅. Besides the local centers
of gravity gi we furthermore use the geometric centers ci of the tree-cell Ci
associated with the considered patch ωi and the centers ci,q of the refined tree-
cells Ci,q with q = 1, . . . , 2d for our positioning scheme. The overall refinement
scheme for a patch ωi reads as follows.

Algorithm 1 (Particle Refinement).

1. Set counter w = 0.
2. If there is xi ∈ P with xi ∈ Ci ⊂ ωi, then determine sub-cell Ci,q̃ ⊂ ωi,q̃

with xi ∈ Ci,q̃.
3. If gi ∈ Ci ⊂ ωi, then determine sub-cell Ci,q̂ ⊂ ωi,q̂ with gi ∈ Ci,q̂. Set

P = P ∪ {gi} and w = w + 1. If w ≥ 2d−1, then stop.
4. If q̂ �= q̃, then

For q = 1, . . . , 2d compute projection pi,q of sub-cell center ci,q on line
xigi and the projection p̃i,q of ci,q on line xici.
If pi,q ∈ Ci,q, then set P = P ∪ {pi,q} and w = w + 1. If w ≥ 2d−1,
then stop.
If pi,q �∈ Ci,q and p̃i,q ∈ Ci,q, then set P = P ∪ {p̃i,q} and w = w + 1.
If w ≥ 2d−1, then stop.

5. If q̂ = q̃ and gi = ci, then assume that data is gridded and set P =
P ∪ {ci,q} with q = 1, . . . , 2d.

4 Note that many other approaches to the construction of new points are possible.
For instance we can minimize the local fill distance or the separation radius
under the constraint of positioning the new points within the sub-cells of the tree
construction. Such approaches, however, involve the solution of a linear system
and hence are computationally more expensive.
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Now that we have our refined point set P , let us consider the question of
how to define the respective cover patches ωi. The refinement of a cover is
straightforward since a d-binary tree is an adaptive data-structure. Here, it is
sufficient to use a single subdivision step to split the tree-cell Ci into 2d sub-
cells Ci,q if the refinement indicator function r(ωi) = true for the associated
cover patch ωi. Then, we insert the created particles in the respective cells
and set the patches ωi,q on all refined (sub-)cells Ci,q with q = 1, . . . , 2d using
(3.20) with the same overlap parameter α.

Due to our careful selection of the positions of the new points {xn} in
our refinement scheme we ensure that the refined cover C̃Ω is identical to the
cover obtained by our original cover construction algorithm using the refined
point set P ∪ {xn} as input. Hence, a refined cover is guaranteed to have the
same properties as the covers obtained from the original algorithm.

Recall that our tree-based cover construction algorithm provides a com-
plete sequence of covers Ck

Ω . Hence, we must deal with the question how to
introduce a refined cover into an existing sequence of covers Ck

Ω such that
the resulting refined sequence is consistent with our multilevel construction
[9, 15].

3.2 Iterative Solution

In [9] we have constructed a sequence of covers {Ck
Ω = {ωi,k}} with k =

0, . . . , J where J denotes the maximal subdivision level of the tree, that is all
covers Ck

Ω have the property

k = max
ωi∈Ck

Ω

li. (3.24)

The respective PUM spaces V PU
k are defined as

V PU
k :=

∑

ωi,k∈Ωk

ϕi,kV
pi,k

i,k

with the PU functions (2.10) based on the cover CΩ,k and local approximation
spaces V

pi,k

i,k of degree pi,k.
Note that property (3.24) ensures that we have a minimal number of levels

J + 1 and thus minimal work and storage in the iterative multilevel solver.
Hence, the covers of a refined sequence must also satisfy (3.24).

Let us assume that we have a sequence of covers {Ck
Ω} with k = 0, . . . , J

satisfying the level property (3.24) and that we refine the cover CJ
Ω . To obtain

a sequence {Ck
Ω} with this property by the refinement scheme presented above

we need to distinguish two cases.
First we consider the simple case where we refine the cover CJ

Ω in such a
way that at least one patch ωi with li = J is marked for refinement. Then,
the resulting cover R(CJ

Ω) has at least one element ωj with lj = J + 1 and
we can extend our sequence of covers {Ck

Ω} with k = 0, . . . , J + 1 where
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CJ+1
Ω = R(CJ

Ω). In the case where we refine only patches ωi with li < J ,
we obtain a refined cover R(CJ

Ω) for which maxωi∈R(CJ
Ω

) li = J holds and

we cannot extend the existing sequence of covers by R(CJ
Ω). We rather need

to replace the cover CJ
Ω by its refined version R(CJ

Ω) to obtain a consistent
sequence of covers. Thus, we end up with the modified sequence {Ck

Ω} with
k = 0, . . . , J where we assign CJ

Ω = R(CJ
Ω).

With these conventions it is clear that our refinement scheme leads to
a sequence of covers {Ck

Ω} that satisfies all assumptions of our multilevel
construction and our iterative multilevel solver is applicable also in adaptive
computations.

To reduce the computational work even further, we couple our multilevel
solver with the nested iteration technique [12], see Algorithm 2.

Algorithm 2 (Nested Iteration).

1. If l > 0, then set initial guess

ũ0
l = P l

l−1ũ
kl−1

l−1 .
Else, set initial guess

ũ0
l = 0.

2. Set ũkl

l ← ISkl

l (ũ0
l , f̂l, Al) .

The ingredients of a nested iteration are the basic iterative solution procedure
ISl (in our case ISl will be a multilevel iterationMGl(0, f̂J )) defined on each
level l and prolongation operators P l

l−1. One key observation which lead to the

development of Algorithm 2 is that the approximate solution ũ
kl−1

l−1 obtained on
level l−1 is a good initial guess ũ0

l for the iterative solution on level l. To this
end, we need the prolongation operator P l

l−1 to transfer a coarse solution on
level l−1 to the next finer level l, see step 1 of Algorithm 2. Another property
that is exploited in our nested iteration solver is that there is nothing to gain
from solving the linear system of equations (almost) exactly since its solution
describes an approximate solution of the considered PDE only. The iterative
solution process on level l can be stopped once the error of the iteration is
of the same order as the discretization error on level l. Thus, if the employed
iterative solver ISl has a constant error reduction rate, as it is the case for
an optimal multilevel iteration MGl, then a (very small) constant number
of iterations kl that is independent of l in step 2 is sufficient to obtain an
approximate solution ũl on each level l within discretization accuracy. The
overall iterative process is also referred to as full multigrid [6, 11].

In all our numerical studies no more than 2 applications of a V (1, 1)-cycle
with block-Gauss-Seidel smoothing (compare [9]) were necessary to obtain an
approximate solution within discretization accuracy.

3.3 Error Estimation

The final ingredient of our adaptive multilevel PUM is the local error estimator
ηi ≈ ‖u− uPU‖H1(Ω∩ωi) which steers our particle refinement process and can
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be used to assess the quality of the computed global approximation [2, 3, 16,
17]. In this section we now construct an error estimator ηi for the PUM based
on the subdomain approach due to [2].

We employ an a posteriori error estimation technique based on the solution
of local Dirichlet problems defined on (overlapping) subdomains introduced in
[2] which is very natural to the PUM. To this end let us consider the additional
local problems

−∆wi = f in Ω ∩ ωi,
wi = uPU on ∂(Ω ∩ ωi) \ ΓN ,

∂wi

∂n
= gN on ΓN ∩ ∂(Ω ∩ ωi)

(3.25)

to approximate the error u − uPU on Ω ∩ ωi by wi − uPU ∈ H1(Ω ∩ ωi), see
[2]. This leads to the local error estimator ηi := ‖wi − uPU‖H1(Ω∩ωi).

Note that the local problems (3.25) employ inhomogeneous Dirichlet
boundary values. As discussed in section 2.2, the implementation of essen-
tial boundary conditions is somewhat more involved in the PUM. There we
have presented a non-conforming approach due to Nitsche to realize the global
Dirichlet conditions of our model problem (1.1). Of course this technique can
also be pursued here, however, since we consider (3.25) on very special subdo-
mains, i.e., on the support of a PU function ϕi, there is a much simpler and
conforming approach.

Enforcing homogeneous boundary conditions on the boundary ∂ωi is trivial
since ϕi|∂ωi

≡ 0. For patches close to the boundary we can easily enforce
homogeneous boundary values on ∂(Ω∩ωi)\ΓN \ΓD. Hence, if we reformulate
(3.25) in such a way that we have to deal with vanishing boundary data on
∂(Ω∩ωi)\ΓN \ΓD only, we can realize the (artificial) boundary conditions in a
conforming way. Only for the global boundary data on ΓD we need to employ
the non-conforming Nitsche technique. Therefore, we employ a discrete version
of the following equivalent formulation of (3.25)

−∆w̃i = f − fPU in Ω ∩ ωi,
w̃i = 0 on ∂(Ω ∩ ωi) \ ΓN \ ΓD,
w̃i = gD − uPU on ∂(Ω ∩ ωi) ∩ ΓD,

∂w̃i

∂n
= gN −

∂uPU

∂n
on ΓN ∩ ∂(Ω ∩ ωi),

(3.26)

where fPU denotes the best approximation of f in V PU, with mostly homo-
geneous boundary conditions within our implementation.

We approximate (3.26) using the trial and test spaces Vi,∗(Ω ∩ ωi) :=
ϕiV

pi+qi

i with qi > 0. Obviously, the functions wi ∈ Vi,∗(Ω ∩ ωi) satisfy
the homogeneous boundary conditions on ∂(Ω ∩ ωi) \ ΓN \ ΓD due to the
multiplication with the partition of unity function ϕi. Note that these local
problems fit very well with the global Nitsche formulation (2.18) since the
solution of (3.26) coincides with the minimizer of

Jγi
(u− uPU − w̃i)→ min{w̃i ∈ Vi,∗(Ω ∩ ωi)}
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where the parameter γi now depends on the local discretization space Vi,∗(Ω∩
ωi) ⊂ H1(Ω ∩ωi) and not on V PU ⊂ H1(Ω).5 Note that the utilization of the
global Nitsche functional is possible due to the use of a conforming approach
for the additional boundary ∂(Ω ∩ ωi) \ ΓN \ ΓD only.

We obtain our local approximate error estimator

ηi := ‖w̃i‖H1(Ω∩ωi) (3.27)

from the approximate solution w̃i ∈ Vi,∗(Ω ∩ ωi) of the local problem (3.26).
The global error is then estimated by

η :=
( ∑

ωi∈CΩ

(ηi)
2
) 1

2

=
( ∑

ωi∈CΩ

‖w̃i‖2H1(Ω∩ωi)

) 1
2

. (3.28)

Note that we solve (3.26) in the complete space Vi,∗(Ω ∩ ωi) = ϕiV
pi+qi

i

and not just the space ϕiV
pi+qi\pi

i where V
pi+qi\pi

i denotes the hierarchical
complement of V pi

i in V pi+qi

i .
This subdomain error estimation approach was already analyzed in the

PUM context in [1]. There it was shown that the subdomain estimator is
efficient and reliable, i.e., there holds the equivalence

C−1
∑

ωi∈CΩ

‖wi‖2H1(Ω∩ωi)
≤ ‖u− uPU‖2H1(Ω) ≤ C

∑

ωi∈CΩ

‖wi‖2H1(Ω∩ωi)
. (3.29)

Yet, it was assumed that the variational problem is globally positive definite
and that a globally conforming implementation of essential boundary condi-
tions is employed. However, both these assumptions are not satisfied in our
PUM due to the Nitsche approach. The analysis of the presented estimator is
an open issue.

Also note that there are other a posteriori error estimation techniques
based on the strong residual in Mortar finite elements based Nitsche’s ap-
proach e.g. [4] which can be used in the PUM context. Finally, let us point out
an interesting property of the PUM which might be beneficial in the construc-
tion of error estimators based on the strong residual. Recall from Theorem 1
that the global error is essentially given as an overlapping sum of the local
errors with respect to the local approximation spaces. The properties of the
PU required by Definition 1 enter in the constants of the estimates (2.6) and
(2.7) only. They do not affect the attained approximation order. Hence, the
global approximation error in a PUM is essentially invariant of the employed
PU — if the PU is based on the same cover CΩ .

Corollary 2. Let Ω ⊂ R
d be given. Let {ϕ1

i } and {ϕ2
i } be partitions of unity

according to Definition 1 employing the same cover CΩ = {ωi}, i.e. for all i
assume that ω1

i = ω2
i = ωi. Let us assume that λCΩ

(x) ≤M ∈ N for all x ∈ Ω.

5 We may also pre-compute the Nitsche regularization parameter βmax for maximal
total degree max pi + qi and employ βmax on all levels and for all local problems.
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Let a collection of local approximation spaces V pi

i = span〈{ψn
i }〉 ⊂ H1(Ω∩ωi)

be given as in Theorem 1. Let u ∈ H1(Ω) be the function to be approximated.
Then there hold the global equivalencies

C−1
1,2‖uPU,1 − u‖L2(Ω) ≤ ‖uPU,2 − u‖L2(Ω) ≤ C2,1‖uPU,1 − u‖L2(Ω) (3.30)

and

C−1
1,2,∇‖∇(uPU,1−u)‖L2(Ω) ≤ ‖∇(uPU,2−u)‖L2(Ω) ≤ C2,1,∇‖∇(uPU,1−u)‖L2(Ω)

(3.31)
for the functions

uPU,1 :=
∑

ωi∈CΩ

ϕ1
i ui ∈ V PU,1 and uPU,2 :=

∑

ωi∈CΩ

ϕ2
i ui ∈ V PU,2

with constants C1,2, C2,1, C1,2,∇, C2,1,∇ depending on the partitions of unity
only.

Due to this equivalence it is easily possible to obtain an approximation
ũPU with higher regularity k > 0 from a C0 approximation uPU in our PUM
simply be changing the employed generating weight functionW. The smoother
approximation ũPU can for instance be used to evaluate/approximate higher
order derivatives without the need to consider jumps or other discontinuities
explicitly.

3.4 Overall Algorithm

Let us shortly summarize our overall adaptive multilevel algorithm which
employs three user-defined parameters: ǫ > 0 a global error tolerance, q > 0
the increment in the polynomial degree for the estimation of the error and
k > 0 the number of multilevel iterations employed in the nested iteration.

Algorithm 3 (Adaptive Multilevel PUM).

1. Let us assume that we are given an initial point set P and that we have
a sequence of PUM spaces V PU

k =
∑

ωi,k∈CΩ,k
ϕi,kV

pi,k

i,k with k = 0, . . . , J

based on a respective sequence of covers CΩ,k = {ωi,k} arising from a
d-binary tree construction using the point set P , see [8, 15] for details.
Let P l

l−1 : V PU
l−1 → V PU

l and Rl−1
l : V PU

l → V PU
l−1 denote transfer operators

and Sl : V PU
l × V PU

l → V PU
l appropriate smoothing schemes so that we

can define a multilevel iterationMGJ : V PU
J × V PU

J → V PU
J , see [7, 9, 15]

for details. Set ũJ = MGkinit

J (0, f̂J ) where the number of iterations kinit

is assumed to be large enough.
2. Compute the local error estimates ηi from (3.27) using the local spaces

ϕJ,iV
pJ,k+q
J,i . Estimate the global error by (3.28).

3. If the global estimate satisfies η < ǫ: STOP.
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4. Define the refinement indicator function (3.23) on the cover CΩ,J based
on the local estimates ηi.

5. Using the refinement rules of section 3.1 define a refined point set P , a
refined cover R(CΩ,J) and its associated PUM space R(V PU

J ).
6. If R(CΩ,J) satisfies the level property (3.24) with J :

a) Delete the transfer operators P J
J−1 and RJ−1

J .
b) Compute an intermediate transfer operator PJ : V PU

J → R(V PU
J ).

c) Set ṽJ = PJ ũJ .
d) Delete the intermediate transfer operator PJ .
e) Remove the cover CΩ,J and its associated PUM space V PU

J from the
respective sequences.

f) Set CΩ,J := R(CΩ,J) and V PU
J := R(V PU

J ).
7. If R(CΩ,J) satisfies the level property (3.24) with J + 1:

a) Extend the sequence of covers by CΩ,J+1 := R(CΩ,J) and the sequence
of PUM spaces by V PU

J+1 := R(V PU
J ).

b) Set ṽJ = 0.
c) Set J = J + 1.

8. Set up the stiffness matrix AJ and right-hand side f̂J using an appropriate
numerical integration scheme.

9. Compute transfer operators P J
J−1 : V PU

J−1 → V PU
J and RJ−1

J : V PU
J → V PU

J−1

and define appropriate smoother SJ : V PU
J × V PU

J → V PU
J on level J .

10. If ṽJ = 0 , set ṽJ = P J
J−1ũJ−1.

11. Apply k > 0 iterations and set ũJ =MGk
J(ṽPU

J , f̂J ).
12. GOTO 2.

4 Numerical Results

In this section we present some results of our numerical experiments using the
adaptive PUM discussed above. To this end, we introduce some shorthand
notation for various error norms, i.e., we define

eL∞ :=
‖u− uPU‖L∞

‖u‖L∞

, eL2 :=
‖u− uPU‖L2

‖u‖L2

, and eH1 :=
‖(u− uPU)‖H1

‖u‖H1

.

(4.32)
Analogously, we introduce the notion

e∗H1 :=
η

‖u‖H1

=

(∑
ωi∈CΩ

η2
i

) 1
2

‖u‖H1

for the estimated (relative) error using (3.27) and (3.28). These norms are
approximated using a numerical integration scheme with very fine resolution,
see [15]. For each of these error norms we can compute the respective conver-
gence rate ρ by considering the error norms of two consecutive levels l−1 and
l
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Figure 3. Surface plot of approximate
solution uPU on level J = 11.
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Figure 4. Refined point set P on level
J = 11 for Example 1 using quadratic
polynomials for error estimation.

ρ := −
log
(

‖u−uPU
l ‖

‖u−uPU
l−1‖

)

log( dofl

dofl−1
)

, dofk :=
∑

ωi,k∈Ck
Ω

dim(V
pi,k

i,k ). (4.33)

To assess the quality of our error estimator we give its effectivity index with
respect to the H1-norm

ǫ∗H1 :=
e∗H1

eH1

=
η

‖(u− uPU)‖H1

in the tables. We also give the maximal subdivision level J of our tree for
the cover construction, and the total number of degrees of freedom dof of the
constructed PUM space V PU on level J .

Example 1. In our first example we consider the standard test case of an L-
shaped domain in two space dimensions with homogeneous boundary condi-
tions at the re-entrant corner. That is we discretize the problem

−∆u = f in Ω = (−1, 1)2 \ [0, 1)2,
u = gD on ∂Ω

with our adaptive PUM where we choose f and gD such that the solution u ∈
H

3
2 (Ω) in polar coordinates is given by u(r, θ) = r

2
3 sin(2θ−π

3 ), see Figure 3.
We employ linear Legendre polynomials as local approximation spaces V 1

i and
estimate the local errors once with quartic (Table 1 and Figure 5) and once
with quadratic (Table 2 and Figure 6) Legendre polynomials, i.e. Vi,∗ = ϕiV

4
i

and Vi,∗ = ϕiV
2
i respectively.

It is well-known that in this two-dimensional example uniform refinement
will yield a convergence rate of ρH1 = 1

3 only instead of the optimal ρH1 =
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Table 1. Relative errors e (4.32) and convergence rates ρ (4.33) for Example 1 using
quartic Legendre polynomials for error estimation.

J dof eL∞ ρL∞ eL2 ρL2 eH1 ρH1 e∗H1 ρ∗
H1 ǫ∗H1

0 3 3.303−1 1.01 2.469−1 1.27 5.272−1 0.58 4.150−1 0.80 0.79
1 9 1.162−1 0.95 5.301−2 1.40 2.153−1 0.82 2.327−1 0.53 1.08
2 36 7.431−2 0.32 2.084−2 0.67 1.572−1 0.23 1.344−1 0.40 0.85
3 144 4.628−2 0.34 8.947−3 0.61 1.034−1 0.30 8.702−2 0.31 0.84
4 252 2.908−2 0.83 4.207−3 1.35 7.291−2 0.62 6.030−2 0.66 0.83
5 360 1.830−2 1.30 2.774−3 1.17 5.632−2 0.72 4.566−2 0.78 0.81
6 468 1.152−2 1.76 2.389−3 0.57 4.821−2 0.59 3.836−2 0.66 0.80
7 576 7.252−3 2.23 2.277−3 0.23 4.457−2 0.38 3.505−2 0.43 0.79
8 1008 4.564−3 0.83 1.164−3 1.20 3.244−2 0.57 2.554−2 0.57 0.79
9 1566 2.874−3 1.05 6.580−4 1.29 2.524−2 0.57 1.981−2 0.58 0.78
10 2124 1.811−3 1.52 5.282−4 0.72 2.174−2 0.49 1.701−2 0.50 0.78
11 3636 1.140−3 0.86 2.669−4 1.27 1.635−2 0.53 1.280−2 0.53 0.78
12 5418 7.183−4 1.16 1.834−4 0.94 1.306−2 0.56 1.023−2 0.56 0.78
13 8226 4.525−4 1.11 1.230−4 0.96 1.063−2 0.49 8.324−3 0.49 0.78
14 13491 2.850−4 0.93 6.996−5 1.14 8.298−3 0.50 6.493−3 0.50 0.78
15 20412 1.796−4 1.12 4.731−5 0.94 6.618−3 0.55 5.191−3 0.54 0.78
16 30438 1.131−4 1.16 3.305−5 0.90 5.455−3 0.48 4.277−3 0.48 0.78
17 49842 7.125−5 0.94 1.926−5 1.09 4.288−3 0.49 3.359−3 0.49 0.78
18 77256 4.489−5 1.05 1.225−5 1.03 3.385−3 0.54 2.657−3 0.53 0.79
19 115326 2.828−5 1.15 8.611−6 0.88 2.786−3 0.49 2.187−3 0.49 0.78
20 189585 1.781−5 0.93 5.119−6 1.05 2.193−3 0.48 1.720−3 0.48 0.78
21 298440 1.122−5 1.02 3.129−6 1.09 1.719−3 0.54 1.350−3 0.53 0.79
22 446850 7.069−6 1.14 2.201−6 0.87 1.411−3 0.49 1.109−3 0.49 0.79
23 737478 4.453−6 0.92 1.321−6 1.02 1.110−3 0.48 8.715−4 0.48 0.78
24 1171548 2.805−6 1.00 7.915−7 1.11 8.672−4 0.53 6.814−4 0.53 0.79
25 1756818 1.767−6 1.14 5.570−7 0.87 7.109−4 0.49 5.585−4 0.49 0.79
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Figure 5. Convergence history for Ex-
ample 1 using quartic polynomials for er-
ror estimation.
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ample 1 using quadratic polynomials for
error estimation.
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Table 2. Relative errors e (4.32) and convergence rates ρ (4.33) for Example 1 using
quadratic Legendre polynomials for error estimation.

J dof eL∞ ρL∞ eL2 ρL2 eH1 ρH1 e∗H1 ρ∗
H1 ǫ∗H1

0 3 3.303−1 1.01 2.469−1 1.27 5.272−1 0.58 4.287−1 0.77 0.81
1 9 1.162−1 0.95 5.301−2 1.40 2.153−1 0.82 1.496−1 0.96 0.69
2 36 7.431−2 0.32 2.084−2 0.67 1.572−1 0.23 9.882−2 0.30 0.63
3 144 4.628−2 0.34 8.947−3 0.61 1.034−1 0.30 6.502−2 0.30 0.63
4 252 2.908−2 0.83 4.207−3 1.35 7.291−2 0.62 4.696−2 0.58 0.64
5 360 1.830−2 1.30 2.774−3 1.17 5.632−2 0.72 3.753−2 0.63 0.67
6 468 1.152−2 1.76 2.389−3 0.57 4.821−2 0.59 3.306−2 0.48 0.69
7 873 7.250−3 0.74 1.181−3 1.13 3.484−2 0.52 2.418−2 0.50 0.69
8 1278 4.566−3 1.21 7.443−4 1.21 2.778−2 0.59 1.950−2 0.56 0.70
9 1854 2.875−3 1.24 5.693−4 0.72 2.298−2 0.51 1.615−2 0.51 0.70
10 3123 1.811−3 0.89 3.101−4 1.16 1.765−2 0.51 1.243−2 0.50 0.70
11 4842 1.140−3 1.05 1.963−4 1.04 1.380−2 0.56 9.784−3 0.55 0.71
12 7146 7.184−4 1.19 1.408−4 0.85 1.136−2 0.50 8.054−3 0.50 0.71
13 11385 4.525−4 0.99 8.684−5 1.04 9.076−3 0.48 6.422−3 0.49 0.71
14 17937 2.851−4 1.02 5.109−5 1.17 7.102−3 0.54 5.047−3 0.53 0.71
15 26235 1.796−4 1.22 3.806−5 0.77 5.863−3 0.50 4.173−3 0.50 0.71
16 41598 1.131−4 1.00 2.404−5 1.00 4.710−3 0.47 3.347−3 0.48 0.71
17 67266 7.126−5 0.96 1.344−5 1.21 3.654−3 0.53 2.602−3 0.52 0.71
18 99162 4.489−5 1.19 9.895−6 0.79 2.999−3 0.51 2.138−3 0.51 0.71
19 157779 2.828−5 0.99 6.324−6 0.96 2.410−3 0.47 1.714−3 0.48 0.71
20 259047 1.781−5 0.93 3.465−6 1.21 1.861−3 0.52 1.325−3 0.52 0.71
21 383805 1.122−5 1.18 2.532−6 0.80 1.521−3 0.51 1.085−3 0.51 0.71
22 612792 7.070−6 0.99 1.621−6 0.95 1.220−3 0.47 8.686−4 0.47 0.71
23 1014804 4.454−6 0.92 8.828−7 1.20 9.396−4 0.52 6.695−4 0.52 0.71
24 1509102 2.806−6 1.16 6.403−7 0.81 7.659−4 0.51 5.465−4 0.51 0.71
25 2412603 1.767−6 0.98 4.109−7 0.95 6.143−4 0.47 4.375−4 0.47 0.71
26 4014459 1.113−6 0.91 2.230−7 1.20 4.723−4 0.52 3.366−4 0.51 0.71
27 5983155 7.014−7 1.16 1.610−7 0.82 3.844−4 0.52 2.743−4 0.51 0.71
28 9575469 4.419−7 0.98 1.034−7 0.94 3.082−4 0.47 2.195−4 0.47 0.71
29 15969915 2.784−7 0.90 5.600−8 1.20 2.368−4 0.52

1
2 . An efficient self-adaptive method however must achieve the optimal rate
ρH1 = 1

2 and show a very sharp local refinement near the re-entrant corner,
compare Figure 4. From the numbers displayed in Table 1 and the graphs
depicted in Figure 5 we can clearly observe that our adaptive PUM achieves
this optimal value of ρH1 ≈ 1

2 . The corresponding L2-convergence rate ρL2

and L∞-convergence rate ρL∞ are also optimal with a value close to 1. We can
also observe the convergence of the effectivity index ǫ∗H1 to 0.79 from Table 1.
Hence, we see that our approximation to the local error using quartic Legendre
polynomials is rather accurate. The convergence of ǫ∗H1 is clear numerical
evidence that the subdomain estimator described in section 3.3 satisfies an
equivalence such as (3.29) also for the non-conforming Nitsche approach and
solutions with less than full elliptic regularity.
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Of course, an approximation of the error estimator using quartic polyno-
mials is rather expensive. We have to solve a local problem of dimension 15
on each patch. If we are interested in steering the refinement only, then this
amount of computational work might be too expensive. Hence, we carried out
the same experiment using quadratic Legendre polynomials for the approxi-
mation of (3.26) only. Here, we need to solve local problems of dimension 6.
The measured errors and convergence rates are displayed in Table 2 and in Fig-
ure 6. From these numbers we can clearly observe that we retain the optimal
rates of ρH1 ≈ 1

2 and ρL2 ≈ 1 also with this coarser approximation. However,
we also see that the quality of our approximate estimate is slightly reduced,
i.e., the effectivity index converges to the smaller value 0.71. Furthermore,
we find that our refinement scheme based on the quadratic approximation
selects more patches for refinement than in the quartic case; e.g., on level 9
we have dof = 1854 for the quadratic polynomials and only dof = 1566 for
the quartic polynomials. However, we obtain covers with a maximal level dif-
ference of L = 1 for both approximation to the local errors. Obviously, the
use of the quadratic approximation for the error estimation leads to an un-
necessary increase in the total number of degrees of freedom, however, since
we attain optimal convergence rates with both approximations this cheaper
approximation for the error may well pay off with respect to the total compute
time.

The solution of the arising linear systems using our nested iteration mul-
tilevel solver required an almost negligible amount of compute time. In this
experiment it was sufficient to employ a single V (1, 1)-cycle with block-Gauss-
Seidel smoothing (compare [9]) within the nested iteration solver to obtain an
approximate solution within discretization accuracy.

Finally, let us point out that the obtained numerical approximations uPU

to the considered singular solution are highly accurate with eL∞ ≈ 10−7.
Such quality requires an accurate and stable numerical integration scheme
which can account for the sharp localization in the adaptive refinement and
the singular character of the solution u automatically. Our subdivision sparse
grid integration scheme meets these requirements.

In summary we can say that the results of this numerical experiment indi-
cate that our adaptive PUM can handle problems with singular solutions with
optimal complexity. We obtain a stable approximation with optimal conver-
gence rates already with a relatively cheap approximation to the local errors.
The application of a nested iteration with our multilevel method as inner iter-
ation yields approximate solution of very high quality with a minimal amount
of computational work.

Example 2. In our second example we consider our model-problem (1.1) with
Dirichlet boundary conditions on the cube (0, 1)3 in three space dimensions.

We choose f and gD such that the solution is given by u(x) = |x| 13 . Again,
we use linear Legendre polynomials for the approximation and estimate the
local errors using quadratic Legendre polynomials. The optimal convergence
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Table 4.3. Relative errors e (4.32) and convergence rates ρ (4.33) for Example 2.

J dof eL∞ ρL∞ eL2 ρL2 eH1 ρH1 e∗H1 ρ∗
H1 ǫ∗H1

0 4 5.204−1 0.47 3.635−2 2.39 2.001−1 1.16 1.157−1 1.56 0.58
1 32 3.605−1 0.18 1.323−2 0.49 1.619−1 0.10 1.043−1 0.05 0.64
2 256 2.804−1 0.12 4.285−3 0.54 9.998−2 0.23 6.530−2 0.23 0.65
3 480 2.173−1 0.41 2.061−3 1.16 6.908−2 0.59 4.728−2 0.51 0.68
4 704 1.673−1 0.68 1.733−3 0.45 5.615−2 0.54 4.003−2 0.44 0.71
5 928 1.276−1 0.98 1.703−3 0.06 5.159−2 0.31 3.745−2 0.24 0.73
6 2440 9.678−2 0.29 9.047−4 0.65 3.600−2 0.37 2.673−2 0.35 0.74
7 4540 7.116−2 0.50 5.046−4 0.94 2.774−2 0.42 2.108−2 0.38 0.76
8 7424 5.140−2 0.66 4.099−4 0.42 2.386−2 0.31 1.822−2 0.30 0.76
9 15964 3.580−2 0.47 2.673−4 0.56 1.941−2 0.27 1.412−2 0.33 0.73
10 30076 2.355−2 0.66 1.472−4 0.94 1.613−2 0.29 1.112−2 0.38 0.69

rate with respect to the H1-norm in three dimensions is ρH1 = 1
3 . From the

numbers given in Table 4.3 we can clearly observe this optimal convergence
behavior of our adaptive PUM. The rates ρL2 and ρL∞ obtained for the L2-
norm and L∞-norm respectively are comparable to the optimal value of 2

3 .
The effectivity index of our error estimator converges to a value of ǫ∗H1 ≈ 0.64.
Hence, the quality of the quadratic approximation to the error estimator in
three dimensions is of comparable quality to that in two dimensions.

The maximal level difference in this example was L = 1 as in the previous
example, see also Figure 7. Again, it was sufficient to use a single V (1, 1)-
cycle within the nested iteration to obtain an approximate solution within
discretization accuracy.
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Table 4.4. Relative errors e (4.32) and convergence rates ρ (4.33) for Example 3
using linear Legendre polynomials.

J dof eL∞ ρL∞ eL2 ρL2 eH1 ρH1 e∗H1 ρ∗
H1 ǫ∗H1

3 84 5.853−1 0.92 4.360−1 1.24 6.941−1 0.52 5.591−1 0.45 0.81
4 156 2.940−1 1.11 1.371−1 1.87 4.764−1 0.61 3.117−1 0.94 0.65
5 291 1.041−1 1.67 5.489−2 1.47 3.281−1 0.60 2.332−1 0.47 0.71
6 822 3.772−2 0.98 1.944−2 1.00 2.042−1 0.46 1.566−1 0.38 0.77
7 1524 2.102−2 0.95 1.428−2 0.50 1.508−1 0.49 1.178−1 0.46 0.78
8 5619 4.824−3 1.13 4.716−3 0.85 7.710−2 0.51 5.963−2 0.52 0.77
9 13332 2.648−3 0.69 1.805−3 1.11 4.947−2 0.51 3.841−2 0.51 0.78
10 74838 3.061−4 1.25 2.875−4 1.06 2.106−2 0.50 1.649−2 0.49 0.78
11 275997 1.168−4 0.74 8.154−5 0.97 1.090−2 0.50 8.520−3 0.51 0.78
12 899823 2.819−5 1.20 2.872−5 0.88 6.002−3 0.51 4.667−3 0.51 0.78
13 2885646 9.056−6 0.97 1.025−5 0.88 3.358−3 0.50 2.612−3 0.50 0.78
14 13579752 1.841−6 1.03 2.062−6 1.04 1.546−3 0.50 1.201−3 0.50 0.78

Example 3. In our last example we consider the Poisson problem (1.1) with
Dirichlet boundary conditions where we choose f and gD such that the solu-
tion [14] is given by

u(x) =
1

2000

2∏

l=1

(xl)2(1− xl)2(exp(10(xl)2)− 1),

see also Figure 10.
Here, we now consider not only a linear approximation but also a higher or-

der approach with quadratic polynomials since the solution is smooth enough.
First, we approximate the solution using linear Legendre polynomials and es-
timate the error with quadratic Legendre polynomials as before. Then, we
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Table 4.5. Relative errors e (4.32) and convergence rates ρ (4.33) for Example 3
using quadratic Legendre polynomials.

J dof eL∞ ρL∞ eL2 ρL2 eH1 ρH1 e∗H1 ρ∗
H1 ǫ∗H1

3 168 2.073−1 1.49 9.459−2 2.48 4.184−1 0.58 2.375−1 1.36 0.57
4 240 4.879−2 4.06 3.147−2 3.09 2.504−1 1.44 1.527−1 1.24 0.61
5 600 1.608−2 1.21 1.100−2 1.15 9.248−2 1.09 6.380−2 0.95 0.69
6 1824 2.492−3 1.68 1.742−3 1.66 2.523−2 1.17 1.628−2 1.23 0.65
7 4974 4.917−4 1.62 2.885−4 1.79 7.416−3 1.22 4.774−3 1.22 0.64
8 18492 7.648−5 1.42 6.033−5 1.19 1.854−3 1.06 1.158−3 1.08 0.62
9 61134 9.078−6 1.78 6.262−6 1.89 5.518−4 1.01 3.351−4 1.04 0.61
10 222414 1.392−6 1.45 1.216−6 1.27 1.512−4 1.00 9.025−5 1.02 0.60
11 959100 1.359−7 1.59 1.163−7 1.61 3.444−5 1.01 2.028−5 1.02 0.59
12 3580440 1.952−8 1.47 1.608−8 1.50 9.302−6 0.99 5.451−6 1.00 0.59
13 13422120 2.766−9 1.48 2.321−9 1.46 2.507−6 0.99 1.467−6 0.99 0.59

consider the case when we approximate the solution with quadratic poly-
nomials and use cubic Legendre polynomials to estimate the errors locally.
With respect to the measured convergence rates we expect to find the opti-
mal rates ρH1 ≈ 1

2 for the linear approximation, see Table 4.4 and Figure 11,
and ρH1 ≈ 1 for the quadratic approximation, see Table 4.5 and Figure 12.6

Our adaptive PUM achieves this anticipated optimal convergence behavior
with respect to the H1-norm as well as in the L2-norm for which we find
the optimal rates ρL2 ≈ 1 and ρL2 ≈ 3

2 respectively. The cover refinement
carried out for a linear approximation (compare Figure 9) is in fact different
from the one attained for the quadratic approximation. For instance we find
a maximal level difference of L = 3 for the linear approximation and L = 1
for the quadratic approximation, i.e., the point sets and covers obtain for the
higher order approximation is somewhat smoother.

The quality of the quadratic approximation of the error estimator is again
similar to those obtain in the previous examples, i.e., we observe ǫ∗H1 ≈ 0.78.
Since the relative increase in the number of degrees of freedom going from
quadratic to cubic polynomials is smaller than when we use quadratic poly-
nomials to estimate the error of a linear approximation we can expect to find
a smaller value of ǫ∗H1 in Table 4.5. In fact the effectivity index converges to
0.59 only. Note that the results of further numerical experiments confirm that
the quality of the estimator is essentially influenced by the relative increase
of the polynomial degree. For instance we found a value of ǫ∗H1 ≈ 0.8 again,
when we use polynomials of order 6 to approximate the error of a quadratic
approximation. Hence, this example demonstrates that using only a polyno-
mial of degree p+ 1 to estimate the error of an approximation of order p may

6 Note that not all refinement steps are given in the tables and graphs for Exam-
ple 3. Due to the smoothness of the solution our refinement scheme constructs
several refined covers R(CJ

Ω) with J = maxωi∈R(CJ
Ω

) li. For better readability we

only give the final results on the respective level J .
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Figure 11. Convergence history for Ex-
ample 3 using linear Legendre polynomi-
als.
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Figure 12. Convergence history for Ex-
ample 3 using quadratic Legendre poly-
nomials.

not yield very accurate estimates for large p. Nonetheless, our experiments
also indicate that the actual refinement is only very slightly affected by this
issue.

5 Concluding Remarks

In this paper we have considered the adaptive multilevel solution of a scalar
elliptic PDE by the PUM. We have presented a particle refinement scheme
for h-type adaptivity in the PUM which is steered by a local subdomain-type
error estimator which is in turn approximated by local p-type enrichment.
The results of our numerical experiments in two and three space dimensions
are strong numerical evidence that the estimator is efficient and reliable.

Note that the adaptively constructed point sets may provide a novel way to
approximate density distributions which can be related to solutions of PDEs.
Also note that a local hp-type refinement is (in principle) straightforward in
the PUM due to the independence of the local approximation spaces. The
extension of the presented scheme to hp-type adaptivity however is subject of
current research.

The nested multilevel iteration developed in this paper provides a highly
efficient solver with optimal computational complexity. In summary, the pre-
sented meshfree scheme is a main step toward the availability of efficient adap-
tive meshfree methods which will enable us to tackle large scale complicated
problems.
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Summary. In this paper we propose a new approximation technique within the con-
text of meshless methods able to reproduce functions with discontinuous derivatives.
This approach involves some concepts of the reproducing kernel particle method
(RKPM), which have been extended in order to reproduce functions with discon-
tinuous derivatives. This strategy will be referred as Enriched Reproducing Kernel
Particle Approximation (E-RKPA). The accuracy of the proposed technique will be
compared with standard RKP approximations (which only reproduces polynomials).

Key words: Meshless methods, discontinuous derivatives, enriched approx-
imation, reproducing kernel particle method

1 Introduction

Meshless methods are an appealing choice for constructing functional approxi-
mations (with different degrees of consistency and continuity) without a mesh
support. Thus, this kind of techniques seem to be specially appropriated for
treating 3D problems involving large displacements, due to the fact that the
approximation is constructed only from the cloud of nodes whose positions
evolve during the material deformation. In this manner neither remeshing nor
fields projections are a priori required.

Other important point lies in the easy introduction of some known infor-
mation related to the problem solution within the approximation functional
basis. For this purpose, different reproduction conditions are enforced in the
construction of the approximation functions. This approach has been widely
used in the context of the moving least squares approximations involved in the
diffuse meshless techniques [1] as well as in the element free Galerkin method
[3]. Very accurate results were obtained for example in fracture mechanics by
introducing the crack tip behavior into the approximation basis [4].
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In this work we propose a numerical strategy, based on the reproducing
kernel particle techniques, able to construct approximation functions with dis-
continuous derivatives on fixed or moving interfaces. This problem was treated
in the context of the partition of unity by Kronggauz et al. [7]. In our approach
the size of the discrete system of equations remains unchanged because no ad-
ditional degrees of freedom are introduced related to the enrichment. However,
the fact of enriching the approximation implies a bigger moment matrix that
can result ill conditioned when the enrichment is applied in the whole domain.
To circumvent this difficulty local enrichments seem more appropriate. This
paper focuses on local enrichments with particular reproduction conditions.

The starting point of our development is the reproducing kernel particle
approximation (RKPA). The RKP approximation was introduced by Liu et
al. [10] for enforcing some degree of consistency to standard smooth particle
approximations, i.e. they proved that starting from a SPH (smooth particle
hydrodynamics) approximation [5] it is possible to enhance the kernel func-
tion for reproducing a certain degree of polynomials. We have extended or
generalized this procedure in order to reproduce any function, and more con-
cretely, functions involving discontinuous derivatives. The question of the local
enrichment will be then addressed.

2 Enriched Functional Approximations

2.1 Reproducing Conditions for Enriched Shape Function

The approximation of a function u(x) is defined by

u(x) =
NP∑

I=1

ψI(x)u(xI) (2.1)

where u(xI) are the nodal values of the approximated function and NP the
number of nodes used to discretize the domain Ω. ψI(x) is the shape function
which can be written in the general form:

ψI(x) = Cφ(x− xI) (2.2)

where φ is the kernel function which has a compact support. Consequently
ψI(x) will be non zero only for a small set of nodes.

We represent by Λ(x) the set of nodes whose supports include the point
x. Thus, we can write Eq. (2.1) as

u(x) =
∑

λ∈Λ(x)

Cφ(x− xλ)u(xλ) (2.3)

In the following, we use the simplified notation:
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u(x) =
∑

λ

Cφλu(xλ) (2.4)

In the RKPM context Liu and al. [10] define C as the correction function
used to ensure the reproduction conditions. Thus, any linear combination of
the functions used to define the reproduction conditions can be approximated
exactly. Usually the reproduction conditions are imposed to ensure that the
approximation can reproduce polynomials up to a specified degree that rep-
resents the approximation order of consistency. In the present work, we want
to reproduce a function consisting of a polynomial part and others additional
functions used to include known information about the approximated field,
as for example discontinuous normal derivatives across fixed or moving inter-
faces.

Let u(x) the function to be reproduced:

u(x) =
∑

α

aαxα +

ne∑

j=1

ejχ
j(x). (2.5)

where α is a multi-index used to represent the polynomial part of u, χ is the
enrichment function and j a simple index that refers to the power of χ (we
want to reproduce the enrichment function and its power up to the degree
ne). Multi index notation is deeply described in [9].

First we consider the reproducing conditions for the polynomial part of u.
When |α| = 0, we obtain the partition of unity

∑

λ

Cφλ1 = 1 (2.6)

and for |α| ≤ m, |α| �= 0 (where m is the degree of the polynomial part)

∑

λ

Cφλxα
λ = xα (2.7)

Now, we consider the non-polynomial reproducing conditions:

∑

λ

Cφλχ
i(xλ) = χi(x) 1 ≤ i ≤ ne (2.8)

All these reproducing conditions can be written in the matrix form:

∑

λ

CφλR(xλ) = R(x) (2.9)

where R denotes the reproducing vector that consists of the polynomial part
Rp and the non-polynomial one Re (R⊤(x) =

[
Rp

⊤(x) Re
⊤(x)

]
)
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2.2 Direct Formulation of the Shape Functions

To construct the approximation the correction function must be defined. The
choice of C lead to different formulations.

In the direct formulation, the correction function is defined by

Cd = H⊤
d (x,xλ,xλ − x)bd(x) (2.10)

where Hd consists of a polynomial part of degree m: Pm(xλ − x), and the
non-polynomial one Hed =

[
χ(xλ)− χ(x) · · · (χ(xλ)− χ(x))

ne ]
:

H⊤
d (x,xλ,xλ − x) =

[
Pm(xλ − x) χ(xλ)− χ(x) · · · (χ(xλ)− χ(x))

ne ]

(2.11)
From the definition of the correction function (2.10) the reproducing condi-
tions (2.9) becomes

(
∑

λ

R(xλ)H⊤
d (x,xλ,xλ − x)φλ

)
bd(x) = R(x) (2.12)

that can by written in the matrix form:

M d(x)bd(x) = R(x) (2.13)

where the moment matrix M d(x) is defined by

M d(x) =
∑

λ

R(xλ)H⊤
d (x,xλ,xλ − x)φλ (2.14)

Finally, from Eq. (2.2) the shape function in the direct formulation will be
defined by

ψdλ(x) = H⊤
d (x,xλ,xλ − x)M−1

d (x)R(x)φλ (2.15)

2.3 Direct and RKPM Shape Function Equivalence

In [9] Liu et al. show that the RKPM formulation satisfies the polynomial
reproducing conditions. Here, we prove that this result can be extended to
non polynomial reproducing conditions.

For this purpose, firstly, we derive the enriched RKPM shape functions
from the reproducing conditions.

The polynomial part can be written as:

∑

λ

Cφλ1 = 1 |α| = 0 (2.16)

∑

λ

Cφλ(xλ − x)α = 0 |α| ≤ m, |α| �= 0 (2.17)

the proof can be found for example in [9].
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Using the same procedure, we can also write

∑

λ

Cφλ(χ(xλ)− χ(x))i = 0 1 ≤ i ≤ ne (2.18)

According to Eqs. (2.17) and (2.18) the reproducing conditions can be
written as ∑

λ

CφλR(x,xλ,xλ − x) = R(0) (2.19)

where R⊤(x,xλ,xλ−x) =
[
Pm(xλ − x) χ(xλ)− χ(x) · · · (χ(xλ)− χ(x))

ne ]

and R⊤(0) =
[
1 0 · · · 0

]
.

Now we choose for the correction function the same expression than in the
direct formulation (2.11). i.e. Hr = Hd

Cr = H⊤
r (x,xλ,xλ − x)br (2.20)

introducing this expression into Eq. (2.19), it results in:

(
∑

λ

R(x,xλ,xλ − x)H⊤
r (x,xλ,xλ − x)φλ

)
br = R(0) (2.21)

or being R ≡Hr ≡H.

(
∑

λ

H(x,xλ,xλ − x)H⊤(x,xλ,xλ − x)φλ

)
br = R(0) (2.22)

whose matrix form results in

M r(x)br(x) = R(0) (2.23)

where M r(x) is the enriched RKPM moment matrix defined by

M r(x) =
∑

λ

H(x,xλ,xλ − x)H⊤(x,xλ,xλ − x)φλ (2.24)

Since Eqs. (2.9) and (2.19) are equivalent it directly follows that the vectors
bd and br are the same, and given Hr = Hd we can conclude that Direct and
the RKPM shape fonctions are the same.

2.4 MLS Shape Function

In this section we are going to prove that the MLS formulation [3] can be
obtained by choosing the following form of the correction function

C = H⊤
m (xλ)bm(x) (2.25)
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where Hm = R. The reproducing conditions (2.9) can be rewritten

∑

λ

R(xλ)H⊤
m (xλ)bm(x)φλ = R(x) (2.26)

or
M m(x)bm(x) = R(x) (2.27)

where M m(x) is the MLS form of the moment matrix defined by

M m(x) =
∑

λ

Hm(xλ)H⊤
m (xλ)φλ (2.28)

To derive the standard MLS shape function we consider Eq. (2.4) from which
we obtain

u(x) =
∑

λ

H⊤
m (xλ)M−1

m (x)R(x)φλu(xλ) (2.29)

Since Hm = R, the moment matrix is symmetric, and Eq. (2.29) results in

u(x) = H⊤
m (x)M−1

m (x)
∑

λ

Hm(xλ)φλu(xλ) (2.30)

or
u(x) = H⊤

m (x)am (2.31)

where am is computed from

M m(x)am =
∑

λ

Hm(xλ)φλu(xλ) (2.32)

Now, we can prove that MLS shape functions coincide with the ones related
to the direct procedure.

2.5 Direct and MLS Shape Function Equivalence

To prove the equivalence between both formulations, firstly, we consider the
expression of the line i-th component of vector M mbm.

[M mbm]i = bmp0

∑

λ

Ri(xλ)φλ

+
∑

0<|α|≤m

bmpα

∑

λ

Ri(xλ)(xλ)αφλ

+
ne∑

j=1

bmej

∑

λ

Ri(xλ)χ(xλ)jφλ

(2.33)

Ri being the i-th component of vector R.
In the same manner, the corresponding component related to vector M dbd

results in:
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[M dbd]i = bdp0

∑

λ

Ri(xλ)φλ

+
∑

0<|α|≤m

bdpα

∑

λ

Ri(xλ)(xλ − x)αφλ

+
ne∑

j=1

bdej

∑

λ

Ri(xλ)
(
χj(xλ)− χj(x)

)j
φλ

(2.34)

Using the binomial theorem, we can write

ne∑

j=1

bdej

∑

λ

Ri(xλ)
(
χ(xλ)− χ(x)

)j
φλ

=

ne∑

j=0

b̃dej
(bde1

, · · · , bdene
, χ(x))

∑

λ

Ri(xλ)χ(xλ)jφλ (2.35)

and

∑

|α|≤m

bdpα

∑

λ

Ri(xλ)(xλ − x)αφλ

=
∑

|α|≤m

b̃dpα
(bdp|α|=0

, · · · , bdp|α|=m
,x)
∑

λ

Ri(xλ)xα
λφλ (2.36)

Using Eqs. (2.35) and (2.36), Eq. (2.34) results in

[M dbd]i = b̃dp0

∑

λ

Ri(xλ)φλ

+
∑

0<|α|≤m

b̃dpα

∑

λ

Ri(xλ)(xλ)αφλ

+b̃de0

∑

λ

Ri(xλ)φλ

+
ne∑

j=1

b̃dej

∑

λ

Ri(xλ)χ(xλ)jφλ

(2.37)

Subtracting Eqs. (2.37) and (2.33) leads to:

[M mbm]i − [M dbd]i =
(
bmp0
− b̃dp0

− b̃de0

)∑

λ

Ri(xλ)φλ

+
∑

0<|α|≤m

(
bmpα
− b̃dpα

)∑

λ

Ri(xλ)(xλ)αφλ

+

ne∑

j=1

(
bmej
− b̃dej

)∑

λ

Ri(xλ)χ(xλ)jφλ

(2.38)
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As Eqs. (2.27) and (2.13) imply M mbm −M dbd = 0, then Eq. (2.38) reduces
to

M m



bmp0
− b̃dp0

− b̃de0

b⋆
mp − b̃⋆

dp

b⋆
me − b̃⋆

de


 =




0
0
0


 (2.39)

As M m is non singular, we can conclude



bmp0
− b̃dp0

− b̃de0

b⋆
mp − b̃⋆

dp

b⋆
me − b̃⋆

de


 =




0
0
0


 (2.40)

Using a similar reasoning, it is easy to prove that

H⊤
m bm −H⊤

d bd =
(
bmp0
− b̃dp0

− b̃de0

)

+
∑

0<|α|≤m

(
bmpα
− b̃dpα

)
(xλ)α

+
ne∑

j=1

(
bmej
− b̃dej

)
χ(xλ)j

(2.41)

that implies, taking into account Eq. (2.40), that H⊤
m bm −H⊤

d bd = 0, which
proves that both shape functions are the same.

Concluding Remarks

It is well known that Direct, MLS and RKPM shape functions are the same
when the reproducing conditions are polynomial (see [8]). Here we have ex-
tended this result to general reproducing conditions.

3 Definition of the Continuous Shape Functions

with Discontinuous Derivatives

Let Ω be the domain where the problem is defined and Γd a point, curve or
surface (in 1D, 2D and 3D respectively) where the normal derivative of the
problem solution becomes discontinuous. We assume that this discontinuity
curve splits the domain in two subdomains Ω0 and Ω1 (see Fig. 1)

Ω0 ∪Ω1 ∪ Γd = Ω,
Ω0 ∩Ω1 = ∅, (3.42)

The enrichment function χ(x) which will be introduced in the reproduction
vector R(x) must satisfy the discontinuity conditions. In that follows x̃ rep-
resents a point located on the interface, u0 (resp. u1) is the function u defined
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Figure 1. Problem domain containing an interface with a discontinuous normal
derivative.

in any point in Ω0 (resp. Ω1). Thus, the transmission conditions related to a
continuous approximation across the interface Γd with discontinuous normal
derivative, result in:

u0(x̃) = u1(x̃) (3.43)

u0
,i(x̃

−)ni − u1
,i(x̃

+)ni �= 0 (3.44)

It is also possible to add a discontinuity condition on the second derivative

u0
,ii(x̃

−) �= u1
,ii(x̃

+) (3.45)

To locate the interface Γd we make use of a “level-set” function Θ(x) defined
as the signed distance from x to the interface Γd.

Thus, for satisfying the transmission conditions (3.43)-(3.44) the enrich-
ment function χ(x) is assumed to be

χ(x) = H0(Θ(x))Θ(x), (3.46)

where H0(x) represents the usual Heaviside function

{
H0(Θ(x)) = 1 if Θ(x) ≥ 0
H0(Θ(x)) = 0 if Θ(x) < 0

. (3.47)

We are going to verify that this definition of χ(x) represents accurately
those transmission conditions. According to the definition of χ(x), given by
Eq. (3.46), our approximation reproduce in the domain Ω0 the function u0

defined by

u0(x) =
∑

α

aαxα (3.48)

and in the domain Ω1

u1(x) =
∑

α

aαxα + e1Θ(x)

=u0(x) + e1Θ(x)

(3.49)
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Since Θ(x̃) = 0, Eq. (3.49) implies that u1(x̃) = u0(x̃). Thus, the first trans-
mission condition is satisfied.

Now, we evaluate the gradient of u1 in the neighborhood of Γd from Eq.
(3.49)

u1
,i(x̃

+)ni = u0
,i(x̃

−)ni + e1Θ,i(x̃
+)ni (3.50)

Since Θ,i(x̃
+)ni �= 0 we verify that the second transmission condition (3.44)

is also verified.
When ne = 1, that is, when the enrichment consists of a single function,

the third condition (3.45) is verified if Θ,ii(x̃
+) �= 0. To avoid this difficulty one

could consider ne = 2. In this case it is easy to prove that the last condition
is verified for all Θ.

Thus, the vector H must be defined in the MLS framework as:

H⊤
m (x) =

[
Pm(x) χ(x) χ2(x)

]
(3.51)

and in the RKPA context as:

H⊤
r (x,xλ,xλ−x) =

[
Pm(xλ − x) χ(xλ)− χ(x) (χ(xλ)− χ(x))

2
]

(3.52)

with χ(x) = H0(Θ(x))Θ(x).
Figure (2(a)) (resp (2(b))) shows ψλ(x) (resp. ψλ(x),x) evaluated for a

node close to a circular interface.

(a) ψλ(x). (b) ψλ(x),x.

Figure 2. Enriched shape function and its derivative evaluated for a node close to
a circular interface

4 Enrichment Function Expressed by a Polynomial

Consider the evaluation of the enriched shape function in the direct formula-
tion ψλ = (H⊤

p bp +H⊤
e be)φλ. The matrix form of the reproducing conditions

is



Enriched RKPA for Simulating Problems Involving Moving Interfaces 159

[
Mpp Mpe

Mep M ee

] [
bp

be

]
=

[
Rp

Re

]
(4.53)

where the index p refers to the polynomial part and e to the non polynomial
one. For the sake of simplicity, from now on, we omit the index referring the
direct formulation.

Now consider a shape function computed only with the polynomial part
ψ̂λ = H⊤

p b̂pφλ. We have

Mppb̂p = Rp (4.54)

From Eqs. (4.53) and (4.54) we can write

Mpp

(
b̂p − bp

)
= M epbe (4.55)

Now we consider a polynomial form of the enrichment functions:

χj(x) =
∑

|α|≤m

bej(xλ − x)α(aj)α (4.56)

where (aj)α are the coefficients of the polynomials. Eq. (4.55) can be rewritten
as

∑

|α|≤m

(
b̂p − bp

)
α

∑

λ

Ri(xλ)(xλ − x)αφλ

=
∑

|α|≤m

ne∑

j=1

bej(aj)α

∑

λ

Ri(xλ)(xλ − x)αφλ (4.57)

which implies
(
b̂p − bp

)
α

=

ne∑

j=1

bej(aj)α |α| ≤ m (4.58)

Now, we evaluate ψ̂λ(x)− ψλ(x), we obtain

ψ̂λ(x)− ψλ(x) = H⊤
p b̂pφλ − (H⊤

p bp + H⊤
e be)φλ

= φλ

∑

|α|≤m



(
b̂p − bp

)
α
−

ne∑

j=1

bej(aj)α


 (xλ − x)α

(4.59)

Using (4.58) in the previous equation whe conclude that ψλ = ψ̂λ.
From the equation (4.57) we notice that this result is valid only if the

polynomial degree of χ is lower or equal than the degree of the polynomial
part of the approximation, and if (aj)α do not depend on xλ.

In the enrichment just described, the presence of the Heaviside function
implies that close to the interface ψλ �= ψ̂λ despite that the enrichment has
a polynomial representation. ψλ will be equal to ψ̂λ when all the nodes xλ
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whose supports include the point x are located in the same subdomain (Ω1

or Ω0).
Thus, one could expect local enrichment of the approximation function

in the neighborhood of the interface. However, the distance function previ-
ously proposed for enriching the approximation involving discontinuous nor-
mal derivatives across a fixed or moving interface, is rarely a polynomial.
Thus, the resulting enrichment will result global which implies in the case of
moving interfaces recompute at each time step all the shape functions. One
possibility to circumvent this difficulty lies in the use of a Taylor expansion
of the distance function, which results polynomial, according to:

Θ̃j(xλ) =
∑

|α|≤m

1

α!
∂αΘj(x)(xλ − x)α (4.60)

5 Numerical Results

Let’s consider the two-dimensional heat conduction problem in a bi-material
cylinder depicted on figure (3(a)). We note Ω0 and Ω1 the domain of each
material, and Γ the interface between both domains. Note that Ωi ∩ Γ = ∅
and Ω = Ω0 ∪Ω0 ∪ Γ .

The governing equations are given by:

λ(x) (T (x),xx + T (x),yy) = g for x ∈ Ω (5.61)

with the conditions on the interface

Figure 3. Domains definition
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λ0T,i(x
−)ni(x) = λ1T,i(x

+)ni(x) for x ∈ Γ (5.62)

T (x−) = T (x+) for x ∈ Γ (5.63)

where n is the unit outwards vector defined on the interface. The boundary
conditions are

T (x) = Tint for x ∈ Γint (5.64)

T (x) = Text for x ∈ Γext (5.65)

The analytical solution of this problem can be found in [2].

5.1 Analysis of the Enriched Approximation

In this numerical test we analyze the representation of the analytical so-
lution of the problem just described. The evaluation is done on the do-
main Ωs depicted in figure (3(b)). Table (1) defines the different enriched
functional approximations according to ne and Θ(x). In this table Θc(x)
is the distance function associated with the circular interface which results
Θc(x) =

√
x2 + y2 − R2

d, and Θ̃c(x) is its Taylor expansion evaluated using
Eq. (4.60). In all cases m = 2 and φλ is the classical cubic spline function (see
[9]). The domain is discretized by a regular grid as shown in figure (3(b)). The
support radius of φλ is 2.6 × dx, where dx is the internodal distance along
the coordinate axes. The other problem parameters are Rint = 0.1, Rext = 1,
Rd = 0.9, λ2 = 100, g = 1, Tint = 0, Text = 100.

For each simulation scenario (related to a different enriched approximation
in table (1)) a convergence test is carried out with a number of nodes varying
from 21× 21 to 101× 101. Convergence rates using the L2 and the H1 norms
are given in table (2).

We can notice that the different enriched approximations exhibit the same
behavior in term of rate of convergence and accuracy. They manifest a signifi-
cant increase in the order of convergence (of approximatively one order) with
respect to the standard (non enriched) RKPA approximation.

Table 1. Definition of the different enriched approximations: P2 refers to the second
polynomial degree, D1 to the enrichment based on the distance function, D2 to the
enrichment based on the distance function as well as on its square; and finally T
refers to the Taylor’s expansion of that distance function.

Approximation ne Θ(x)

P2 0
P2D1 1 Θc(x)

P2D1T 1 Θ̃c(x)
P2D2 2 Θc(x)

P2D2T 2 Θ̃c(x)
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Table 2. Convergence analysis of the different enriched approximations: slope (co-
ordinate at the origin) of the log(Error) versus log(1/∆x) curves

Analysis of the approximation Analysis of the discretization
Functional

approximation
λ1 L2 H1 L2 H1

0.01 -1.47(-0.64) -0.49(-0.44) -0.52(-0.86) -0.41(-0.35)
P2 1 -1.47(-0.54) -0.49(-0.29) -0.41(-0.91) -0.40(-0.22)

10 -1.47(-0.79) -0.49(-0.34) -0.16(-1.41) -0.30(-0.44)

0.01 -2.51(-1.25) -1.50(-1.15) -1.96(-0.66) -1.45(-0.74)
P2D1 1 -2.44(-0.66) -1.43(-0.49) -1.83(-0.30) -1.45(-0.14)

10 -2.44(-0.79) -1.44(-0.38) -1.37(-0.97) -1.43(-0.17)

0.01 -2.51(-1.25) -1.50(-1.15) -1.96(-0.66) -1.45(-0.74)
P2D1 1 -2.44(-0.66) -1.43(-0.49) -1.83(-0.30) -1.45(-0.14)

10 -2.44(-0.79) -1.44(-0.38) -1.37(-0.97) -1.43(-0.17)

0.01 -2.26(-0.58) -1.52(-0.40) -1.20(-0.85) -1.17(-0.38)
P2D1T 1 -2.43(-0.39) -1.48(-0.09) -1.25(-0.65) -1.29(-0.05)

10 -2.43(-0.57) -1.47(-0.08) -1.12(-1.06) -1.22(-0.28)

0.01 -2.47(-0.71) -1.48(-0.58) -2.03(-0.45) -1.33(-0.64)
P2D2 1 -2.47(-0.19) -1.48(-0.02) -1.98(-0.03) -1.38(-0.04)

10 -2.47(-0.39) -1.48(-0.02) -1.44(-0.96) -1.43(-0.05)

0.01 -2.44(-0.88) -1.46(-0.72) -2.06(-0.47) -1.23(-0.77)
P2D2T 1 -2.44(-0.36) -1.46(-0.14) -2.10(+0.09) -1.28(-0.16)

10 -2.44(-0.53) -1.46(-0.11) -1.37(-1.04) -1.42(-0.10)

5.2 Analysis of the Discretization of a Poisson Problem

The problem previously described is now solved using the mixed point-
subdomain collocation technique deeply described in [6]. The exact solution is
prescribed on the boundary of Ωs. We consider three sets of nodes. The first
one, named Γbc contains the nodes located on the domain boundary where the
temperature is prescribed. The second set, named Ωd, consists of the nodes
whose associated Voronoi cells intersect the interface (see figure (3(b))). The
last one, named Ωi, contains all the remaining nodes. The discretization is
performed as follows:

• For each node xj in Ωi we consider the usual point collocation:

λ(xj)

(
NP∑

i=1

(ψ
[(2,0)]
i (xj) + ψ

[(0,2)]
i (xj))Ti

)
= g(xj) (5.66)

• For each node xj in Ωd proceed from a subdomain collocation
∫

Γj

λ(x)(T,xnx + T,yny) dΓj = g(xj)Aj (5.67)

where Γj is the boundary of the Voronoi cell associated with the node xj ,
Aj being its area. The integration on Γj is done using 5 gauss points on
each edge.
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• For each node xj in Ωd we enforce the known temperature on the domain
boundary

NP∑

i=1

ψi(xj)Ti = T (xj) (5.68)

A convergence analysis is achieved for each simulation scenario. The results
are grouped in table (2).

We can notice again that the different enriched approximations exhibit the
same behavior in term of rate of convergence and accuracy. They manifest a
significant increase in the order of convergence (of approximatively one order)
with respect to the standard (non enriched) RKPA approximation.

6 Conclusion

In this paper we have proposed a new approximation technique within the
context of meshless methods able to reproduce functions with discontinuous
derivatives. This approach involves some concepts of the reproducing kernel
particle method (RKPM), which have been extended in order to reproduce
functions with discontinuous derivatives. The accuracy of the proposed tech-
nique has been compared with usual RKP approximations (which only repro-
duces polynomials) evidencing a significant increase in the order of conver-
gence. Moreover, a Taylor’s expansion of the distance function used to define
the enrichment, allowed restricting the enrichment to the regions where the
enrichment is required.
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Summary. We consider a mathematical model for polymeric liquids which requires
the solution of high-dimensional Fokker-Planck equations related to stochastic differ-
ential equations. While Monte-Carlo (MC) methods are classically used to construct
approximate solutions in this context, we consider an approach based on Quasi-
Monte-Carlo (QMC) approximations. Although QMC has proved to be superior to
MC in certain integration problems, the advantages are not as pronounced when
dealing with stochastic differential equations. In this article, we illustrate the basic
difficulty which is related to the construction of QMC product measures.

Key words: QMC, Fokker-Planck equation, stochastic differential equation,
product measures

1 A Polymer Model

In order to understand the non-Newtonian behavior of polymeric liquids (see
[1] for a list of phenomena), various polymer models have been investigated
in the literature. Here, we consider the so called Rouse chain model [2], in
which sub-strings of the polymer molecules are represented by beads (see
figure 1) and interactions are indicated by connecting springs (even though a
more complicated interaction potential is employed, as specified below). The
geometrical configuration of such a chain is described by specifying all the
connector vectors Qi:=ri+1 − ri, i = 1, . . . , n − 1, where rν , ν = 1, . . . , n
are the position vectors of the beads. Since each of the vectors Qi has three
components, the configuration space is R

s with s = 3(n− 1). For example, a
chain with n = 30 beads requires s = 87 numbers to describe its geometrical
configuration. We assume that many such bead-spring chains are immersed
into a solvent liquid which undergoes a linear flow, for example a shear flow
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Figure 1. Rouse model of a bead-spring chain.

with velocity field

v(x) = κx, κ:=β




0 1 0
0 0 0
0 0 0


 ,

where β is the constant shear rate. The solvent is considered to exert a drag
force, and a random Brownian force on the chain, and the chain is considered
to interact with itself through a potential which consists of two contributions,
a quadratic attractive part that prevents the beads of the chain from going
very far apart, and a Gaussian repulsive part called the excluded volume
potential [10], that resists any pair of beads from coming very close to each
other. In the following, we list the momentum increment due to the various
forces.

Potential Force

The momentum increase of bead ν due to potential forces is given by

dp(φ)
ν :=− ∂φ

∂rν
dt, (1.1)

where

φ:=
1

2

∑

i

HQi ·Qi + kBT
z

d3

n∑

µ,ν=1
µ�=ν

exp

(
− H

kBT

r2
µν

2d2

)
.

Here, H is the spring constant of the attractive part, T is the solvent tem-
perature, kB is Boltzmann’s constant, rµν is the magnitude of the vector
rµν :=rµ−rν , connecting the pair of beads µ and ν, the parameter d controls
the extent of the repulsive potential, and z describes its strength.

Hydrodynamic Drag Force

This is the force of resistance the bead experiences as it moves through the
solvent. Under the assumption that the beads are spherical in shape, an ex-
pression for this force can be written using Stokes’ law as
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F (h)
ν = −ξ · (ṙν − v(rν)).

According to this law, the force on bead ν is directly proportional to the dif-
ference between the bead velocity ṙν and the velocity of the solution v(rν) at
bead ν. The parameter ξ is the Stokes’ friction coefficient. The corresponding
momentum increment is

dp(h)
ν :=F (h)

ν dt = −ξ · (drν − v(rν) dt).

Brownian Force

Due to the thermal fluctuations of the solvent molecules, the bead experiences
a random force and this force is modeled by a Wiener process. The momentum
changes are thus given by

dp(b)
ν :=

√
2kBTξ dW ν

where W ν are independent three dimensional Wiener processes. The factor√
2kBTξ signifies the fact that the energy of the solvent molecules is due to

the temperature of the solvent, T , and this energy influences the collision with
the beads.

Force Balance

In our force balance, we neglect interaction between different chains which
amounts to the implicit assumption of a dilute polymeric solution. Also, the
hydrodynamic interaction between the beads will be neglected, i.e. we assume
that the flow field is given by v, even though the presence of the beads leads
to local perturbations. Finally, we assume that inertia forces play a negligible
role in the process. Altogether, the force balance

dp(φ)
ν + dp(h)

ν + dp(b)
ν = 0

gives rise to a system of first order stochastic differential equations

drν =

[
v(rν)− 1

ξ

∂φ

∂rν

]
dt +

√
2kBT

ξ
dWν , ν = 1. . . . , n.

Using the linear relation between the bead position vectors rν and the con-
nector vectors

Qk =
∑

ν

B̄kνrν , B̄kν = δk+1,ν − δk,ν

the system can be reformulated with A = B̄B̄T (see [12] for details)

dQj =

[
v(Qj)−

1

ξ

∑

k

Ajk
∂φ

∂Qk

]
dt+

√
2kBT

ξ

[∑

ν

B̄jν dWν

]
, j = 1, . . . , n−1.

Combining all connector vectors to a single R
s-vector Q and introducing ob-

vious abbreviations, the system can be written in the compact form

dQ = a(Q) dt + DdW . (1.2)
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Associated Fokker-Planck Equation

Assuming that the Itô process Q is a solution of (1.2) such that Q(t) possesses,
for each t ≥ 0, a smooth Lebesgue-density ψ(t, q), we show formally, that ψ
is a solution of a Fokker-Planck equation on R

s. To this end, take any test
function f : [0,∞) × R

s → R. Itô’s formula [5] implies (with summation
convention for the indices i, j, k running from 1 to s)

f(t,Q(t)) = f(0,Q(0)) +

∫ t

0

Dij
∂f

∂qi
(s,Q(s)) dWj(s)

+

∫ t

0

(
∂f

∂t
+ ai

∂f

∂qi
+

1

2
DikDjk

∂2f

∂qi∂qj

)
(s,Q(s)) ds.

Computing the expected value of f(t,Q(t)) using the density of Q(t) and
noting that the expected value of the stochastic integral vanishes, we obtain

∫

Rs

f(t, q)ψ(t, q) dq =

∫

Rs

f(0, q)ψ(0, q) dq

+

∫

Rs

∫ t

0

(
∂f

∂t
+ ai

∂f

∂qi
+

1

2
DikDjk

∂2f

∂qi∂qj

)
(s, q)ψ(s, q) ds dq.

Integration by parts allows us to move the derivatives over to the density

∫

Rs

∫ t

0

(
∂ψ

∂t
+

∂

∂qi
(aiψ)− 1

2
DikDjk

∂2ψ

∂qi∂qj

)
(s, q)f(s, q) ds dq = 0

and since f was an arbitrary test function, we see that ψ is a solution of the
Fokker-Planck equation

∂ψ

∂t
+

∂

∂qi
(aiψ) =

1

2
DikDjk

∂2ψ

∂qi∂qj

depending on the high-dimensional variable q = (q1, . . . , qs) ∈ R
s. In our

particular case, the equation has the form

∂ ψ

∂t
= −

n−1∑

j=1

∂

∂Qj

·
(

κ Qj −
1

4

n−1∑

k=1

Ajk
∂φ

∂Qk

)
ψ +

1

4

n−1∑

j, k=1

Ajk
∂

∂Qj

· ∂ψ

∂Qk

where, ∂/∂Qj · denotes divergence with respect to Qj and ∂ψ/∂Qk the Qk

gradient.

The Target Quantity

The quantity we are ultimately interested in is the stress tensor τ s + τ p

which characterizes the flow behavior of polymeric liquids. It consists of two
contributions namely, one from the solvent τ s, and the other from the polymer
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τ p. The rheological properties of the polymer solution can be obtained by
calculating the polymer contribution to the stress tensor, which is given by
Kramers expression [2],

τ p:=

∫

Rs

Γ (q)ψ∞(q) dq, Γ (q):=−
n−1∑

j=1

qj ⊗
∂φ

∂qj

(q). (1.3)

where ψ∞ is the stationary solution of the Fokker-Planck equation.

Mathematical Problem

In view of the above, the mathematical task can be summarized as follows.
We have to solve a system of s stochastic differential equations

dQ = a(Q) dt + DdW , Q(0) = Q0 (1.4)

and compute the expected value E(Γ (Q(t))) for t→∞. Equivalently, we can
solve the Fokker-Planck initial value problem on R

s

∂ψ

∂t
+

∂

∂qi
(aiψ) =

1

2
DikDjk

∂2ψ

∂qi∂qj
, ψ|t=0 = ψ0 (1.5)

for the density corresponding to Q and compute, for large t,

τ (t) =

∫

Rs

Γ (q)ψ(t, q) dq. (1.6)

Model Problem

To develop ideas, we study an important but simplified version of problem
(1.4) resp. (1.5) where the deterministic part a is set to zero. Specifically, we
consider a system of s stochastic differential equations

dzt = dW t, z0 = 0 (1.7)

with associated Fokker-Planck equation

∂u

∂t
=

1

2
∆u, u|t=0 = δ0 (1.8)

which is the diffusion equation with Dirac-delta initial value. The target value
is assumed to be of the form

µt = E(g(zt)) =

∫

Rs

g(y)u(t,y) dy (1.9)

where g is some given function which generalizes Γ in (1.6).



170 M. Junk and G. Venkiteswaran

2 Meshfree Solution Methods

Due to the high dimension of the configuration space R
s, traditional methods

like quadrature rules, finite differences or finite elements, are not useful for
the discretization of integral functionals of type (1.9) or parabolic equations
like (1.5) or (1.8). Indeed, the number of node points needed to achieve a
prescribed accuracy with these methods grows exponentially with the dimen-
sion which is referred to as the curse of dimension [9]. The famous approach
which breaks this curse is the Monte Carlo (MC) method. In our context, it
is used to approximately evaluate the integral (1.9) and to solve (1.7). Using
MC integration, we obtain

µT = E(g(zT )) ≈ 1

N

N∑

i=1

g(z̃T (i)) (2.10)

provided z̃T (1), z̃T (2), . . . are independent pseudo random vectors which are
distributed approximately like the solution zT of (1.7). Such vectors can be ob-
tained, for example, with the Euler-Maruyama MC method [5]. This straight
forward solution algorithm is based on replacing the differentials d in (1.7)
with corresponding time differences. Introducing a regular time discretization
tm = mh with m ∈ N0, the Wiener increments W tm+1

− W tm
are nor-

mal distributed with variance equal to the time increment tm+1 − tm = h.
If ỹtm

(1), ỹtm
(2), . . . are independent pseudo random vectors with the same

distribution as the Wiener increments, the Euler-Maruyama method for (1.7)
reads

z̃tm+1(i) = z̃tm
(i) + ỹtm

(i), z̃0(i) = 0, i = 1, . . . , N. (2.11)

An alternative to the classical MC methods described above is given by Quasi-
Monte-Carlo (QMC) methods which are in the focus of this article. Particu-
larly for the integration problem, QMC methods have shown to be superior
to the MC approach under certain assumptions on the integrand. While the
QMC integral approximation also has the form (2.10), the pseudo random
vectors z̃T (i) are replaced by points ZT (1), . . . ,ZT (N) ∈ R

s with different
properties. To obtain a good approximation by

1

N

N∑

i=1

g(ZT (i)) ≈ E(g(zT )) =

∫

Rs

g(y)u(T,y) dy,

the points ZT (i) should be constructed in such a way that the associated
point measure

ΠZT
:=

1

N

N∑

i=1

δZT (i)

is a good approximation of the measure u(t,y) dy. The approximation error
is quantified deterministically in terms of the discrepancy between the two
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measures (for details, see [8] and the following section) which is an advantage
compared to MC methods where the quality of the pseudo random vectors is
checked with less reliable statistical tests. On the other hand, the basic MC
concept of independence is typically not available in the QMC context which
turns out to be a drawback in the construction of the measure approximation
ΠZT

. Following [6, 14], for example, the required points ZT (i) are constructed
from a measure approximation of the solution to (1.8) which uses the integral
representation in terms of the fundamental solution. The final algorithm has
a form similar to the Euler-Maruyama method (2.11)

Ztm+1
(i) = Ztm

(i) + Y tm
(P (i)), Z0(i) = 0, i = 1, . . . , N. (2.12)

In this recursion formula, the vectors Y tm
(1), . . . ,Y tm

(N) should constitute
a point measure approximation ΠY tm

of the measure Gh(y) dy related to the
fundamental solution

Gh(y):=
1

(4πh)
s/2

exp

(
−|y|

2

4h

)
, y ∈ R

s (2.13)

of the diffusion equation at time h > 0. Note that this requirement paral-
lels the assumption on the pseudo random vectors ỹtm

(i) in (2.11) which
must be normal distributed with the same density (2.13). Also the indepen-
dence of the increments ỹtm

(i) from the states z̃tm
(i) has its parallel in the

QMC algorithm. To explain this point, we recall that independence of ỹtm
(i)

and z̃tm
(i) is equivalent to the condition that the distribution of the pairs

(z̃tm
(i), ỹtm

(i)) ∈ R
2s is the product of the separate distributions. In view of

this, it is not surprising that the permutation P : {1, . . . , N} → {1, . . . , N} in
(2.12) has to ensure that the pairs (Ztm

(i),Y tm
(P (i))) ∈ R

2s give rise to a
point measure approximation of the product measure ΠZtm

⊗ΠY tm
.

The two requirements on the increments Y tm
(P (1)), . . . ,Y tm

(P (N)) to
be correctly distributed according to (2.13) and to be suitably independent
from the vectors Ztm

(1), . . . ,Ztm
(N) are essential in the derivation presented

in [6, 14]. Obviously, the main difference to the MC approach is the required
construction of the permutation P to ensure independence, or equivalently, to
ensure the product measure approximation. Unfortunately, this crucial con-
struction is both time consuming (P involves high-dimensional sorting and
quasi-random mixing) and unfavorable for the accuracy of the QMC approach.
In fact, the discrepancy estimate given in [6] indicates a convergence order well
below

√
N in high dimensions, although in practice, the QMC approach is still

somewhat more accurate than the MC version.
A similar observation has been made in [13], and in [14], where the im-

portance of sorting the QMC points before adding the increments Y tm
(i) has

been demonstrated experimentally. Similarly, in [7], the role of sorting the
QMC points is highlighted.

These observations have motivated us to take a closer look at the important
question, how to construct product measures from given QMC point sets.



172 M. Junk and G. Venkiteswaran

3 QMC Product Measures

In this section, we study the fundamental problem how to construct a point
measure approximation of the Lebesgue measure on the s dimensional unit
cube from two lower dimensional point measure approximations. Our con-
struction is guided by a discrepancy estimate for the resulting product mea-
sure in terms of the two participating measures. The discussion in the previous
section suggests that changing the numbering of the QMC points (using per-
mutations) plays an important role in the construction. This will also become
obvious from the results below.

To introduce the relevant concepts, we first define generalized intervals
[a, b) with a, b ∈ R

s according to

[a, b):=
s∏

i=1

[ai, bi).

If 0 denotes the zero vector and 1 the vector having a one in each component,
the s-dimensional unit cube Is can be written in the form Is = [0,1). The
set of all sub intervals [0,u), u ∈ Is of the unit interval with 0 as a corner is
denoted R∗

s.
Since we restrict our attention to point measures with equal weights, it

suffices to specify the point locations to uniquely define the measure. Hence,
a point measure on Is is characterized by a mapping X : N → Is on a finite
index set N = {1, . . . , N}. We will employ the usual notation X ∈ J resp.
{X ∈ J} to denote the set of indices {i ∈ N : X(i) ∈ J}. If Cnt is the
counting measure, δX(i) the Dirac measure located at X(i), and B the family
of Borel sets in Is, the point measure associated to X is defined by

ΠX(J):=
1

N

N∑

i=1

δX(i)(J) =
Cnt(X ∈ J)

Cnt(X ∈ Is)
, J ∈ B.

Notice that ΠX is invariant under permutations, i.e. ΠX = ΠX◦P for every
permutation P : N → N .

The point measure of a set J approximates its s-dimensional Lebesgue
measure λs(J) if the difference

∆(X,J):= |ΠX(J)− λs(J)|

is small. If ∆(X,J) is small for all intervals J ∈ R∗
s, then the point measure

is a good approximation of the Lebesgue measure. The approximation quality
can be measured with the star-discrepancy of X

D∗(X):= sup
J∈R∗

s

∆(X,J).

Since ΠX is invariant under renumbering, we conclude that also the discrep-
ancy satisfies D∗(X) = D∗(X ◦ P ) for every permutation P : N → N .
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The problem we address is the following: Assume X1, X2 are two functions
from N into the unit cubes Is1 respectively Is2 and assume we have some
information about the discrepancies D∗(X1) and D∗(X2). What can we say
about the discrepancy D∗(X) of the measure defined by X = (X1, X2) on the
product cube Is, s = s1 + s2?

The special case X2 = X1 immediately shows that the quality of the
product measure may be arbitrarily bad unless we specify further conditions
on X1 and X2 (in the case X2 = X1 all points will be on the s1-dimensional
diagonal in the 2s1-dimensional product cube, which is far from the Lebesgue
measure, even if X1 has a very small star-discrepancy).

Our assumptions are motivated by the observation that low discrepancy
point sets {X2(1), . . . , X2(N)} can be constructed with a discrepancy estimate
of the form

D∗(X2) ≤
l2(N)

N
, N = Cnt(X2 ∈ Is2) (3.14)

where l2(N) is of the form c logs(N) with some constant c > 0. However, our
estimates will only use that l2 is a non-negative and non-decreasing function.

Our assumptions on X1 are a generalization of the situation which arises if
we take X1(1), . . . , X1(N) as the first N points of a Faure sequence [3]. This
low discrepancy sequence y1,y2, . . . has the property that any consecutive
subset yk+1,yk+2, . . . ,yk+m gives rise to a point measure with a discrepancy
estimate depending only on the length m of the subset and not on the starting
index k + 1. The estimate is again of the form l1(m)/m with a logarithmic
factor l1. To state our assumptions more precisely, we need

Definition 1. A finite set A ⊂ N is called consecutive if it contains all n ∈ N

between minA and maxA.

Then we assume that

D∗(X1|C) ≤ l1(m)

m
, m = Cnt(C), C ⊂ N consecutive (3.15)

where l1 is a non-negative and non-decreasing function.
In order to formulate our main discrepancy estimate, we now introduce a

concept which eventually demonstrates why and how the numbering of the
points X2(1), . . . , X2(N) affects the quality of the product measure. To explain
the idea, let us take some interval J2 ∈ R∗

s2
and assume that the associated

index set {X2 ∈ J2} has the form

{X2 ∈ J2} = {12, 13, 25, 28, 29, 30}.

This set has several consecutive representations, for example

{12, 13, 25, 28, 29, 30} = {12} ∪ {13} ∪ {25} ∪ {28} ∪ {29, 30},

but only one smallest representation
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{12, 13, 25, 28, 29, 30} = {12, 13} ∪ {25} ∪ {28, 29, 30},

with cc(X2 ∈ J2) = 3 connected components. In this way, we can associate
to each interval J2 the number cc(X2 ∈ J2) of connected components and
the largest number that appears in this process is denoted cc∗(X2). It should
be clear that this value depends on the numbering, i.e. we typically have
cc∗(X2) �= cc∗(X2 ◦ P ) if P : N → N is a permutation.

In general, it is clear that if A and A′ are consecutive and if A ∩ A′ �= ∅
then A∪A′ is also consecutive. Using this observation, we can conclude that,
for every finite set A ⊂ N, there exists a unique smallest consecutive repre-
sentation of pairwise disjoint consecutive sets (if the sets were not pairwise
disjoint, one could merge at least two of them violating the minimality; if there
was a different representation with the same number of sets, at least one of
them would intersect two other sets of the original representation which again
violates minimality). This observation allows us to state

Definition 2. The sets of the smallest consecutive representation of a finite
set A ⊂ N are called consecutive components. The number of consecutive
components is denoted cc(A). For X2 : {1, . . . , N} → Is2 with N, s2 ∈ N we
denote

cc∗(X2):= sup
J2∈R∗

s2

cc(X2 ∈ J2).

The proof of the following main result can be found in [4].

Theorem 1. Let Xi : N → Isi , i = 1, 2 be mappings from N = {1, . . . , N}
into the unit cubes Is1 and Is2 with N, s1, s2 ∈ N which satisfy (3.14) and
(3.15). Then the star-discrepancy of X = (X1, X2) can be estimated by

D∗(X) ≤ l2(N)

N
+ cc∗(X2)

l1(N)

N
.

Obviously, the discrepancy estimate of Theorem 1 is optimal, if the worst num-
ber of consecutive components cc∗(X2) is as small as possible. Since cc∗(X2)
depends on the numbering of the points, it is also clear that a suitable permu-
tation of the point numbers may improve the quality of the product measure.

3.1 The One-Dimensional Case

To illustrate the role of sorting in the construction of product measures the
case s2 = 1 is most enlightening.

For example, if X2(1), . . . , X2(N) are the first N members of the Sobol
sequence [11]

0 ,
1

2
,

1

4
,

3

4
,

3

8
,

7

8
,

1

8
,

5

8
,

5

16
,

13

16
, . . .

we find for J2 = [0, 1/2) and N = 10

{X2 ∈ J2} = {1, 3, 5, 7, 9}
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so that the number of consecutive components is cc(X2 ∈ J2) = 5 = N/2.
A similar behavior is observed for larger N in the case J2 = [0, 1/2), i.e. the
number cc(X2 ∈ J2) of consecutive subsets is essentially N/2 which ruins the
estimate of Theorem 1.

However, if we sort the leading N values of the Sobol sequence before
assigning them as values of X2, the situation is much better. In our example
above, the sorted values are

0 ,
1

8
,

1

4
,

5

16
,

3

8
,

1

2
,

5

8
,

3

4
,

13

16
,

7

8

so that
{X2 ∈ J2} = {1, 2, 3, 4, 5}

which is consecutive, i.e. cc(X2 ∈ J2) = 1. More generally, if the points
X2(1), . . . , X2(N) are sorted, or in other words if X2 is a monotone function,
we can find for each J2 = [0, u2) a unique index m such that

{X2 ∈ J2} = {1, . . . ,m}.

and hence cc∗(X2 ∈ J2) = 1. Using Theorem 1, we conclude

Corollary 1. Let X2 be an increasing mapping from N = {1, . . . , N}, N ∈ N

to the unit interval I with a discrepancy estimate of the form (3.14). Assume
further that X1 : N → Is1 satisfies (3.15). Then the discrepancy of X =
(X1, X2) can be estimated by

D∗(X) ≤ l1(N) + l2(N)

N
.

We remark that this result parallels the case mentioned in [14] where the case
s1 = s2 = 1 has been considered with a slightly weaker assumption on the
points X1.

3.2 The General Case

We describe the two-dimensional case s2 = 2 to explain the effect of sorting
in higher dimensional situations.

To give a first example, we consider N = 16 points of the two-dimensional
Halton sequence with bases two and three. If we connect consecutive points
with lines, the curve on the left of figure 2 appears. Given an interval of the
form J2 = [0,u2), the consecutive components of {X2 ∈ J2} can then be
visualized in the following way: as before, we connect consecutive points but
now only as long as they are in J2. Whenever a node X2(i) ∈ J2 has a successor
outside J2, the curve terminates at X2(i) and a new curve is started at the
smallest index j > i for which again X2(j) ∈ J2. Each snippet obtained in this
way is a connected subset of the original curve and corresponds directly to
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Figure 2. Left: the first 16 points of the Halton sequence with bases two and three
connected in the order of appearance. Right: the interval J2 is indicated by the
dashed line and the four consecutive subsets of {X2 ∈ J2} are represented by solid
lines. The snippets of the original curve correspond to the consecutive index sets
{1, . . . , 5}, {7}, {10, 11}, {13, 14}.

a consecutive component of {X2 ∈ J2}. For our example above, the snippets
corresponding to u2 = ( 0.8

0.7 ) are visualized on the right of figure 2.
From these considerations it should intuitively be clear that a very irreg-

ular curve is generally cut into more snippets by intersection with intervals
than a more regular curve. The idea is therefore to keep the node locations
which assure the required low discrepancy of X2 but to connect them in a
different order, resulting in a more regular curve which leads to less snippets
when cut with an interval. In other words, if X̃2 : N → I2 refers to the orig-
inal node distribution, we try to construct a permutation P : N → N such
that X2 = X̃2 ◦ P gives rise to a better behavior.

Again, this can be achieved by a suitable sorting. To this end, we choose
some m ∈ N, split the unit square into m equal sized columns (m-bins)

Bk:=
[ k
m

,
k + 1

m

)
×
[
0, 1
)
, k = 0, . . . ,m− 1

and sort the points in each bin separately with respect to the last component.
Similarly, in the general case, m-bins are sub-intervals which have side length
1/m in the first s2−1 directions and length 1 in direction s2. Sorting is carried
out in each bin with respect to the last component. Connecting the sorted
subsets according to the bin numbers, we obtain a new global numbering of
the points. In our previous example, the corresponding curve is visualized in
figure 3 for the case m = 4. Of course, there are many other ways to connect
the given nodes with reasonable curves. Some more examples are presented
and analyzed in [4].

Using Theorem 1, we can prove that sorting in m-bins allows to produce
reasonable QMC product measures, by estimating cc∗(X2). In other words,
we have to find an upper bound for the number of consecutive components of
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Figure 3. The first 16 points of the Halton sequence with bases two and three con-
nected according to the numbering which follows from sorting the second coordinate
in each bin separately (the bins are indicated by vertical dashed lines).

sets {X2 ∈ J} with J = [0,u) and u ∈ Is2 . We develop the idea in the case
s2 = 2 and refer to [4] for a rigorous investigation. The idea of the estimate
is the following: if k is the number of the bin which contains u, all the bins
to the left of bin Bk are cut by J . In each of these bins Bi, the intersection
J∩Bi contains not more than one consecutive component. Hence, the number
of consecutive components related to J ∩B with B = ∪k−1

i=1 Bi is bounded by
k ≤ m (respectively by ms2−1 in the general case so that m should not be
too large). In the remaining set J\B we could face the worst case that the
curve connecting the points is zig-zagging around the vertical line through
u1. This would give rise to many single-point components (essentially half the
number of points contained in J\B). Hence, m should be as large as possible
because small bins contain fewer points. A balanced estimate is obtained if

m is chosen of the order of N
1

s2 . For the two-dimensional case, this is easy
to see because each of the m =

√
N bins contains essentially N/m =

√
N

points if the points are uniformly distributed, i.e. if the discrepancy of the
point set is reasonably small. Hence the number of consecutive components
can be estimated by cc∗(X2) ≤ m+N/m = O(

√
N). A careful version of this

argument is given in [4] which proves

Theorem 2. Let Xi : N → Isi , i = 1, 2 be mappings from N = {1, . . . , N}
into the unit cubes Is1 and Is2 with N, s1, s2 ∈ N. Assume further that X1, X2

satisfy (3.14) and (3.15) and that that the points X2(i) are sorted in m-bins

with m = ⌊N 1
s2 ⌋+ 1. Then the star-discrepancy of X = (X1, X2) satisfies

D∗(X) ≤ l1(N)(1 + s2)

N
1

s2

+
l2(N)(1 + 2l1(N))

N
.

In summary, we can say that sorting plays an essential role in the construction
of QMC product measures. The obtained discrepancy estimate, however, is
quite poor in high dimensions. Among other things, this is due to the fact
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that we estimate the worst case error which may not play a big role in specific
applications. Therefore, numerical investigations are necessary to judge about
the practical usefulness of the QMC approach. In the following section, such
questions are addressed.

4 QMC Simulations

4.1 The Diffusion Equation

In order to construct approximate solutions of the model problem (1.8), we
use a QMC algorithm of the form

Ztm+1
(i) = Ztm

(i) + Y tm
(P (i)), i = 1, . . . , N.

The increment vectors Y tm
are constructed from a suitable low discrepancy

sequence u1,u2,u3, . . . according to the rule

Y tm
(i) =

√
hH−1(umN+i)

where H(z) = (H(z1), . . . , H(zs)) with H given by

H(x):=
1

2

(
1 + erf

(
x√
2

))
where erf(z) =

2√
π

∫ z

0

e−t2dt.

This construction ensures that the increments are properly distributed ac-
cording to (2.13) and that the condition (3.15) can be met with Y tm

in place
of X1 (for example, when (uk) is a Faure sequence). As a consequence, the
points Ztm

play the role of X2, so that a renumbering of these points is
required to ensure a reasonable approximation of the product measure. This
renumbering in the form of a permutation P−1 : {1, . . . , N} → {1, . . . , N} can
be constructed by various sorting and mixing procedures based on the com-
ponents of Ztm

. The resulting pairs (Ztm
(P−1(i)),Y tm

(i)), or equivalently
(Ztm

(i),Y tm
(P (i))) are then used to define Ztm+1

recursively. In [14], a fam-
ily of algorithms (denoted QMC(m, r)) has been introduced which differ only
in the construction of the permutation P . For example, QMC(0, r) is based on
a permutation which is constructed by sorting the components of Ztm

(i) with
respect to a bin-structure in the subspace of the first r coordinates. In the
algorithm QMC(m, 0), the sequence u1,u2, . . . of uniformly distributed quasi
random numbers is taken (s+m)-dimensional instead of s-dimensional, where
the first s components are used to define Y tm

and the last m components are
taken to mix Ztm

(i),Y tm
(i) in a quasi-random way (for details see [14]). Fi-

nally, QMC(m, r) represents the algorithm where both mixing and sorting is
performed. The specific case with maximal values for m, r, i.e. QMC(s, s), is
the algorithm proposed in [6]. The higher the values for m, r, the more ex-
pensive the construction of the permutation. Moreover, high values of m, r
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restrict the applicability in high dimensions because of hardware limitations.
Therefore, it is important to check whether the algorithms with small m, r
work satisfactorily.

For a numerical investigation, we consider the diffusion equation (1.8) with
initial value u0(z) = π−s/2 exp(−|z|2). The exact solution for this problem is

u(z, t) =
1

(π(1 + 2t))
s/2

exp

(
− |z|

2

1 + 2t

)
, z ∈ R

s. (4.16)

Since the discrepancy between the point measure ΠZtm
associated to the

approximate solution and the exact measure u(tm,z)dz is difficult to compute
exactly, we use the following approximation. Instead of comparing the two
measures on all s-dimensional intervals of the form (−∞,ω), we only choose
a large number (10000) of such intervals where ω is normally distributed with
mean 3 and variance 1. Based on this error measure, we compute numerical
convergence rates. For various methods mentioned above, we calculate the
numerical convergence rate for different dimensions taking 100 time steps with
h = 0.0001. The results are given in table 1. The Method MC refers to the
Euler Maruyama method introduced in section 2 From table 1, we conclude

Table 1. Numerical order of convergence for the various methods. NA refers to non
applicability due to memory restrictions.

Method s = 3 s = 6 s = 9 s = 12 s = 50

MC -0.2698 -0.2538 -0.2862 -0.2765 -0.2946

QMC(1, 1) -0.4517 -0.4162 -0.5299 -0.4757 -0.6106

QMC(0, 1) -0.5662 -0.5407 -0.5783 -0.5542 -0.6070

QMC(1, 0) -0.00002 -0.0002 -0.0001 -0.0001 -0.00008

QMC(s, s) -0.4555 NA NA NA NA

QMC(0, s) -0.2149 NA NA NA NA

QMC(s, 0) -0.1715 NA NA NA NA

QMC(3, 2) -0.1699 -0.4100 -0.2268 -0.4627 NA

that algorithm QMC(0, 1) outperforms the others. One can also observe that
algorithm QMC(1, 1) performs well with the only disadvantage of extra mixing
time. Algorithm QMC(1, 0) does not converge at all implying that sorting is
essential for convergence and is in accordance with [7]. We stress that the
numerical order of convergence is only one indication for the performance
of the algorithm but one should also consider the absolute errors. Typical
error plots corresponding to the results presented in table 1 are shown in
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Figure 4. Even though the methods QMC(s, 0) (stars), QMC(3, 2) (circles) show
a poor convergence order compared to the MC method (plus), the absolute error is
still lower for particle numbers N below 106. The results are shown for dimensions
s = 3 (left) and s = 9 (right). The convergence order is obtained as the slope of the
least squares fit: solid line for QMC(s, 0), dashed line for QMC(3, 2), and dashed
dot line for MC.
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Figure 5. The methods QMC(1, 1) (circles) and QMC(0, 1) (stars) clearly outper-
form the Monte Carlo method both in convergence order and in absolute error. The
left plot refers to dimension s = 9 and the right one to s = 12.

figures 4 and 5. In conclusion, we can say that the methods QMC(0, 1) and
QMC(1, 1) seem to be interesting alternatives for the Monte Carlo approach.
Of course, the construction of the required permutation requires additional
computational time but the increased accuracy allows to use lower particle
numbers which balances this disadvantage.

4.2 The Polymer Model

Based on the previous considerations, we are able to construct approximate
solutions of the polymer problem (1.5). The QMC algorithm has the form

Qtm+1
(i) = Qtm

(i) + a(Qtm
)h + DY tm

(P (i)), i = 1, . . . , N.
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where the increments Y tm
are defined as specified in the previous section.

The permutation P is constructed according to the algorithm QMC(1, 1). As
initial configuration distribution ψ0, we compare three different choices

• (SN) ψ0(q) = (2π)
−s/2

exp(−|q|2 /2)

• (DD) ψ0(q) = δ0(q)

• (EQ) ψ0(q) = Neq exp (−φ(q)), with φ as in (1.1) (refer [2]).

The abbreviations SN, DD and EQ stand for standard normal, Dirac delta
and equilibrium distribution respectively. As a result of the simulation, we
consider a component of the integral functional τ (t) defined in (1.6), where
we replace the exact measure ψ(tm, q) dq by the approximate point mea-
sure ΠQtm

. A typical time evolution is shown in figure 6. If we focus on the
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Figure 6. One component η of the functional τ (t) for different choices of the initial
condition. Left: the case of two beads s = 3 with z = 0.1, β = 1.0 and d = 0.5.
Right: the case of eight beads s = 21 with the same force parameters. Obviously,
the physically relevant stationary value is not influenced by the choice of the initial
value.

stationary part of the curve which yields the required stationary value τ p

defined in (1.3), we see that the result is noisy with a variation of the or-
der of a few percent of the stationary value. The noise clearly reduces if we
choose more particles (see figure 7). Compared to the MC result, the QMC
algorithm shows considerably less oscillations. This can be seen in figure 8
where we compare the results of the algorithms for large t. It is clear that the
QMC trajectory has less oscillations compared to the MC trajectory, meaning
that one has to average MC over several runs to obtain a similar result. The
average values obtained from the three separate runs of MC is shown in figure
8 (right). At this stage, we have the following situation: MC and QMC both
work for high dimensions, the former can be implemented in a straightforward
manner whereas the latter requires sorting the particle positions at each time
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Figure 7. Variation of the component η of τ (t) for large t decreases with increasing
particle number. We indicate the case s = 3 with z = 0.1, β = 1.0 and d = 0.5.
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Figure 8. Component of τ (t) with a single run of MC (left), QMC(1, 1) (middle)
and the average of three separate MC simulations (right) for the case of five beads
s = 12 using 28561 particles with z = 0.1, β = 1.0 and d = 1.0.

step. The advantage with QMC is that the results have less noise compared
to MC, but the extra processes required to properly represent the diffusion
take up additional time. For the polymer problem, however, this does not con-
tribute significantly as the evaluation of the function a(q) dominates the total
computational time and this is required in both MC and QMC simulations.
For further comparisons, we refer to [13].
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Summary. This paper is a review of the bridging scale method, which was recently
proposed to couple atomistic and continuum simulation methods. The theory will
be shown in a fully generalized three-dimensional setting, including the numerical
calculation of the time history kernel in multiple dimensions, such that a two-way
coarse/fine coupled non-reflecting molecular dynamics boundary condition can be
found. We present numerical examples in three dimensions validating the bridging
scale methodology. The bridging scale method is tested on highly nonlinear dynamic
fracture examples, and the ability of the numerically calculated time history kernel
in eliminating high frequency wave reflection at the MD/FE interface is shown.
All results are compared to benchmark full MD simulations for verification and
validation.

Key words: Bridging scale method, multiscale simulation, fracture.

1 Bridging Scale Fundamentals

The results in this paper are a summary of the one-dimensional work of [1],
and the two and three-dimensional work [2, 3]. The bridging scale was recently
proposed in [4] to couple atomistic and continuum simulations. The funda-
mental idea is to decompose the total displacement field u(x) into coarse and
fine scales

u(x) = ū(x) + u′(x) (1.1)

The coarse scale ū is that part of the solution which can be represented by
a set of basis functions, i.e. finite element (FE) shape functions. The fine
scale u′ is defined as the part of the solution whose projection onto the coarse
scale basis functions is zero; this implies orthogonality of the coarse and fine
scale solutions.

In order to describe the bridging scale, first imagine a body in any di-
mension which is described by Na atoms. The notation used here will mirror
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that used in [4]. The total displacement of an atom α is written as uα. The
coarse scale displacement is a function of the initial positions Xα of the atoms.
It should be noted that the coarse scale would at first glance be thought of
as a continuous field, since it can be interpolated between atoms. However,
because the fine scale is defined only at atomic positions, the total displace-
ment and thus the coarse scale are discrete functions that are defined only at
atomic positions. For consistency, Greek indices (α, β, ...) will define atoms for
the remainder of this work, and uppercase Roman indices (I, J, ...) will define
coarse scale nodes.

Introduce Nα
I = NI(Xα) to be the shape function of node I evaluated at

the initial atomic position Xα, and dI the FE nodal displacements associated
with node I. Then the coarse scale is defined to be

ū(Xα) =
∑

I

Nα
I dI (1.2)

The fine scale in the bridging scale decomposition is simply that part of the
total displacement that the coarse scale cannot represent. Thus, the fine scale
is defined to be the projection of the total displacement u onto the FE basis
functions subtracted from the total solution u. We will select this projection
operator to minimize the mass-weighted square of the fine scale, which we call
J and can be written as

J =
∑

α

mα

(
uα −

∑

I

Nα
I wI

)2

(1.3)

mα is the atomic mass of an atom α and wI are temporary nodal (coarse
scale) degrees of freedom, which are sought as close to the total solution, as
possible at given choice of the shape function set. It should be emphasized
that (1.3) is only one of many possible ways to define an error metric. In order
to solve for w, the error is minimized with respect to w, yielding the following
result:

w = M−1NT MAu (1.4)

where the coarse scale mass matrix M is defined as

M = NT MAN (1.5)

In (1.4) and (1.5), MA is a diagonal matrix with the atomic masses on the
diagonal, and N is a matrix containing the values of the FE shape functions
evaluated at all the atomic positions. In general, the size of N is Na1 ×Nn1,
where Nn1 is the number of finite element nodes whose support contains an
atomic position, and Na1 is the total number of atoms. The fine scale u′ can
thus be written as

u′ = u−Nw (1.6)

or



Bridging Scale Method and Its Applications 187

u′ = u−Pu (1.7)

where the projection matrix P is defined to be

P = NM−1NT MA (1.8)

The total displacement uα can thus be written as the sum of the coarse and
fine scales as

u = Nd + u−Pu (1.9)

The final term in the above equation is called the bridging scale. It is the part
of the solution that must be removed from the total displacement so that a
complete separation of scales is achieved, i.e. the coarse and fine scales are
orthogonal to each other. This bridging scale approach was first used by Liu et
al. [5] to enrich the finite element method with meshfree shape functions. Wag-
ner and Liu [6] used this approach to consistently apply essential boundary
conditions in meshfree simulations. Zhang et al. [7] applied the bridging scale
in fluid dynamics simulations. Qian et al. [8] recently used the bridging scale
in quasi-static simulations of carbon nanotube buckling. The bridging scale
was also used in conjunction with a multiscale constitutive law to simulate
strain localization by Kadowaki and Liu [9].

Now that the details of the bridging scale have been laid out, some com-
ments are in order. In equation (1.3), the fact that an error measure was
defined implies that uα is the “exact” solution to the problem. In our case,
the atomistic simulation method we choose to be our “exact” solution is mole-
cular dynamics (MD). After determining that the MD displacements shall be
referred to by the variable q, equation (1.3) can be re-written as

J =
∑

α

mα

(
qα −

∑

I

Nα
I wI

)2

(1.10)

where the MD displacements q now take the place of the total displacements
u. The equation for the fine scale u′ can now be re-written as

u′ = q−Pq (1.11)

The fine scale is now clearly defined to be the difference between the MD
solution and its projection onto a pre-determined coarse scale basis space. This
implies that the fine scale can thus be interpreted as a built in error estimator
to the quality of the coarse scale approximation. Finally, the equation for the
total displacement u can be re-written as

u = Nd + q−Pq (1.12)

Because of the equality of q and u, it would appear that solving the FE equa-
tion of motion is unnecessary, since the coarse scale can be calculated directly
as the projection of q, i.e. Nd = Pq. However, because the goal is to eliminate
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the fine scale from large portions of the domain, the MD displacements q are
not defined over the entire domain, and thus it is not possible to calculate
the coarse scale solution everywhere via direct projection of the MD displace-
ments. Thus, the solution of the FE equation of motion everywhere ensures a
continuous coarse scale displacement field.

1.1 Multiscale Equations of Motion

The next step in the multiscale process is to derive the coupled MD and FE
equations of motion. This is done by first constructing a Lagrangian L, which
is defined to be the kinetic energy minus the potential energy

L(u, u̇) = K(u̇)− V (u) (1.13)

Ignoring external forces, (1.13) can be written as

L(u, u̇) =
1

2
u̇T MAu̇− U(u) (1.14)

where U(u) is the interatomic potential energy. Differentiating the total dis-
placement u in (1.12) with respect to time gives

u̇ = Nḋ + Qq̇ (1.15)

where the complimentary projection operator Q ≡ I−P. Substituting (1.15)
into the Lagrangian (1.14) gives

L(d, ḋ,q, q̇) =
1

2
ḋT Mḋ +

1

2
q̇TMq̇− U(d,q) (1.16)

where the fine scale mass matrixM is defined to beM = QT MA. One elegant
feature of (1.16) is that the total kinetic energy has been decomposed into the
sum of the coarse scale kinetic energy plus the fine scale kinetic energy.

The multiscale equations of motion are obtained from the Lagrangian by
following the Lagrange equations

d

dt

(
∂L
∂ḋ

)
− ∂L

∂d
= 0 (1.17)

d

dt

(
∂L
∂q̇

)
− ∂L

∂q
= 0 (1.18)

Substituting the Lagrangian (1.16) into (1.17) and (1.18) gives

Md̈ = −∂U(d,q)

∂d
(1.19)

Mq̈ = −∂U(d,q)

∂q
(1.20)
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The two equations (1.19) and (1.20) are coupled through the derivative of the
potential energy U , which can be expressed as functions of the interatomic
force f as

f = −∂U(u)

∂u
(1.21)

Expanding the right hand sides of (1.19) and (1.20) with a chain rule and
using (1.21) together with (1.12) gives

Md̈ =
∂U

∂u

∂u

∂d
= NT f (1.22)

Mq̈ = −∂U

∂u

∂u

∂q
= QT f (1.23)

Using the fact thatM = QT MA, (1.23) can be rewritten as

QT MAq̈ = QT f (1.24)

Because Q can be proven to be a singular matrix [4], there are many unique
solutions to (1.24). However, one solution which does satisfy (1.24) and is
beneficial to us is (including the coarse scale equation of motion):

MAq̈ = f(q) (1.25)

Md̈ = NT f(u) (1.26)

Now that the coupled multiple scale equations of motion have been derived,
we make some relevant comments

(i) The fine scale equation of motion (1.25) is simply the MD equation of
motion. Therefore, a standard MD solver can be used to obtain the
MD displacements q, while the MD forces f can be found by using any
relevant potential energy function.

(ii) The coarse scale equation of motion (1.26) is simply the finite ele-
ment momentum equation. Therefore, we can use standard finite ele-
ment methods to find the solution to (1.26), while noting that the finite
element mass matrix M is defined to be a consistent (generally, non-
diagonal) mass matrix.

(iii) The coupling between the two equations is through the coarse scale
internal force NT f(u), which is a direct function of the MD internal force
f . In the region in which MD exists, the coarse scale force is calculated
by interpolating the MD force using the finite element shape functions
N. In the region in which MD has been eliminated, the coarse scale
force can be calculated in multiple ways. The elimination of unwanted
MD degrees of freedom is discussed in the next section.

(iv) We note that the total solution u satisfies the same equation of motion
as q, i.e.

MAü = f (1.27)
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This result is due to the fact that q and u satisfy the same initial con-
ditions, and will be utilized in deriving the boundary conditions on the
MD simulation in a later section.

(v) Due to the kronecker-delta property of the finite element shape functions,
for the case in which the FE nodal positions correspond exactly to the
MD atomic positions, the FE equation of motion (1.26) converges to the
MD equation of motion (1.25).

(vi) The FE equation of motion is redundant for the case in which the MD
and FE regions both exist everywhere in the domain, because the FE
equation of motion is simply an approximation to the MD equation of
motion, with the quality of the approximation controlled by the finite
element shape functions N. This redundancy will be removed by elimi-
nating the fine scale from large portions of the domain.

(vii) We note that the right hand side of (1.25) constitutes an approximation;
the internal force f should be a function of the total displacement u. We
utilize the MD displacements q for two reasons. The first reason, as
stated above, is the equality of q and u. The second reason relates to
computational efficiency, as determining u at each MD time step requires
the calculation of the coarse scale solution Nd, which would defeat the
purpose of keeping a coarse FE mesh over the entire domain.

The last comment above motivates the developments in the next section.
Because of the redundance of the FE equation of motion, we now proceed to
eliminate the MD region from a large portion of the domain, such that the
redundance of the FE equation of motion is removed.

2 Reduction of the MD Domain

In this section, we apply the arguments of lattice mechanics to the bridging
scale. In this approach, we assume that the atomistic region can be subdivided
into two regions. In the first region, i.e. around a crack tip, defects or other
locally interesting physical phenomena, an anharmonic, or nonlinear potential
is necessary to accurately represent the atomic interactions. However, at some
distance away from the process of interest, an anharmonic representation of
the atomistic physics no longer becomes necessary. At this point, the atomic
interactions are sufficiently captured using a harmonic approximation. There-
fore, the remainder of this section will summarize the methodology used to
eliminate those atoms which we assume to interact harmonically; the elimi-
nated fine scale degrees of freedom will be accounted for via the time history
kernel θ(t).

The first step in this process is to linearize the MD equation of motion
(1.25), while using the equality of q and u to obtain

MAq̈ = MA ¨̄u + MAü′ = f(ū) + Ku′ (2.28)
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where

K =
∂f

∂u
|u′=0 (2.29)

The goal in performing the linearization is to decompose the MD equation of
motion into coarse and fine scale components. In doing so, we will work exclu-
sively with the fine scale equation such that we can achieve our stated goal of
limiting the fine scale to a small region of the domain, while keeping the coarse
scale everywhere in the domain. The major assumption in our derivation is
that we can write the fine scale equation of motion neglecting contributions
from the coarse scale This assumption is justified by the orthogonality of the
coarse and fine scales, and because the time scale for the coarse scale is much
larger than that of the atomic vibrations present in the fine scale. Thus, we
re-write the fine scale portion of the linearized MD equation of motion (2.28)
while including the effects of external forces as

MAü′ −Ku′ = fext (2.30)

We note that the complete nonlinear force f(u) has been decomposed as

f(u) = f(ū) + Ku′ (2.31)

Before we can proceed to eliminate the fine scale, we first need to recall
some essentials of Laplace and discrete Fourier transform techniques. Assum-
ing that the function x can be defined at all atomic positions n, we denote the
value of x and position n as xn. For the convenience or the discussion below,
the DFT of x is written in the following form,

x̂(p) = Fn→p{xn} ≡
N/2−1∑

n=−N/2

xne
−i2πpn/N (2.32)

Here, N denotes the number of lattice sites, and p can take any integer value
between−N/2 and N/2−1. The inverse Fourier transform (IFT) is then written
as

xn = F−1
p→n{x̂(p)} ≡ 1

N

N/2−1∑

p=−N/2

x̂(p)ei2πpn/N (2.33)

The Laplace transform and the second time derivative rule will by utilized in
their standard forms. The inversion of Laplace transform will be done numer-
ically by utilizing the numeral algorithm of [10].

2.1 Elimination of Fine Scale Degrees of Freedom:
3D Generalization

We now generalize the ideas presented in the previous section to three di-
mensions. The periodic lattice now consists of spatially repeated unit cells
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Figure 1. Periodic two-dimensional hexagonal lattice structure numbered using
unit cell nomenclature. The solid line represents the boundary between the MD
region to be simulated (bottom), and the MD region to be eliminated (top).

which are repeated in three directions. Each repeated cell has na atoms, each
of which can move in nsd spatial directions. The total number of degrees of
freedom in each unit cell is then ndof = na×nsd. Each unit cell can be labeled
with three indices, l, m and n, indicating the position along axes in the direc-
tion of the three primitive vectors of the crystal structure. A two-dimensional
example for a hexagonal lattice labelled using unit cell nomenclature is illus-
trated in Figure (1). Let µ and ν represent the range of the forces in the m
and n coordinate directions; then we arrive at

ü′
l,m,n(t) =

l+1∑

l′=l−1

m+µ∑

m′=m−µ

n+ν∑

n′=n−ν

M−1
A Kl−l′,m−m′,n−n′u′

l′,m′,n′(t)

+ M−1
A fext

l,m,n(t) (2.34)

where fext
l,m,n(t) is the external force acting upon unit cell (l,m, n), the matrices

K relate the displacements in cell (−l′,−m′,−n′) to the forces in cell (l,m, n),
and MA is a diagonal matrix of atomic masses. We note that while atoms in
a given slab of constant l are coupled to only neighboring cells l − 1 and
l + 1, the coupling in the m and n coordinate directions is not limited to
nearest neighbors. This approximation can be relaxed simply by increasing
the interaction range of the K matrices.

The derivation begins by taking a Laplace transform (LT) and discrete
Fourier transform (DFT) of (2.34)

s2Û′(p, q, r, s)− su′(p, q, r, 0)− u̇′(p, q, r, 0)

= Â(p, q, r)Û′(p, q, r, s) + M−1
A F̂ext

0 (p, q, r, s) (2.35)

where p, q and r correspond to spatial indices l, m and n and the hatted
notation indicates the discrete Fourier transform. Â(p, q, r) is the Fourier
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transform of M−1
A Kl,m,n, and Laplace transformed variables are indicated

by the transformed variable s. The goal of this process will be to eliminate
the atoms in the l > 0 cells by solving for them in terms of the l ≤ 0 degrees
of freedom and resubstituting that expression into (2.34). In this manner, we
will avoid the explicit solution for the l > 0 degrees of freedom while implicitly
including their effects into the remaining system dynamics.

The key step in removing the unwanted l > 0 fine scale degrees of freedom
is in realizing that the motion of the boundary (l = 0) atoms can be caused
either by the displacements of the atoms to be kept, or by an external force
acting upon the boundary atoms. Therefore, it will be assumed that the mo-
tion of the boundary atoms is in fact caused by the external force which acts
only at l = 0,

fext
l,m,n(t) = δl,0f

ext
0,m,n(t) (2.36)

(2.35) can be solved to give the Laplace transformed/discrete Fourier trans-
formed displacements in terms of the external force

Û′(p, q, r, s) = Ĝ(p, q, r, s)

×
(
M−1

A F̂ext
0 (p, q, r, s) + su′(p, q, r, 0) + u̇′(p, q, r, 0)

)
(2.37)

where

Ĝ(p, q, r, s) =
(
s2I− Â(p, q, r)

)−1

(2.38)

Taking the inverse Fourier transform of (2.37) in the x direction gives the
displacement in the x direction at atomic position l

Ũ′
l(q, r, s) = M−1

A G̃l(q, r, s)F̂
ext
0 (q, r, s) + R̃d

l (q, r, s) (2.39)

where

R̃d
l (q, r, s) =

L/2−1∑

l′=−L/2

G̃l−l′(q, r, s)
(
sU′

l′(q, r, 0) + U̇′
l′(q, r, 0)

)
(2.40)

where L is the total number of unit cells in the x-direction. By writing (2.39)
for both l = 0 and l = 1, we can obtain the displacements Ũ′

1 in terms of Ũ′
0,

thereby eliminating F̂ext
0 and obtaining

Ũ′
1(q, r, s) = Q̃(q, r, s)

(
Ũ′

0(q, r, s)− R̃d
0(q, r, s)

)
+ R̃d

1(q, r, s) (2.41)

where
Q̃(q, r, s) = G̃1(q, r, s)G̃

−1
0 (q, r, s) (2.42)

By inverting the Fourier transform of (2.41) and using the convolution prop-
erty of the DFT, we obtain
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U′
1,m,n(s) =

M/2−1∑

m′=−M/2

N/2−1∑

n′=−N/2

Qm−m′,n−n′(s)
(
U′

0,m′,n′(s)−Rd
0,m′,n′(s)

)

+ Rd
1,m,n(s) (2.43)

where the random component of the displacement acting upon plane l can be
written as

Rd
l,m,n(s) =

L/2−1∑

l′=−L/2

M/2−1∑

m′=−M/2

N/2−1∑

n′=−N/2

Gl−l′,m−m′,n−n′(s)

×
(
sU′

l′,m′,n′(0) + U̇′
l′,m′,n′(0)

)
(2.44)

Inversion of the Laplace transform for the above equation gives a time-
dependent vector of random displacements,

Rd
l,m,n(t) =

L/2−1∑

l′=−L/2

M/2−1∑

m′=−M/2

N/2−1∑

n′=−N/2

(
ġl−l′,m−m′,n−n′(t)u′

l′,m′,n′(0)

+ gl−l′,m−m′,n−n′(t)u̇′
l′,m′,n′(0)

)
(2.45)

where u′
l,m,n(0), u̇′

l,m,n(0) are the fine scale initial conditions determined by
thermodynamic properties of the system, and

gl,m,n(t) = L−1 (Gl,m,n(s)) (2.46)

ġl,m,n(t) = L−1{sGl,m,n(s)} (2.47)

Since the fine scale portion of the coarse grain atom displacements q1,m,n

are known by (2.43), a complete coupled set of equations could be written as

MAq̈ = f(q) (2.48)

Md̈ = NT f(u) (2.49)

q1,m,n(t) =

∫ t

0

Qm−m′,n−n′(t−τ)

×
(
q0,m′,n′(τ)−ū0,m′,n′(τ)−Rd

0,m′,n′(τ)
)
dτ + ū1,m,n(t)+Rd

1,m,n(t) (2.50)

In this formulation, the coarse grain atom displacements q1,m,n(t) are semi-
analytically controlled as a function of the fine scale portion of the coarse
grain atom displacements (the first term on the right hand side of (2.50))
combined with a contribution of the coarse scale displacements interpolated
to the coarse grain atom position. In the impedance force formulation derived
later in this section, the coarse grain atom motion is completely prescribed
by the finite element shape functions; in this displacement formulation, the
dependence on the shape functions is reduced, but not completely eliminated.
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We note the similarity between the coarse grain atoms and so-called ”ghost”
atoms, which are necessary in MD simulations such that spurious relaxation
of the system due to surface effects does not occur. In the bridging scale
formulation, because all atoms are initially present, the coarse grain atoms
have not been artificially created; however, like ghost atoms, their motion is
not explicitly solved for in the MD equation of motion.

Previous approaches to deriving non-reflecting boundary conditions,
e.g. [11, 12] have utilized a force boundary condition, so we bow to conven-
tion and continue with the derivation. Equation (2.43) becomes useful, if the
linearized forces acting on l = 0 slab of atoms due to the l = 1 slab of atoms
is rewritten as, recalling (2.34)

F1→0
m,n (s) =

m+µ∑

m′=m−µ

n+ν∑

n′=n−ν

K−1,m−m′,n−n′U′
1,m′,n′(s) (2.51)

Substituting (2.43) into (2.51) and taking the inverse Laplace transform, the
impedance force boundary condition of the layer l = 1 slab of atoms acting
upon the l = 0 slab of atoms becomes

f imp
m,n (t) = L

−1{F1→0
m,n (s)} =

M/2−1∑

m′=−M/2

N/2−1∑

n′=−N/2

∫ t

0

θm−m′,n−n′(t− τ)

×
(
u′

0,m′,n′(τ)−Rd
0,m′,n′(τ)

)
dτ + Rf

0,m,n(t) (2.52)

where the time history kernel θ(t) is defined to be

θm,n(t) = L
−1(Θm,n(s)) (2.53)

Θm,n(s) =

m+µ∑

m′=m−µ

n+ν∑

n′=n−ν

K−1,m−m′,n−n′Qm′,n′(s) (2.54)

and the random force Rf
0,m,n(t) is given by

Rf
0,m,n(t) =

L/2−1∑

l′=−L/2

M/2−1∑

m′=−M/2

N/2−1∑

n′=−N/2

K−1,m−m′,n−n′Rd
1,m,n(t) (2.55)

Here, the random displacement vector Rd is given by (2.45).
As can be seen, the exact evaluation of the second term on the right

hand side of (2.52) requires a summation over all other unit cells along the
boundary. Clearly, it would be computationally inefficient to actually perform
the exact summation in practice, particularly if the lattice is large. Therefore,
we rewrite (2.52) as
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f imp
m,n (t) =

nc∑

m′=−nc

nc∑

n′=−nc

∫ t

0

θm−m′,n−n′(t− τ)

×
(
u′

0,m′,n′(τ)−Rd
0,m′,n′(τ)

)
dτ + Rf

0,m,n(t) (2.56)

where nc refers to a maximum number of atomic neighbors which will be used
to compute the impedance force. Now, the fine scale equation of motion (2.34)
for the boundary l = 0 atoms can be rewritten as

ü′
0,m,n = A0,m,nu′

0,m,n

+ M−1
A

nc∑

m′=−nc

nc∑

n′=−nc

∫ t

0

θm−m′,n−n′(t− τ)
(
u′

0,m′,n′(τ)−Rd
0,m′,n′(τ)

)
dτ

+ M−1
A Rf

0,m,n(t) (2.57)

Note that the second term on the right hand side of (2.57) represents the im-
plicit effects of the l > 0 cells which were mathematically eliminated. Adding
(2.57) and (2.48) and noting that

M−1
A0f0,m,n(ū) + A0,m,nu′

0,m,n = M−1
A0f0,m,n (2.58)

where M−1
A0 is the matrix of atomic masses for the boundary plane atoms, we

obtain the modified equation of motion for the boundary atoms which does
not involve any unknown degrees of freedom of the cells (l,m, n) with l > 0

MA0q̈0,m,n(t) = f0,m,n(t)

+

nc∑

m′=−nc

nc∑

n′=−nc

∫ t

0

θm−m′,n−n′(t− τ)
(
u′

0,m′,n′(τ)−Rd
0,m′,n′(τ)

)
dτ

+ Rf
0,m,n(t) (2.59)

The final step to writing the MD equations of motion for the boundary atoms
is to note that the fine scale component of the MD displacements can be
written as

u′
0,m′,n′(τ) = q0,m′,n′(τ)− ū0,m′,n′(τ) (2.60)

The final form for the coupled MD and FE equations of motion thus can
be written as

MAq̈ = f(q) + f imp
0,m,n(t) + Rf

0,m,n(t) (2.61)

Md̈ = NT f(u) (2.62)

where Rf is a stochastic thermal force (2.55), and f imp is the impedance force,

f imp
0,m,n(t) =

nc∑

m′=−nc

nc∑

n′=−nc

∫ t

0

θm−m′,n−n′(t− τ)

×
(
q0,m′,n′(τ)− ū0,m′,n′(τ)−Rd

0,m′,n′(τ)
)
dτ (2.63)

Equations (2.61)-(2.63) represent the major results of this section.
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3 Cauchy-Born Rule

In the coarse scale-only region, where the MD force is unavailable due to the
elimination of those atomistic degrees of freedom, an approximation to the
right hand side of (2.62), the NT f(u) term, must be made. The goal is to
utilize the MD potential in the expression for the coarse scale force despite
the absence of the MD degrees of freedom. We shall discuss two methods for
applying this force, the Cauchy-Born rule, and the virtual atom cluster (VAC)
model.

The Cauchy-Born rule is a homogenization method by which continuum
stress and stiffness measures can be obtained directly from an interatomic
potential; the link between the atomistic and continuum is achieved by way
of the deformation gradient F. As the Cauchy-Born rule is a homogenization
method, the major assumption invoked when using the approach is that the
lattice underlying any continuum point is required to deform homogeneously
according to the continuum deformation gradient F. Further expositions on
the Cauchy-Born rule, and its application to solid mechanics can be found
in [13], [14], and [15].

To utilize the Cauchy-Born rule in the bridging scale context, we first
assume that the potential energy U(u) for the system can be decomposed as

U(u) =
∑

α

Wα(u)∆Vα (3.64)

where Wα is the potential energy density centered at atom α. Comparing the
right hand sides of (1.19) and (1.22), we find the relation

(NT f)I = −∂U(u)

∂dI
(3.65)

Substituting (3.64) into (3.65), we obtain

(NT f)I = −
∑

α

∂Wα(u)

∂dI
∆Vα (3.66)

In order to use the Cauchy-Born rule, we use a chain rule on (3.66) to obtain

(NT f)I = −
∑

α

∂Wα

∂FT
α

∂FT
α

∂dI
∆Vα (3.67)

Simplying further,

(NT f)I = −
∑

α

∂NI

∂X
|X=Xα

∂Wα

∂FT
α

∆Vα (3.68)

Noting that the derivative of the energy density W with respect to FT gives
the first Piola-Kirchoff stress P , the summation in (3.68) can be approximated
by a discrete summation as
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(NT f)I = −
∑

q

∂NI

∂X
(Xq)P(Xq)wq (3.69)

where wq is the integration weight associated with point Xq.

4 Atomistic Model

The three-dimensional MD/bridging scale calculations presented in this sec-
tion utilize the Lennard-Jones potential (4.70).

Φ(rij) = 4ǫ

(
(
σ

rij
)12 − (

σ

rij
)6
)

(4.70)

where r is the distance between two atoms i & j. The examples were run
with parameter values σ = ǫ = 1 considering nearest-neighbor interactions
only, while all atomic masses were chosen as m=1. The examples utilize the
equilibrium interatomic distance, req =21/6σ, corresponding to the minimum
of the potential (4.70).

An FCC lattice was considered for the three-dimensional simulations, the
atoms were initially in an equilibrium configuration. Because of the symmetry
between the top and bottom layers of the lattice, the time history kernels for
the top and bottom layers can be related by

θtop
n (t) = θbottom

−n (t) (4.71)

and the storage requirements for the time history kernels can be reduced by
one half. All simulations were performed with the random force R(t) in (2.61)
set equal to zero, indicating an MD region at zero temperature.

For the regions which satisfy a coarse scale-only description, the Cauchy-
Born rule was utilized to calculate the coarse scale internal force. The LJ 6-12
potential was used to describe the continuum strain energy density, such that
the coarse scale internal force could be derived from the same potential that
was used for the MD force calculations. 8-node trilinear hexagonal (brick)
finite elements were utilized for all numerical examples.

All units related to atomistic simulations in this section, such as velocity,
position and time, are given in reduced units. It should be noted that because
of the choices of mass, σ and ǫ as unity, all normalization factors end up as
unity. Finally, all numerical examples shown in this work were performed using
the general purpose simulation code Tahoe, which was developed at Sandia
National Laboratories ([16]).

5 Dynamic Crack Propagation in Three Dimensions

In this section, we validate the method on dynamic crack propagation
examples within an FCC crystal. For the MD simulation, we utilize the
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Figure 2. Left: Schematic of 3D bridging scale crack propagation example. Right:
Application of MD impedances forces (2.63) to top and bottom (001) planes of
reduced MD domain.

Lennard-Jones (LJ) 6-12 potential, though with a slightly altered form. The
LJ potential we utilize contains a smooth cut-off, such that the revised po-
tential takes the form

Φ(rij) = ΦLJ(rij)− ΦLJ(rc)− (rij − rc)Φ
′
LJ(rc) (5.72)

where ΦLJ(rij) is the standard, unshifted LJ 6-12 potential (4.70), which is
a function of the distance rij between two atoms i and j, and the shifted
distance rc is defined to be

rc = ασ (5.73)

The shifted LJ potential described in (5.72) has a smooth cut-off in both the
force and energy at the value rij = α. For the new shifted potential, we utilize
parameter values σ = ǫ = 1, α = 1.50; all atomic masses are taken to be unity.

The dynamic fracture problem schematic is shown in Figure (2). As is
shown, the specimen under consideration is covered by finite elements every-
where, while the atomistic region is confined to the central region of the do-
main. A pre-crack is specified in the atomistic region by prescribing that two
adjacent planes of atoms do not interact, and the crack opens naturally in a
mode-I type failure under the ramp velocity loading. The normalized velocity
applied to the top and bottom (001) surfaces was taken to be Vmax = .035.

We note that the pre-crack is initially fully contained within the interior
of the MD domain; the interactions between the crack and the surfaces shown
later are a result of the propagation of the crack. A visual image of the pre-
crack is given in Figure 3. For visualization purposes, the images in this section
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Figure 3. Initial pre-crack for dynamic crack propagation example. Contours of
potential energy shown. Only those atoms with potential energy greater than ninety
percent of the equilibrium value are shown. See Color Plate 1 on page 301.

only display those atoms whose potential energy is greater than ninety percent
of the equilibrium value; this technique is useful for highlighting the defective
parts of the lattice which may be of interest in fracture and failure simulations.

The simulations were run using nearest neighbor interactions only. The
bridging scale simulation employed 1024 8-node hexahedral finite elements
and 117121 atoms, while the full atomistic simulation was comprised of 225121
atoms. Different time steps are used for both simulations; the MD time step
was taken to be ∆tmd = .014, and 20 MD time steps were run for each FEM
time step. The MD impedance force (2.63) is applied to the top and bottom
planes of the reduced MD region as shown in Figure (2). All other boundary
faces of the reduced MD region are taken to be free surfaces.

The time history kernel θ(t) was numerically calculated for an FCC lattice
structure and the shifted LJ potential for the (001) plane of atoms. The 3× 3
θ(t) matrices in (2.63) for the top and bottom surfaces of the reduced MD
region in Figure (2) can be found to be related as




θ
top
11 (t) θ

top
12 (t) θ

top
13 (t)

θ
top
21 (t) θ

top
22 (t) θ

top
23 (t)

θ
top
31 (t) θ

top
32 (t) θ

top
33 (t)


 =




θbot
11 (t) θbot

12 (t) −θbot
13 (t)

θbot
21 (t) θbot

22 (t) −θbot
23 (t)

−θbot
31 (t) −θbot

32 (t) θbot
33 (t)


 (5.74)

Similar relationships relating the θ(t) matrices for opposite faces of the FCC
cube can also be determined.

A comparison between the bridging scale simulation and the full atomistic
simulation is given in four distinct snapshots, which chronicle the time history
of the crack propagation. In the first snapshot seen in Figure (4), the initially
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Figure 4. Onset of crack growth for (left) full MD simulation and (right) bridging
scale simulation. See Color Plate 2 on page 301.

Figure 5. Out of plane crack branching for (left) full MD simulation and (right)
bridging scale simulation. See Color Plate 3 on page 302.

square pre-crack has evolved under loading to resemble a penny-shaped crack.
Figure (4) shows the crack just before propagation initiates; the figure and all
subsequent figures show contours of potential energy, while the crack opening
displacement has been magnified by a factor of five for easy viewing.

After the crack propagation has initiated and the crack nears the
surfaces of the cube, the onset and subsequent branching of the crack is seen
in Figure (5). In this simulation, it important to note that the branching is
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Figure 6. Final configuration in (left) full MD simulation and (right) bridging scale
simulation. See Color Plate 4 on page 302.

a surface effect, i.e. the branching is caused when the crack front approaches
the free surface. The branching is caused by a lack of constraint as the crack
approaches the surface; in essence, a truly mode-I type loading does not ex-
ist near the surface, hence the crack is not constrained to propagate directly
through the surface, and instead branches to cause material failure.

The final configurations of the bridging scale simulation and the full MD
simulation are shown in Figure (6). Again, the bridging scale simulation
matches the full MD simulation well, including the final configuration of the
crack branches, and potential energy. Another interesting fact is that the crack
branches have reached the MD boundary in the bridging scale simulations;
this fact violates the postulates made in deriving the MD boundary condition,
and is an example of a case in which some sort of adaptive insertion of new
atoms or ”remeshing” in the MD region would be necessary to continue such
a large deformation failure simulation.

We note that the crack initiation time and progress during propagation
appear to match correctly between both the full MD and bridging scale simula-
tions, as measured visually. Unlike the two-dimensional multiple scale fracture
simulations considered in [2], the crack tip position has not been detailed as
a function of time, due to the inherent difficulty in tracking a planar crack
front in three dimensions.

Finally, Figures (4-6) powerfully demonstrate the utility of multiple scale
methods. In these images, it is clearly seen that only a small percentage of
the atoms are largely perturbed from their equilibrium positions, even during
catastrophic material failure processes such as fracture. Due to the fact that
only a small percentage of the atoms play a critical role in describing the onset
and subsequent propagation of cracks and defects, it seems clear that multiple
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scale methods are well-suited to eliminate the unnecessary atomistic degrees
of freedom in favor of a continuum representation, as is done here.

6 Discussion on the Bridging Scale Method

Now that the bridging scale theory and applications have been demosntrated,
a comparison between the bridging scale and the other multiscale methods is
in order. The first point of comparison stems from the fact that the bridging
scale is an approach inherently geared for finite temperature, dynamic prob-
lems. An approach in this direction has been undertaken in [17], in which the
projection property of the bridging scale was utilized to derive a continuum
temperature equation directly from the underlying atomistic motion. While
it can be easily applied to static problems as in [8], the current formulation
and applications have been for dynamic simulations. This lies in comparison
to the quasicontinuum or CADD methods, which to date have been used only
for quasi-static problems.

In comparing the bridging scale to the other dynamic multiscale methods
(CGMD, MAAD), one clear advantage for the bridging scale is that the coarse
scale is represented everywhere, and is not meshed down to the atomic scale.
Furthermore, the coupled MD and FE equations of motion arise naturally from
a Lagrangian formulation, which combines the kinetic and potential energies
of the coupled system. The effect of this is that the coarse scale time step
is not restricted by the smallest, atomic-sized elements in the mesh. More
importantly, this allows the use of a staggered time integration scheme, as was
detailed in [4]. Thus, the coarse scale variables can evolve on an appropriate
time scale, while the fine scale variables can evolve (appropriately) on a much
smaller time scale.

A major advantage of the bridging scale is that the high frequency MD
waves which typically cannot be represented by the continuum are eliminated
in a physically and mathematically sound manner by way of lattice mechanics
arguments. The reduced MD lattice behaves as if part of a larger lattice due
to the impedance force (2.63), which allows the high frequency information
typically found in the MD region to naturally dissipate into the continuum.
Furthermore, the time history kernel θ(t) can be found by an automated
numerical procedure which requires only standard Laplace and Fourier trans-
form techniques. Moreover, the resulting size of θ(t) is that of the minimum
number of spatial degrees of freedom; this stands in contrast to previously
derived damping kernels, e.g. [12, 18] whose size depended on the remaining
number of degrees of freedom in the reduced MD region, or required that the
geometry of the lattice be explicitly included in the formulation. The resulting
formulation can be applied to both static and dynamics problems; examples
include non-reflecting MD boundary conditons, as in [19] and [20], quasi-static
nanoindentation, as in [21], multiple scale analysis of dynamic fracture in
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multiple dimensions, as in [2, 3], and analysis of dynamic strain localization
in granular materials, as in [9].

The numerical examples shown in this review have been compared to full
MD benchmark simulations. In all cases, the bridging scale simulations agree
extremely well with the full MD benchmarks, even for highly nonlinear prob-
lems such as lattice fracture. These comparisons are extremely important in
multiple scale simulations, as confidence in the ability of a method to faith-
fully reproduce the correct physics normally seen within a full MD simulation
must be established.
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Summary. A new stabilized nodal integration scheme is proposed and imple-
mented. In this work, focus is on the natural neighbor meshless interpolation
schemes. The approach is a modification of the stabilized conforming nodal integra-
tion (SCNI) scheme and is shown to perform well in several benchmark problems.
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1 Introduction

Nodal integration of the Galerkin weak form of the equations of motion is
often desirable due to its efficiency and applicability in large deformation
problems. For example, in the large deformation case, the stress and material
history will move with the nodes and so no re-mapping of the quantities is
required. Numerous formulations and types of meshless shape functions are
available, here, we will focus on Galerkin formulations where natural neighbor
(NN) interpolation is used; often referred to as the natural element method
(NEM) [7]. Different nodal integration approaches have been developed such
as stabilized conforming nodal integration (SCNI) [3, 10, 5] and a least squares
stabilization approach [1]. The latter approach was applied using an EFG
formulation and suggested the use of quadratic basis functions due to the
second derivatives in the least squares term. Furthermore, the least squares
formulation in [1] is not directly applicable to natural neighbor schemes since
they are not smooth at the nodes. Recently we have found that the SCNI
method applied to NN shape functions produces spurious low energy (not
zero energy) modes in some problems and these modes did not appear to
vanish with refinement. In this work, a modification to the SCNI method is
made that appears to provide stable results as demonstrated in eigenvalue
and large deformation examples provided here.

Natural neighbor (NN) shape functions have some distinct advantages over
many meshless schemes in that they interpolate the data making it simpler
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to implement essential boundary conditions and the nodal adjacency only
includes near neighbors. The NN/NEM approach has been implemented in the
context of a meshless method by exploiting the concept of alpha shapes [4, 6] to
determine/treat the free surface of cloud of points. In this work, the integration
method in [10, 5] is modified by applying an additional stabilization term. In
what follows: Section 2 introduces the global weak form, the NN interpolation
scheme and the SCNI approach with added stabilization, Section 3 presents
results demonstrating the necessity of the added stabilization and effectiveness
of the proposed approach.

2 Formulation

The formulation will be introduced in the context of linear elasticity and the
straightforward extensions to the nonlinear regime will be given at the end of
the section.

2.1 Galerkin Method

Considering a body occupying the domain Ω ⊂ R
3, the governing equations

of motion are given
ρü = ∇σ + b (2.1)

where u is the displacement field, b is the body force and σ = σ(ε) is the
Cauchy stress tensor in terms of strain

ε(u) = 1/2(∇u +∇uT ). (2.2)

Employing test function v, the weak form of (2.1) can then be written

∫

Ω

ρv · ü dΩ +

∫

Ω

ε(v) : σ(ε(v)) dΩ =

∫

Ω

v · b dΩ +

∫

Γt

v · t dΓ (2.3)

where applied tractions t are specified on the boundary Γ t.

2.2 Discrete Form

Following standard procedure, the discrete displacement field is defined

uh =

N∑

I=1

φI(x)uI x ∈ Ωh (2.4)

in terms of shape functions φI and nodal displacements uI over all nodes I =
1, ..., N on the discretized domain Ωh. Unlike finite elements, the definition of
the domain Ωh in meshless methods is not straightforward and is defined in
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what follows. Substituting (2.4) into the weak form (2.3) and applying nodal
integration, the following discrete form results

N∑

I=1

mIvI · üI + VIεI(vh) : σ(εI(uh))− vI · f I = 0 (2.5)

where mI is the nodal mass, fI is a collocated form of the applied loads, εI

is the nodal strain and VI is the nodal volume. Since the NN shape functions
interpolate the data, the nodal mass is simply mI = ρVI . The body force
contribution to f I is computed similarly. Here, the traction force contribution
to f I is computed using the surface mesh but other techniques are outlined
in [1]. The εI could be the symmetric gradient of the displacement at xI or
computed using SCNI as shown in what follows. In this work, VI represents the
volume of the Voronoi cell ΩI about node I (Fig. 1(a)). The Voronoi diagram
of a set of sites P := {x1,x2, . . .xN} is a partition such that all points x

within a Voronoi cell ΩI are closer to the generating site I than to any other
site in P . Considering three dimensional space, this can be mathematically
stated

ΩI = {x ∈ R
3 : d(x,xI) < d(x,xJ) ∀ J �= I} (2.6)

To handle arbitrary non-convex geometries, the alpha − shapes approach is
used to compute a surface mesh from the cloud of points. The Voronoi diagram
is then “clipped” by the surface in an approach similar to that in [4] and [6]
thus producing the discretized domain Ωh. Figure 1(b) illustrates this process
for two dimensions and our implementation performs the equivalent in three
dimensions. Of course, this approach may be to computationally intensive for
some applications and one may resort to simpler approaches to compute nodal
volumes (c.f. [1]).

Figure 1. (a) Voronoi diagram about cloud of points. (b) Surface mesh and clipped
Voronoi cells.
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2.3 Natural Neighbor Interpolation

The Voronoi cell for point I is formed by polygonal (usually triangular) cell
walls and the points with common cell walls are the set of natural (or nearest)
neighbors N (xI) for point I. The Laplace (or non-Sibson) form of NN inter-
polation [8] computes interpolation functions at a point x in the following
way. Consider the Voronoi diagram shown in black in Fig. 2, the interpolation
function φ at a point x is computed by doing a point insertion where x is
treated as an additional vertex in the set P and a new Voronoi cell is formed
(shown in blue in Fig. 2(a)). For the two dimensional case, the heights h and

Figure 2. (a) Point insertion at x. (b) Geometry of Voronoi cell about x

cell wall lengths s are used to compute the shape functions evaluated at point
x

φJ(x) =
sJ/hJ∑

K∈N (x) sK/hK
∀J ∈ N (x). (2.7)

In three dimensions, the quantity s is a cell wall area. The NN interpolation
functions are both linear exact and interpolative.

2.4 Stabilized Conforming Nodal Integration (SCNI)

If smooth shape functions are used, one could merely take derivatives at the
nodes to compute the nodal strain εI (although patch test satisfaction may
be violated). Since NN shape functions are not smooth, a different approach is
required. Here, the nodal strain is computed using the SCNI approach which
is well described in [3, 10, 5]. In short, εI is computed from the volume average
of the strain ε over the Voronoi cell domain ΩI and using divergence theorem
results in the surface integral

εI(uh) =
1

VI

∫

∂ΩI

(uh ⊗ n + n⊗ uh)/2 dΓ (2.8)
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where n is the unit normal along the contour surface of cell I. Numerical
integration is employed in computing (2.8) such that one integration point at
the centroid of each Voronoi facet is used. This approach exactly satisfies patch
test and can be used without any additional stabilization in many situations as
demonstrated in [3, 10, 5]. On the other hand, it is shown here that problems
arise such that spurious low energy modes arise in some applications of SCNI
motivating the following approach.

2.5 Modified SCNI

As mentioned, the SCNI formulation produces spurious modes as seen in
Fig. 4(b). Although the SCNI approach does not have zero energy modes, a
straightforward analysis can demonstrate that the method is not V1 coercive.
Referring to (2.3) and (2.5), the discrete bilinear form for linear elasticity is
written

a(vh,uh) =

N∑

I=1

εI(vh) : CεI(uh)VI (2.9)

where C is the elasticity tensor and the discrete strain energy results when
vh

.
= uh. Considering a one dimensional BVP with evenly spaced nodes, the

appropriate saw tooth displacement field would cause the nodal strain defined
by (2.8) to be zero everywhere except at the boundaries. This would produce
a zero energy mode for an infinite domain and a spurious low energy mode for
a finite domain. In order to eliminate these modes the Voronoi cells at node
I are further decomposed into sub-cells Ωc

I as shown for the two dimensional
case in Fig. 3. Here each sub-cell is a triangle/polyhedron formed from the
generating node and a Voronoi edge/facet in two/three dimensions respec-
tively. In practice, we can merge adjacent triangle/polyhedron into reduced
set of sub-cells. Examples in this work use eight sub-cells by performing this
merge process although some nodes may actually have less than eight sub-
cells since they have less than eight Voronoi facets. The same SCNI approach
is used to compute the strain over each sub-cell Ωc

I

εc
I(uh) =

1

V c
I

∫

∂Ωc
I

(uh ⊗ n + n⊗ uh)/2 dΓ c = 1, ..., Nc
I (2.10)

where N c
I is the number of sub-cells used at node I and V c

I is the volume of
the sub-cell. The modified SCNI weak form is now proposed

a(vh,uh) =

N∑

I=1

[εI(vh) : CεI(uh)VI

+

Nc
I∑

c=1

αc
I(εI(vh)− εc

I(vh)) : C̃(εI(uh)− εc
I(uh))V c] (2.11)
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where αc
I is a penalty parameter and C̃ is the elasticity tensor or some modified

version. In the proceeding examples, the sub-cell penalty will be uniform i.e.
αc

I = 1 amounting to what is sometimes referred to as “physical stabilization”
[2, 9]. Here, the stiffness C̃ is chosen in the following way: Isotropic elastic
material: Lamé parameters µ and λ:

µ̃ := µ λ̃ := max(λ, 25µ̃) (2.12)

Isotropic plastic material: Lamé parameter λ and plastic modulus ET :

µ̃ := ET /2 λ̃ := max(λ, 25µ̃) (2.13)

For non-isotropic materials, the choice for µ̃ and λ̃ would be less obvious but
still tractable. Using a maximum in (2.12) and (2.13) mitigates volumetric
locking. The nodal deformation gradients F I ,F

c
I are defined

F I(uh) =
1

VI

∫

∂ΩI

uh ⊗ n dΓ F c
I(uh) =

1

V c
I

∫

∂Ωc
I

uh ⊗ n dΓ e = 1 : N c
I

(2.14)
and for large deformation kinematics, the internal virtual work (2.11) is rede-
fined

a(vh,uh) =

N∑

I=1

[F I(vh) : P (F I(uh))VI

+

Nc
I∑

e=1

αc
I(F I(vh)− F c

I(vh)) : C̃(F I(uh)− F c
I(uh))V c] (2.15)

where P is the first Piola Kirchoff stress and VI and V c
I are determined in

the initial reference configuration. The numerical implementation replaces the
internal virtual work (2.9) with (2.11) or (2.15) in the weak form of the equa-
tions of motion (2.3).

Figure 3. Subcells in the Voronoi cell formed from xI .
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2.6 Implementation Details

In our implementation, the strain displacement matrices were computed at
initialization and then stored to avoid re-computation of the Voronoi diagram
at every time step. This also applies to the nonlinear kinematics case where
the total Lagrangian approach (2.15) was employed.

The SCNI and the stabilization approach require the computation of shape
functions at the Voronoi cell walls and polygons separating adjacent sub-cells
for each node I. To expedite this calculation and to reduce connectivity, the
smallest set of nodes were employed in evaluating shape functions:

(i) Only the set N (xI)∪N (xJ) was used for Voronoi cell wall shape function
evaluations where the cell wall was common to the Voronoi cells of node
xI and xJ .

(ii) Only the set N (xI) was used for the interior sub-cell shape function
evaluations.

If the above approach didn’t work (i.e. the cell wasn’t closed), more nodes
were added to the set based on adjacency. Unlike changing the smoothing
length of the weight functions with RKPM or EFG to get the appropriate
amount of cover, adding nodes to the set to compute shape functions does
not affect any previous computations.

The results here used two dimensional triangular finite element interpola-
tion everywhere on the exterior boundary surface mesh to do shape function
evaluations along the boundary. We have recently implemented two dimen-
sional Laplace shape functions but have yet to compare the difference.

3 Results

The following results demonstrate the necessity and effectiveness of the addi-
tional stabilization. Furthermore, the proposed approach satisfies patch tests
to machine precision and does not appear to lock in nearly incompressible
situations. The constant pressure Q1P0 finite element is used for comparison
since it performs reasonably well for the nearly incompressible case.

Eigenanalysis

This example illustrates the spurious modes using the standard SCNI ap-
proach and the improved behavior using additional stabilization. An eigen-
analysis of a nearly incompressible 1× 1× 1 block (E = 1, ν = 0.499, ρ = 1)
was performed and the first eigenmodes using the Q1P0 brick element, the
SCNI NN approach and the proposed approach are plotted in Fig. 4. The fre-
quency versus eigenmode is plotted in Fig. 5 and it is seen that results from
the new approach are nearly identical to that of the Q1P0 for the first 100
modes. With SCNI, the frequencies for the first one hundred modes are low
due to the presence of spurious modes.
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Figure 4. First eigenmode using: (a) brick elements, (b) SCNI (c) modified SCNI.

Figure 5. Frequency versus eigenmode for three approaches.

Rubber Billet

In this example, the performance on a large deformation problem is evaluated.
A rubber billet 50.8 in length and diameter (Fig. 6(a)) with Neo Hookean ma-
terial parameters (E = 1, ν = 0.49) was compressed to 70% strain and only
the bottom section was modeled due to symmetry. In the model, a unilateral
contact surface was used to vertically constrain the outer surface as it ex-
pands (bulges) horizontally. The sequence of deformations from the proposed
approach are shown in Fig. 6(a-c). The SCNI analysis terminated at 41%
strain due to large oscillations (Fig. 6(d)) whereas the stress and deformation
match nicely for the proposed approach and the Q1P0 hex element results at
this strain threshold (Fig. 6(b,e)). Oscillations do become apparent in the last
state shown in Fig. 6(c) compared to the Q1P0 results Fig. 6(e). The total
force applied to the billet versus strain is shown plotted in Fig. 7 and it seen
that the proposed approach matches the Q1P0 quite well.
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Figure 6. Rubber billet: (a-c) sequence of deformation of stabilized NEM (d) un-
stabilized NEM (e-f) deformed configurations of Q1P0. The vertical σz stress is
indicated in (b-f).

Figure 7. Force versus percent strain for rubber billet.
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Taylor Bar

A standard benchmark for plasticity is the Taylor bar impact problem. Here,
a copper bar impacts a rigid wall at high velocity. The following elastoplastic
material properties were used: E = 117 GPa, ν = 0.35, σy = 0.4 GPa, linear

hardening modulus ET = 0.1 GPa and density ρ = 8930 kg/m
3
. The initial

bar length was 32.4 mm, the initial radius was 3.2 mm and the initial velocity
was 227m/s. The final deformed states are shown in Fig. 8 where the color
indicates displacement magnitude. Again, the new stabilization compares well
with the Q1P0 finite element result but the SCNI shows oscillations.

Figure 8. Final configuration and plot of displacement magnitude from (a) new
stabilized (b) SCNI and (c) Q1P0 approaches.

4 Discussion

A new stabilized nodal integration approach was developed and applied to the
natural neighbor meshless method. The approach performed well in eigenvalue
and nonlinear benchmark problems. Here, a total Lagrangian approach was
used for large deformation. Extension of the method using an “Eulerian” type
kernel for extremely large deformations occurring in penetration will be inves-
tigated. The method appeared to perform well for the nearly incompressible
case but would require modifications to treat the fully incompressible case.
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Summary. The Finite Pointset Method (FPM) is a meshfree Lagrangian parti-
cle method for flow problems. We focus on incompressible, viscous flow equations,
which are solved using the Chorin projection method. In the classical FPM second
order derivatives are approximated by a least squares approximation. In general
this approach yields stencils with both positive and negative entries. We present
how optimization routines can force the stencils to have only positive weights aside
from the central point, and investigate conditions on the particle geometry. This ap-
proach yields an M-matrix structure, which is of interest for various linear solvers,
for instance multigrid. We solve the arising linear systems using algebraic multigrid.

Key words: Finite Pointset Method, meshfree finite difference method, op-
timization, M-matrix, algebraic multigrid.

1 Introduction

The Finite Pointset Method (FPM) was introduced by Kuhnert [8] in 1999 as
General Smoothed Particle Hydrodynamics. While in the classical SPH [14, 15]
space derivatives are approximated using symmetric kernels, the FPM ap-
proximates them using the moving least squares method, as done by Dilts [3].
Furthermore, in FPM, particles have no mass, they are merely interpolation
points for the field information, such as density, velocity, pressure, energy, etc.
The FPM was applied successfully to problems with complex, time-dependent
geometries [10] and free surface flows [11].

Tiwari and Manservisi [13] applied the FPM to incompressible flows using
the Chorin projection method [1]. Such computations require one or several
(if solved implicitly) Poisson problems to be solved in each time step. Hence,
efficient methods are required to solve these. We seek Poisson solvers that do
not use or generate a mesh. Two aspects are of importance:

(i) The discretization of the Poisson equation, to obtain a linear sys-
tem. We use finite differences to approximate the Laplace operator. The
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classical FPM approach makes use of all particles inside a given smooth-
ing length. We present a new approach which takes the FPM points as
candidates and selects out of them a minimum number of points, which
are positioned such that the Laplace stencils are positive.

(ii) Solving the obtained system efficiently. We investigate a BICG solver
as well as an algebraic multigrid (AMG) [18] solver. The finite difference
discretization yields in general non-symmetric matrices, thus various nice
properties known from symmetric matrices are not present here.

In Sect. 2 we briefly outline the FPM for incompressible flows. In Sect. 3 the
finite difference approximations are given and linear minimization with sign
constraints is motivated. In Sect. 4 we derive conditions on the point geometry,
such that positive stencils exist. Sect. 5 deals with optimization routines for
the stencil computation, and Sect. 6 concludes how to construct the M-matrix.
In Sect. 7 we explain the application of multigrid to our problem, and Sect. 8
provides numerical investigations and examples.

2 FPM for the Incompressible Navier-Stokes Equation

We consider the instationary incompressible Navier-Stokes equations in La-
grangian form

Du

Dt
= −∇p + ν∆u + g (2.1)

∇ · u = 0

with appropriate initial and boundary conditions. Here u is the velocity, ν
is the kinematic viscosity, p is pressure per density, and g represents the
acceleration due to external forces. Applications may involve temperature
evolution equations and time-dependent boundary conditions.

We solve the above system using the Chorin projection method [1], as
described in [9]. In each time step we move the particles and solve (2.1) as if
the flow was compressible

xn+1 = xn + ∆t vn

ũn+1 = un + ∆t ν ∆vn + ∆t gn (2.2)

then project ũn+1 onto the subspace of divergence free velocity fields

un+1 = ũn+1 +∇pn+1,

where pn+1 solves the Poisson equation

−∆pn+1 = ∇ · ũn+1. (2.3)

with possibly mixed boundary conditions Dirichlet and Neumann. If the vis-
cosity ν is large, step (2.2) should be computed implicitly, which leads to
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additional Poisson problems to be solved in each time step. In such cases, the
main effort can lie in solving equations of the type (3.4) on the point cloud of
the particles.

3 Finite Difference Approximation

Consider the Poisson equation to be solved inside a suitable domain Ω ⊂ R
d





∆u = f in Ω

u = g on ΓD

∂u
∂n = h on ΓN

(3.4)

where Γ = ΓD∪ΓN = ∂Ω. Let an arbitrary point cloud X = {ξ1, . . . , ξn} ⊂ Ω
be given, which consists of interior points Xi = {ξ1, . . . , ξni

} ⊂ Ω and bound-
ary points Xb = {ξni+1, . . . , ξn} ⊂ ∂Ω. A great variety of finite difference
methods (as described in Chap. III in [7]) exists to convert this problem into
a finite dimensional linear system

Aû = f̂ , (3.5)

where û contains approximations to u(ξi). The moving weighted least squares
(MWLS) method [4, 12] computes coefficients, such that the solution of (3.4)
is best approximated in some polynomial basis. Other approaches in the con-
text of generalized finite difference methods (GFDM) approximate the Laplace
operator by a stencil, which is computed by guaranteeing exactness for poly-
nomials up to a given order. Nearly all methods in this context have two
aspects in common: Firstly, a quadratic functional is minimized or a prob-
lem is solved in a least-squares sense, secondly, for each interior point ξi the
Laplace stencil is obtained by solving a small linear system. In the follow-
ing we slightly deviate from this path by formulating a linear minimization
problem and imposing sign constraints on the stencil values.

3.1 Constraints by Taylor Expansion

Consider an arbitrary interior point of the point cloud, denoted by ξ0. A
neighborhood U(ξ0) = B(ξ0, r) = {ξ ∈ Ω : ‖ξ − ξ0‖ < r} is considered (due
to its SPH-background, in the FPM the length r is called smoothing length).
Let the points inside the neighborhood U(ξ0) be numbered (ξ0, ξ1, . . . , ξm).

Assume r is chosen large enough, such that m ≥ k, where k = d(d+3)
2 (the

number of constraints (3.10) and (3.11)). Define the distance vectors xi =
ξi−ξ0 ∀i = 0, . . . ,m. Assume u ∈ C2(Ω,R). Inside the neighborhood B(ξ0, r)
the function value at each neighboring point u(ξi) can be expressed by a Taylor
expansion
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u(ξi) = u(ξ0) +∇u(ξ0) · xi +
1

2
∇2u(ξ0) :

(
xi · xT

i

)
+ ei (3.6)

Here the colon denotes the matrix scalar product A : B =
∑

i,j AijBij ,
and ei is the error in the expansion. A linear combination with coefficients
(α0, . . . , αm) equals

m∑

i=0

αiu(ξi) = u(ξ0)

(
m∑

i=0

αi

)
+∇u(ξ0) ·

(
m∑

i=1

αixi

)
(3.7)

+∇2u(ξ0) :

(
1

2

m∑

i=1

αi

(
xi · xT

i

)
)

+

(
m∑

i=1

αiei

)

Expression (3.7) shall approximate the Laplacian at the central point

m∑

i=0

αiu(ξi) = ∆u(ξ0) + O(r3) (3.8)

This is satisfied, if the following constraints hold

m∑

i=0

αi = 0 (3.9)

m∑

i=1

xiαi = 0 (3.10)

m∑

i=1

(
xi · xT

i

)
αi = 2I (3.11)

Here (3.11) follows, since ∇2u(ξ0) : I = ∆u(ξ0). Constraints (3.10) and (3.11)
can be formulated as a linear system of equations

V ·α = b (3.12)

where V ∈ R
k×m is the Vandermonde matrix given by x1, . . . ,xm, and α ∈

R
m is the sought vector of weights. In 2d the system reads as

V =




x1 . . . xm

y1 . . . ym

x1y1 . . . xmym

x2
1 . . . x2

m

y2
1 . . . y2

m




, b =




0
0
0
2
2




The central weight α0 is then given by (3.9). In general one chooses r large
enough such that m > k, i.e. system (3.12) is underdetermined. A minimiza-
tion problem is formulated to single out a unique stencil α.
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3.2 Quadratic Minimization

The weighted least squares approach leads to minimizing the functional

J0 =

m∑

i=0

α2
i

wi
or J1 =

m∑

i=1

α2
i

wi
, (3.13)

depending on the formulation. Here wi = w(‖xi‖). The distance-weight func-
tion w(d) is chosen to decay with d increasing, such that points closer to
the central point have a larger influence. In [7] various distance-weight func-
tions are discussed. The quadratic minimization (QM) problem (3.13) with
the constraints V ·α = b can be solved using Lagrange multipliers

α = (WV T )(V WV T )−1 · b (3.14)

Here W is a diagonal matrix containing the weights wi. The Vandermonde
matrix V is given by (3.10) and (3.11) when minimizing J1 and additionally
contains (3.9) when minimizing J0. In the FPM the same formula (3.14) is
derived [17] by minimizing

∑m
i=0 wie

2
i , where ei are the errors given by (3.6).

For each central point, computing the stencil via (3.14) requires to solve a
small k×k system, an effort that often must not be neglected. For the matrix
V WV T to be regular, some conditions on the geometry of the points have to
be imposed, e.g. the points must not lie on one line. In [7] examples of such
failures are provided. However, these conditions are rather relaxed compared
to the conditions the existence of a positive stencil imposes (see Sect. 4).

3.3 Linear Minimization with Sign Constraints

As an alterative to QM we suggest obtaining the stencil α via the linear
minimization (LM) problem

min

m∑

i=1

αi

wi
, s.t. V ·α = b, α ≥ 0, (3.15)

Three points speak for this approach:

• QM can yield negative weights. As an example consider the central point
ξ0 = (0, 0) and 6 points on the unit circle ξi = (cos(π

2ϕi), sin(π
2ϕi)), where

(ϕ1, . . . , ϕ6) = (0, 1, 2, 3, 0.1, 0.2). As the neighboring points lie on the unit
circle, the distance-weight function does not influence the result. QM of J1

in (3.13) yields the stencil αquad = (0.846, 1.005, 0.998, 1.003, 0.312,−0.164).
However, there is a solution α ≥ 0 satisfying V · α = b, namely
αlin = (1, 1, 1, 1, 0, 0). Indeed, this solution is obtained by formulation
(3.15).
If a positive stencil α ≥ 0 can be obtained for every point, the system
matrix in (3.5) is an M-matrix (see Sect 6 on boundary conditions). The
desirability of this structure has been pointed out in [2, 4].
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• Approximation (3.8) is the better, the smaller the total error term e =∑m
i=1 αiei. It becomes particularly large, if the error terms accumulate,

i.e. for α ≥ 0 w.l.o.g. ei ≥ 0 ∀i. Assumed that due to the Taylor expansion
ei = c‖xi‖3, minimizing e yields formulation (3.15) with w(d) = |d|−3.

• Problem (3.15) is a linear program in standard form. Assumed the con-
straints admit a solution (see Sect. 4), then due to the fundamental theorem
of linear programming [6] there is a basic solution, in which only k of the
m stencil entries αi are different from zero. This yields significantly fewer
matrix entries as in QM. Hence, applying the sparse system matrix in (3.5)
will be significantly faster.

On the other hand, QM as presented in Sect. 3.2 has advantages. The stencil is
given by a solution formula (3.14), various interpretations (MWLS, GFDM,
FPM) allow to adapt desired properties, the approximating function has a
good smoothness (if the distance-weight function is smooth enough [12]), etc.

4 Conditions for the Existence of Positive Stencils

Let (x1, . . . ,xm) ⊂ R
d be the point positions distributed around a central

point in the origin, at which the Laplace operator should be approximated.
Let V and b be defined as in Sect. 3.1. We investigate under which conditions
on the points’ geometry in R

d the underdetermined system V · α = b has a
solution α ≥ 0 (which is a problem in R

k).
Due to Farka’s Lemma [6], V ·α = b has no solution α ≥ 0, if and only if

system V T ·w ≥ 0 has a solution satisfying bT ·w < 0. The i-th component
of V T ·w can be written as

(
V T ·w

)
i
= aT · xi + xT

i ·A · xi,

where a = (w1, . . . , wd)
T

and A is the symmetric matrix

A =

(
w4 w3

w3 w5

)
(2d) resp. A =




w7 w4 w5

w4 w8 w6

w5 w6 w9


 (3d)

Given w (resp. a and A), we consider the function

f(x) = aT · x + xT ·A · x

Since A is symmetric, an orthogonal matrix S ∈ O(d) exists, such that
STAS = D, where D = diag (λ1, . . . , λd). In the new coordinates we define

g(x) = f(Sx) = dT · x + xT ·D · x

where d = ST a. Assumed that all eigenvalues λi �= 0, we can write
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g(x) = (x− c)T ·D · (x− c)− cT ·D · c

where c = − 1
2D

−1d. One can show that choosing w ∈ R
k arbitrarily is

equivalent to choosing S ∈ O(d), λ = (λ1, . . . , λd) ∈ R
d and c ∈ R

d arbitrarily.
For any λ, c ∈ R

d define the domain

Hλ,c = {x ∈ R
d : g(x) ≥ 0}

For a set of points X = {x1, . . . ,xm} define SX = {Sx1, . . . , Sxm}. Due
to Farka’s Lemma, system V · α = b has no solution α ≥ 0, if and only if
S ∈ O(d), c,λ ∈ R

d with
∑d

i=1 λi < 0 exist, such that

SX ⊂ Hλ,c. (4.16)

Criterion (4.16) means that the set of points X can be transformed (via
S ∈ O(d)), such that it is contained in the set Hλ,c for some c,λ ∈ R

d

with
∑d

i=1 λi < 0. It is exactly equivalent to the non-existence of a positive
Laplace stencil. However, due to the nonlinearity in g, it is difficult to trans-
late condition (4.16) into geometric means. Instead, we derive a necessary (but
not sufficient) as well as a sufficient (but not necessary) criterion on the point
geometry for the existence of a positive Laplace stencil. To our knowledge the
latter has not been given yet.

4.1 A Necessary Criterion for Positive Stencils

If V · α = b has a solution α ≥ 0, then for any S ∈ O(d), c,λ ∈ R
d with∑d

i=1 λi < 0, there is a point xi with Sxi /∈ Hλ,c. For the particular choice
λ1 = −1, λi = 0 ∀i > 1 and c1 ≫ maxi ‖xi‖ it follows that for any S ∈ O(d)
at least one point must satisfy x1 < 0. This yields the following

Theorem 1. If a set of points X ⊂ R
d around the origin admits a positive

Laplace stencil, then they must not lie in one and the same halfspace (with
respect to an arbritrary hyperplane through the origin).

This result is well known and has been presented e.g. in [4]. Obviously, due
to the particular choice of λ above, this criterion is very crude, but very easy
to formulate in geometric means. A more careful estimate of (4.16) may yield
stricter necessary criteria.

4.2 A Sufficient Criterion for Positive Stencils

For any c,λ ∈ R
d with

∑d
i=1 λi < 0 we construct a domain Gλ,c ⊃ Hλ,c. The

domain Gλ,c will be the whole R
d aside from a cone centered at the origin.

If we can ensure that for any c,λ ∈ R
d, S ∈ O(d) there is at least one point

Sxi /∈ Gλ,c, then Sxi /∈ Hλ,c. Hence, a positive Laplace stencil exists.
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Theorem 2 (Domain in 2d). Let c,λ ∈ R
2 with λ1 + λ2 < 0. There exists

always a cone Cv defined by

v · x >
1√

1 + β2
‖x‖,

where β =
√

2− 1 (a cone with total opening angle 45◦, the vector v depends
on λ and c), such that Gλ,c = R

d \ Cv satisfies Hλ,c ⊂ Gλ,c.

Proof. We show that Hλ,c and Cv do not intersect. Since the problem is in-
variant under interchanging coordinates, only two cases need to be considered:

• Case (−−): λ1 < 0, λ2 < 0
The set Hλ,c is the interior of an ellipse centered at c with 0 ∈ ∂Hλ,c.
The vector v = −(λ2

λ1
c1,

λ1

λ2
c2) is the outer normal vector to the ellipse.

Obviously the cone Cv touches the ellipse only at the origin.
• Case (+−): λ1 > 0, λ2 < 0

Define µ1 = |λ1|
|λ2| < 1. The domain Hλ,c is defined by

g̃(x1, x2) = µ1(x
2
1 − 2c1x1)− (x2

2 − 2c2x2) ≥ 0

Due to symmetry we can assume c1, c2 ≥ 0. For all x ∈ B, where B =
{(x1, x2)|x1 > 0, x2 < 0, |x1| < |x2|}, the function g̃ satisfies

g̃(x) = µ1(|x1|2 − 2c1|x1|)− (|x2|2 + 2c2|x2|)
< (µ1 − 1)|x2|2 − 2(µ1c1|x1|+ c2|x2|) < 0,

hence Hλ,c ∩Cv = ∅. The domain B is a 2d cone with opening angle 45◦,

where v = (1
2

√
2−
√

2, 1
2

√
2 +
√

2), which proves the claim.

The case λ1 = 0 reduces to the trivial 1d case.

Theorem 3 (Domain in 3d). Let c,λ ∈ R
3 with λ1 + λ2 + λ3 < 0. There

exists always a cone Cv defined by

v · x >
1√

1 + β2
‖x‖,

where β =
√

1
6 (3−

√
6) (a cone with total opening angle 33.7◦), such that

Gλ,c = R
d \ Cv satisfies Hλ,c ⊂ Gλ,c.

Proof. The following cases need to be considered:

• Case (−−−): λ1 < 0, λ2 < 0, λ3 < 0
This case is analogous to the 2d case.
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• Case (+ +−): λ1 > 0, λ2 > 0, λ3 < 0

Define µ1 = |λ1|
|λ3| < 1, and µ2 = |λ2|

|λ3| < 1. The domain Hλ,c is defined by

g̃(x1, x2, x3) = µ1(x
2
1 − 2c1x1) + µ2(x

2
2 − 2c2x2)− (x2

3 − 2c3x3) ≥ 0

Due to symmetry we can assume c1, c2, c3 ≥ 0. For all x ∈ B, where

B = {(x1, x2, x3)|x1, x2 > 0, x3 < 0, |x1|, |x2| <
√

1
2 |x3|}, the function g̃

satisfies

g̃(x) = µ1(|x1|2 − 2c1|x1|) + µ2(|x2|2 − 2c2|x2|)− (|x3|2 + 2c3|x3|)
< ( 1

2 (µ1 + µ2)− 1)|x3|2 − 2(µ1c1|x1|+ µ2c2|x2|+ c3|x3|) < 0.

Note that B is not a cone. However, a 3d cone can always be contained
inside B. Some geometric considerations yield that the cone with maximum

opening angle contained inside B is given by β =
√

1
6 (3−

√
6) and v =

1√
41−16

√
6

(
2(
√

3−
√

2), 2(
√

3−
√

2), 1
)
.

• Case (+−−): λ1 > 0, λ2 < 0, λ3 < 0

Define µ2 = |λ2|
|λ1| and µ3 = |λ3|

|λ1| . Since µ2 +µ3 > 1, we assume w.l.o.g. µ3 ≥
1
2 . The domain Hλ,c is defined by

g̃(x1, x2, x3) = (x2
1 − 2c1x1)− µ2(x

2
2 − 2c2x2)− µ3(x

2
3 − 2c3x3) ≥ 0

Due to symmetry we can assume c1, c2, c3 ≥ 0. For all x ∈ B, where

B = {(x1, x2, x3)|x1 > 0, x2, x3 < 0, |x1|, |x2| <
√

1
2 |x3|} the function g̃

satisfies

g̃(x) = (|x1|2 − 2c1|x1|)− µ2(|x2|2 + 2c2|x2|)− µ3(|x3|2 + 2c3|x3|)
= (|x1|2 − µ2|x2|2 − µ3|x3|2)︸ ︷︷ ︸

<( 1
2−µ3)|x3|2≤0

−2(µ1c1|x1|+ µ2c2|x2|+ c3|x3|) < 0.

Here the domain B is the same as in case (+ +−), merely reflected at the
x1, x3 plane. Hence, a 3d cone can be placed in the same way.

The cases λ1 = 0 or λ2 = 0 reduce to the 2d case.

Theorem 4. Let the point cloud have a mesh size hmax such that ∀x ∈
Ω∃xi ∈ X : ‖xi − x‖ < hmax (the point cloud has no holes larger than
hmax, see [12] for an equivalent definition). Let γ be the opening angle of the
cone derived in Thm. 2 and Thm. 3. If the smoothing length satisfies

r >
1

sin(γ/2)
hmax

then for every interior point there exists a positive stencil.
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Figure 1. Relation between smoothing length and mesh size

Proof. Fig. 1 shows a ball with radius r around the central point and a cone
with opening angle γ. Assumed, the cone contains no point, then there must
be a ball of radius hmax which contains no points. The claim follows by con-
sidering the triangle (0,x,xi).

The condition on the mesh size given in Thm. 4 is guaranteed in the FPM
by constant inserting of points. Hence, one can enforce the Laplace stencils
for every interior point to be positive by choosing the smoothing length r large
enough. The ratios given by Thm. 4 are

r

hmax
>
√

1 + 1
β2 =

{√
4 + 2

√
2 = 2.61 in 2d√

7 + 2
√

6 = 3.45 in 3d

Note that the estimates in Thms. 2 and 3 are not sharpest possible. Indeed,
one can derive smaller ratios. However, the algebra becomes significantly more
complex. Additionally, as a sufficient criterion only, positive stencils can very
well be obtained for significantly smaller ratios, e.g. if the point geometry is
particularly nice. We shall provide sharper estimates in future work.

5 Optimization for Interior Points

For every interior point we consider points in the neighborhood, set up the
linear program (3.15) and solve using the two stage simplex algorithm [6]. It is
efficient to first choose few candidate points. If the simplex yields no feasible
solution, then the smoothing length is increased to the value given by Thm. 4.

Our optimization problem is rather atypical, since we are confronted with
lots of small, non-sparse systems. The effort of the optimization routines has
to compare with the effort for the matrix multiplications and Gauß elimi-
nation for computing the stencils via (3.14). Assumed that the number of
simplex steps roughly equals the number of constraints , one can estimate
that the numerical effort should be of the same order. In Sect. 8.1 we show
computational results.

The simplex algorithm is implemented into the FPM Fortran-code. We
compare the FPM-simplex the with different routines in the optimization
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Table 1. Optimization Run Times

fpm simplex primal simplex dual simplex barrier method

presolve on 17s 14s 38s
presolve off 12s 23s 20s 39s

software CPLEX. The run times for 42000 interior points are shown in Table 1.
The FPM simplex performs well in comparison with the CPLEX routines.
We assume that initialization and checks in CPLEX are not negligible for the
small problems. Optimization heuristics (CPLEX presolve) do not improve the
results. Finally, communication requires extra time, which is not considered
here. Interior point methods (here barrier methods) perform worse than the
simplex method for problems of the type (3.15).

6 Setting Up the System Matrix

In the previous sections we have shown that for interior points positive sten-
cils can be guaranteed. Points with Dirichlet boundary conditions are also
no problem. For each such point, an identity row in included into the sys-
tem matrix. This way the matrix size equals the number of points. One can
alternatively eliminate the Dirichlet points from the system matrix.

Neumann boundary conditions are included in a similar manner as interior
points. At the boundary point, ∂u

∂n is approximated using neighboring points.
In many applications, a second order accurate approximation is required. The
stencil must satisfy




x1 . . . xm

y1 . . . ym

x1y1 . . . xmym

x2
1 . . . x2

m

y2
1 . . . y2

m



·α =




nx

ny

0
0
0




(2d)

which is incompatible with a positive stencil, since then the quadratic condi-
tions cannot be satisfied. A first order approximation does not consider the
quadratic rows, thus an α ≥ 0 can always be chosen.

In principle, problem (3.4) can always be approximated with an M-matrix.
In applications, however, one often approximates Neumann boundary condi-
tions with second order accuracy, sacrificing the M-matrix property. We do
so in the applications presented in Sect. 8.2, and observe that this does not
significantly worsen the performance when solving system (3.5). On the con-
trary, choosing too few points in the Neumann stencils sometimes leads to
instabilities.

Figure 2 shows the sparse matrix structure for QM, Fig. 3 shows the
structure for LM. Obviously the LM-matrix is significantly sparser. Note that
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Figure 2. Quadratic minimization
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Figure 3. Linear minimization

the QM-matrix is symmetrically structured (aij = 0 ⇔ aji = 0). The LM-
matrix loses this property. Apart from the numerical results in Sect. 8.1 we
do not know whether this property influences the performance of solvers.

7 Algebraic Multigrid

As in many methods for incompressible flows, multigrid is of interest for the
FPM. Especially for large problems, the optimal effort O(n) is desirable. We
consider multigrid as a solver for the problems (2.3) and linear problems due
to implicit time steps. Various approaches exist on how to apply multigrid to
such linear problems [18]. Since in the FPM the point geometry is given by the
fluid flow, working directly geometrically is complicated. Instead, we consider
Algebraic Multigrid (AMG), as presented in App. A in [18]. Advantages are

• Discretizing (2.3) and solving (3.5) can be treated (almost) independently
of each other. AMG can even be used as a black box solver.

• Points cloud coarsening and appropriate restriction and prolongation are
done automatically. One does not have to consider the geometry.

Of course, these advantages can be disadvantages. With geometric multigrid
one has more control on the geometry, more flexibility, and coarsening is easier
to interpret. Additionally, setting up the graph and selecting the C/F-variables
in AMG is an initial overhead.

We use the SAMG code of the Fraunhofer Institut für Algorithmen und
Wissenschaftliches Rechnen (SCAI). The code is powerful and flexible. Various
AMG versions described in [16], such as aggregation-type AMG are available.

Some good results and estimates have been given for AMG applied to the
class of symmetric M-matrices [16, 18]. Unfortunately, the matrices obtained
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in the FPM are non-symmetric, which no AMG theory is available for. As
shown in Sect. 6, we can enforce an M-matrix structure, but the matrices
remain non-symmetric. On the other hand, we approximate the Laplace oper-
ator, so we hope that some of the good properties for symmetric M-matrices
carry over. The numerical investigations in Sect. 8 give some insight.

8 Numerical Results

We apply the derived methods to a Poisson model problem in order to compare
run times and performance, as well as to industrial applications in order to
investigate whether the LM approximation performs stable and robust.

8.1 Poisson Test Problem

We consider a 3d cylinder with its top deformed into a tip. Typical FPM
point clouds are generated. We impose Dirichlet boundary conditions and a
right hand side, which arises from solving a projection step (2.3). We generate
the linear system (3.5) first by QM as described in Sect. 3.2, second by LM
as described in Sect. 6. The latter yields an M-matrix, the former does not.
Fig. 4 shows the time required for setting up the linear system, depending on
the number of points. The linear optimization as described in Sect. 5 is by a
factor of 1.2 slower than computing (3.14). Both types of linear systems are
solved by the stabilized BICG method with ILU preconditioning, as well as by
the AMG code described in Sect. 7. The corresponding run times are shown
in Fig. 6 and Fig. 7. Two observations can be made:

• The AMG solver is significantly faster than the BICG solver. Addition-
ally, the dependence of run time on problem size is approximately linear
for AMG, and slightly superlinear for BICG. While the latter meets our
expectations, the former surprises, as a right hand in a projection step
should not have too large smooth error components [5]. AMG seems to fit
the problem well. Algebraic smoothness need not coincide with geometric
smoothness [18]. Aggregation [16] also speeds up solving.

• The M-matrix property does not improve the performance of the solver.
The matrices obtained by LM are solved significantly faster due to the
matrices’ higher sparsity. In Fig. 6 and 7 we show a solve with the same
LM matrices, but structured as the QM matrices (i.e. zeros are saved).
The run times equal the QM run times. Obviously, the QM matrices are
rather “well behaved”, although they are no M-matrices. Still, LM yields
a significant speedup and a much better memory performance (see Fig. 5).

8.2 Industrial Applications

We consider two industrial simulations of incompressible viscous flows, which
the FPM was successfully applied to, and replace the QM by our LM.
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• Melting of a glass cylinder. Figure 8 shows the point cloud of a melting
glass cylinder. The geometry is rather well behaved, there are many interior
points. Indeed, the FPM works well with LM. The code runs stable and
there is no visible difference between the LM and QM results.

• Filling of a gasoline tank. Figure 9 shows the same setup, on the left
computed with QM, on the right computed with LM. The geometry is com-
plex, many particles are boundary points, many free surfaces are present.
The FPM with LM runs stable. However, the results deviate significantly.
Since no analytical solution is available, we cannot prefer one to the other
solution. However, one can observe problems with LM when two free sur-
faces are close to each other compared to the smoothing length. Since LM
selects a minimal stencil, not enough boundary points might be selected.
We will investigate this problem further.

9 Conclusions and Outlook

We have presented an alternative approach for a finite difference approxima-
tion of the Poisson equation, based on linear optimization. It guarantees an
M-matrix which is significantly sparser than matrices obtained by the classical
least-squares approximation. We proved that under reasonable assumptions
on the point cloud, the M-matrix structure can always be achieved. Numerical
tests showed that the linear optimization approach speeds up solving Poisson
problems significantly. We investigated algebraic multigrid as a solver for lin-
ear systems which arise in the FPM for incompressible flows, discretized both
by least-squares and by linear optimization. The SAMG solver could solve the
given linear systems significantly faster than a BICGstab solver, and showed
to be work well with the FPM.

We will further investigate the linear optimization approach. Especially the
“moving” approach known from least-squares is not clear here. An important
issue is the performance of AMG on the arising non-symmetric M-matrices.
Neumann boundary conditions still cause problems. An interesting question
(also for interior points) is how to construct good positive stencils, which
have slightly more points than the minimum number obtained with linear
optimization. Another question to investigate is which geometric operations
AMG actually performs on the particles, and whether geometric multigrid
approaches can compare with or beat AMG here. We will investigate linear
optimization and AMG in a time dependent problem with complex geometries.
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Summary. This paper presents two different formulations for in-plane generalized
finite elements for geometrical non-linear analysis. The results from analyses which
employ the proposed elements are also presented. One of the proposed elements has
one additional degree of freedom at each node and shows good performance for analy-
sis in which bending deformation is dominant. The other can reproduce quadratic
deformation mode with only corner nodes and it has no linear dependency, which
is a well known problem of generalized finite elements. The formulation is based
on the rate form of the virtual work principle and obtained by a simple exten-
sion of standard FEM. The convergence of analytical solutions and the robustness
against element distortion are investigated and the results are compared with those
of standard displacement based first and second order elements. In most cases, the
proposed elements provide good solution convergence which is similar to, if not bet-
ter than, those of conventional second order elements. Additionally, it is also shown
that high-precision solutions can be obtained even if the mesh is strongly distorted.

Key words: Geometrical Nonlinear Analysis, Compatible Element, Element
Distortion, Locking Free, Generalized Finite Element Method.

1 Introduction

To improve the accuracy of the finite element method (FEM), many kinds of
approaches have been proposed from past to present and one practical and
well-known way is the generalized finite element method (GFEM). GFEM was
introduced by several researches in the 80’s [1, 2]. The main concept of GFEM
is that the precision of solution can be drastically enhanced by introducing
additional nodal degrees of freedom.

In the recent decade, the enhancement of GFEM based on the partition
of unity method (PUM) which was first introduced by Babuška [3] has been
actively worked on [4, 5, 6, 7, 8]. The idea of the partition of unity approach
has good compatibility with the GFEM framework although it was originally
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used in a kind of meshfree method [9]. It has been found that GFEM with
PUM can drastically improve the accuracy of FEM by simple extension of the
conventional finite element formulation. It is also known that the conventional
FEM is a special case in the GFEM framework [10]. On the other hand, it
also has several numerical shortcomings, for example, the computational cost
is expensive due to increased degrees of freedom and the stiffness matrix
becomes singular because of the linear dependency.

In the mean time, as another approach to enhance the performance of
FEM, finite element with drilling freedom was first proposed by Allman [11],
which is an extension of a triangular element and many modification is pre-
sented after that [12, 13]. In Allman’s element, each node of elements has
an independently additional degree of freedom which describes in-plane rota-
tion and the accuracy of solution is enhanced in several problems, especially
bending deformation. Recently, Sekiguchi and Kikuchi reviewed and reexam-
ined elements with drilling freedom and proposed a new element formula-
tion including drilling freedom in the framework of the standard displacement
method [14]. This element can be interpreted as an element based on the
GFEM framework.

Despite the outstanding performance of GFEM, most studies focus only on
linear problems and only a few nonlinear analyses are reported. For example,
Barros et al. incorporated GFEM into material nonlinear analysis [15] and
Terada et al. analyzed discontinuous surface and debonding problems with
the finite cover method, which is a kind of GFEM [16]. However, to date,
there have been no studies taking into consideration geometrical nonlinearity
in GFEM.

In this paper, we propose two kinds of in-plane finite elements in the frame-
work of GFEM and discuss geometrically nonlinear analyses conducted with
these. We also discuss investigations on the convergence of analysis solution
and the robustness against element distortion through comparison with first
and second order elements based on the standard displacement method.

2 Formulation

2.1 Governing Equations

In this study, the formulation is based on the rate form of equilibrium equa-
tion. Therefore, the governing equation is the rate form of Cauchy’s first law
of motion;

∇ · π̇ + ρġ = 0 (2.1)

In the above equation, the inertia force is neglected because only static con-
dition is considered in the present analysis. π, ρ, and g are the first Piola-
Kirchhoff stress tensor, density, and body force vector respectively. They are
functions of the coordinates. ∇ is the gradient operator and superposed dots
denote material time derivative.
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The rate form of the virtual work principle based on (2.1), in which volu-
metric force is neglected, is given as;

∫

v

π̇ : δL =

∫

s

ṫ · δu̇ds (2.2)

where L, t, and u are the velocity gradient tensor, traction vector, and dis-
placement vector respectively. δ means virtual quantities and v and s are
current volume and surface. As for constitutive equation, material objectivity
should be considered because finite rotation occurs in geometrical nonlinear
analysis. Therefore, in the present formulation, the following constitutive re-
lation between the deformation rate tensor (i.e. the symmetric part of velocity
gradient) D and Jaumann rate of the Cauchy stress σ is assumed.

◦
σ = C : D (2.3)

◦
σ = σ̇ −Wσ + σW (2.4)

C is the fourth order constitutive tensor and W is the asymmetric part of
velocity gradient tensor. There is the following relation between the first Piola-
Kirchhoff stress rate and the Cauchy stress rate.

π̇ = σ̇ − Lσ + (trL)σ (2.5)

By substituting (2.3) and (2.4) into the above, the following equation can be
obtained.

π̇ = C : D−Dσ − σD + σLT + (trL)σ (2.6)

where the relation Wσ−σW−Lσ = −Dσ−σD+ σLT is used. By substi-
tuting (2.6) into (2.2) and separating terms with respect to the deformation
rate and velocity gradient, the following equation can be obtained.
∫

v

[
(C : D−Dσ − σD) : δD +

{
σLT + (trL)σ

}
: δL
]
dv =

∫

s

ṫ · δu̇ds

(2.7)

2.2 Interpolation Functions

The general expression of interpolation function in GFEM is given as

u =

m∑

n=1


∑

j

Lja
n
j


Nn (2.8)

Here, Lj and Nn are polynomial terms and shape function respectively. an
j

is an unknown coefficient. m is the number of nodes in the element and su-
perscript n denotes the values at node. Equation (2.8) is reduced to the con-
ventional FEM formulation when Lj = {1} is used. In the nonlinear analysis
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based on rate form, (2.8) should be applied to interpolate the velocity field
instead of the displacement field. Therefore, the displacement terms in the
equation are replaced by the displacement rates;

u̇ =

m∑

n=1


∑

j

Lja
n
j


Nn (2.9)

In this paper, two kinds of generalized in-plane element are proposed in
this framework. Each element has only corner nodes with additional degree
of freedom. The first element presented is the element with an additional
freedom like drilling motion. The other one can describe quadratic mode with
four additional degrees of freedom at corner node. These elements are called
QD4G1 and QD4G2 in the following section. The concepts of QD4G1 and
QD4G2 are illustrated in Fig. 1.

Figure 1. Generalized elements in present study

QD4G1: Element with Drilling Freedom

In QD4G1, the following set of polynomial terms is adopted.





Lj = {1, x2} for u̇1

Lj = {1, x1} for u̇2

(2.10)

A subscript denotes the degree of freedom and it takes 1 or 2 in two-
dimensional analysis. With (2.10), the interpolation functions of displacement
rate are given as;

u̇1 =

4∑

n=1

[
u̇n

1 − (x2 − xn
2 ) θ̇n

]
Nm (2.11)
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u̇2 =

4∑

n=1

[
u̇n

2 − (x1 − xn
1 ) θ̇n

]
Nm (2.12)

where θ̇n is an additional nodal degree of freedom. x1 and x2 are defined
not in the local coordinates of element but in the global coordinates. The
bi-linear shape function for the conventional 4 node element is used as Nn.
Equations (2.11) and (2.12) give a compatibility of the displacement velocity
field.

The original form of (2.11) and (2.12) is proposed by Sekiguchi and
Kikuchi [14] for linear analysis. In the case of linear analysis, the additional
degree of freedom corresponds to rotational motion. However, in the present
case, θ̇n has no obvious physical meaning. It is noted that additional boundary
condition corresponding to θ̇n has to be imposed to avoid unphysical defor-
mation because QD4G1 has linear dependency. Additionally, in the case of
distributed loads, unphysical external force must be applied to θ̇n, even for
uniform tensile loading.

QD4G2: Element with Enriched Quadratic Terms

In QD4G2, the reduced quadratic polynomial terms, which is motivated by
Wilson’s non-conforming element [17, 18], are used.

Lj =
{
1, (x1)

2, (x2)
2
}

(2.13)

Using (2.13), the interpolation functions are written as;

u̇1 =

4∑

n=1

[
u̇n

1 +
{

(x1)
2 − (xn

1 )
2
}

ȧn +
{

(x2)
2 − (xn

2 )
2
}

ḃn
]
Nm (2.14)

u̇2 =

4∑

n=1

[
u̇n

2 +
{

(x1)
2 − (xn

1 )
2
}

ċn +
{

(x2)
2 − (xn

2 )
2
}

ḋn
]
Nm (2.15)

Here, ȧn, ḃn, ċn and ḋn are additional degrees of freedom. x1 and x2 are de-
fined in the global coordinate and Nn is the same bi-linear shape function as
QD4G1. QD4G2 is also a compatible element. Due to the additional degrees of
freedom, a complete perfect cubic polynomial function can be reproduced for
no-distorted rectangular element. One of the important features of QD4G2 is
that no linear dependency problem occurs because it can represent a displace-
ment rate field without any duplicated term. As for treatment of boundary
condition, in case of distributed loads, unphysical load must be applied to
additional degrees of freedom.

2.3 Finite Element Discretization

The finite element discretization form of (2.7) is given as;
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{
δU̇
}

[K]
{
U̇
}

=
{
δU̇
}{

Ḟ
}

(2.16)

{
δU̇
}

,
{
U̇
}

and
{
δḞ
}

are discretized virtual displacement rate, displace-

ment rate and external force rate respectively, and [K] is the tangent stiffness
matrix. Matrix or vector with underbar is a quantity corresponding to the
total system equation. Due to the arbitrary property of virtual displacement

rate, the relation between displacement rate
{
U̇
}

and external force rate
{
Ḟ
}

can be expressed as;

[K]
{
U̇
}

=
{
Ḟ
}

(2.17)

{
U̇
}
≡
{
U̇1 U̇2 U̇3 U̇4

}
(2.18)

{
Ḟ
}
≡
{
Ḟ1 Ḟ2 Ḟ3 Ḟ4

}
(2.19)

The tangent stiffness matrix [K] consists of terms corresponding to the de-
formation rate D and the velocity gradient L. Therefore, it can be rewritten
as;

[K] = [KD] + [KL] (2.20)

[KD] ≡
∫

ve

[BD]
T
[DD][BD]dve (2.21)

[KL] ≡
∫

ve

[BL]
T
[DL][BL]dve (2.22)

where ve is the volume of element. [BD] and [BL] are matrices which trans-
late the displacement rate vector into the deformation rate and the velocity
gradient. [DD] and [DL] are parts of the constitutive relation matrix in terms
of deformation rate and velocity gradient. Each component can be easily ob-
tained in the same manner as that of the general nonlinear finite element
formulation based on the updated Lagrangian method.

U̇n is a vector including unknown coefficients at each node and is written
as;

U̇n ≡
{
u̇n

1 u̇n
2 θ̇n

}
for QD4G1

U̇n ≡
{
u̇n

1 u̇n
2 ȧn ḃn ċn ḋn

}
for QD4G2

(2.23)

Ḟn is an external force rate vector whose components correspond to those in
U̇n. By discretizing the virtual work by surface loading, the concrete form
of Ḟn can be obtained. The virtual work caused by surface loading δẆ is
equivalent to the right-hand side of (2.2).

δẆ =

∫

s

ṫ · δu̇ds

=

∫

s

(
ṫ1δu̇1 + ṫ2δu̇2

)
ds (2.24)
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By substituting (2.11) and (2.12) for QD4G1 or (2.13) and (2.14) for QD4G2
into the above equation, the components of Ḟn can be given.

2.4 Equilibrium Equation in Nonlinear Analysis

The governing equations in the section 2.1 just provide equilibrium of the rates
of internal and external forces at one moment and do not provide an equality
of internal and external forces. The discretized expression of the relation is;

{
Q̇
}

=
{
Ḟ
}

(2.25)

In the case of the quasi-static state, in which the inertia force can be neglected,
by integrating both sides of (2.25) from initial time 0 to current time t, the
following equations can be obtained.

{
Q
}

= {F} (2.26)

{
Q
}
≡
∫ t

0

{
Q̇
}

dt (2.27)

{F} ≡
∫ t

0

{
Ḟ
}

dt (2.28)

The nodal displacement vector is also given by the same way:

{U} ≡
∫ t

0

{
U̇
}

dt (2.29)

Equation (2.26) is nonlinear equation in terms of displacement because
the relation between displacement and internal force is generally nonlinear.
For this reason, to solve the equation, convergent calculation by a nonlinear
implicit method should be introduced. In the present formulation, the tangent
stiffness matrix [K] is not always consistent with internal force, therefore,
the modified Newton method is utilized and the converged solution can be
obtained in nonlinear analysis.

3 Numerical Examples

In this section, two numerical examples are demonstrated. As the first exam-
ple, a rolling-up analysis of thin plate is conducted. The second analysis is on
the bending of thick and quasi-incompressible beam. Both involve geometrical
nonlinearity and are computed in the two-dimensional space. In the analyses,
the phenomenon in which a stiffer solution is obtained (so-called the locking),
may occur when the conventional finite elements are used.

In each analysis, the convergence of the solution with respect to a number
of elements and the robustness against element distortion are investigated.
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The results obtained by the conventional 4-, 8- and 9-node isoparametric finite
elements (QD4, QD8 and QD9) are also shown. Full integration is adopted
for all kinds of elements; i.e. the numbers of integration points are 2 × 2 for
QD4 and QD4G1, and 3 × 3 for QD8, QD9 and QD4G2. It is assumed that
the material has isotropic elasticity with Young’s modulus E and Poisson’s
ratio ν.

3.1 Rolling-up of Plate

The first problem, rolling-up analysis of thin plate, is shown in Fig. 2. In the
present case, the Poisson’s ratio ν is set to zero. The cross section shape of
the beam is rectangle whose area is A and the specimen is subjected to a
moment M. Under the above condition, the rotation angle at the tip φ can
theoretically be given as;

φ = 12ML/EAt2 (3.30)

In this analysis, the tip of plate is subject to moment M = πEAt2/6L and
the exact solution is φ = 2π.

The number of elements along the thickness direction is always set to
one and that along the length direction is changed. The definition of element
distortion in this analysis is shown in Fig. 3. h is the characteristic length
of element. Parameter β characterizes an element distortion and it takes the
range of 0 ≤ β < 1. β = 0 corresponds to regular rectangle mesh and element
degenerates into triangle shape with β = 1.

Figure 2. Rolling-up of plate

The convergence in tip rotation with respect to the number of elements
is shown in Fig. 4. The element has no distortion or β = 0. All results in
the following section are normalized by the theoretical one. The errors in tip
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Figure 3. Definition of element distortion in rolling-up analysis

rotation with QD4G1 and QD4G2 are 4.7% and 8.1% when the number of
elements is only 10. On the other hand, the conventional elements provide
a stiffer solution especially with a smaller number of elements. For second
order elements QD8 and QD9, this is caused by membrane locking, which
results from unphysical membrane strain in curved element. In case of QD4,
shear locking with unphysical strain in pure bending gives a descent of the
convergence.

Figure 5 shows the results obtained by distorted meshes. The number of
element is fixed at 100, which gives regular tetragon element. QD4G2 provides
an almost exact solution even if β ≈ 1 and the robustness against element
distortion is similar to that of QD9. The accuracy of QD4G1 slightly decreases
when β increases, however, there is no drastic degradation of the solution with
β ≈ 1.

Figure 4. Rolling-up of plate: Normal-
ized tip rotation vs. number of elements

Figure 5. Rolling-up of plate: Normal-
ized tip rotation vs. element distortion

Figures 6 and 7 indicate errors in tip rotation with respect to the number of
elements with regular mesh and distorted mesh when β = 0.99. With regular
mesh, QD4G1 and QD4G2 privide good results as well or better than those of
QD8 or QD9. In the case with distorted mesh, QD4G2 has a good performance
especially with a small number of elements although the rate of convergence
is slightly slower than QD9.



244 Y. Tadano and H. Noguchi

Figure 6. Rolling-up of plate with reg-
ular mesh: Error of tip rotation with re-
spect to number of elements

Figure 7. Rolling-up of plate with dis-
torted mesh: Error of tip rotation with
respect to number of elements

This analysis shows that both of QD4G1 and QD4G2 provide good results
for the convergence of solution and robustness against element distortion and
there is no shear or membrane locking in pure bending deformation.

3.2 Bending of Quasi-Incompressible and Thick Beam

As the second example, bending of quasi-incompressible and thick beam shown
in Fig. 8 is analyzed. To reproduce the incompressible condition, Poisson’s ra-
tio ν is set to 0.499 and plane strain state is assumed. Under this condition,
volumetric locking may occur in numerical analysis. It is subject to a point
loading P = 5 × 10−4EA at the tip of the beam and the tip deflection cor-
responding to it is about 0.1L. Therefore, geometrical nonlinearity cannot
be neglected. In this problem, the converged solution with extraordinary fine
mesh is used as a reference because no theoretical solution is available. The
results in the following section are normalized using this.

In this analysis, the element distortion is defined by the method shown
in Fig. 9. Here, θ and r are given as random numbers of 0 ≤ θ < 2π and
0 ≤ r < γh/2 with the parameter γ which characterizes the element distortion.
The figure also shows examples of regular and distorted meshes.

Figure 8. Bending of quasi-incompressible and thick beam
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Figure 9. Definition of element distortion in bending of thick beam

The convergence in tip deflection with respect to the number of elements
along the length direction is shown in Fig. 10. The element has no distortion
or γ = 0 and the ratio of the length to the height of the element is always 2:1.
The results with QD4G2, QD8 and QD9 are almost exact even if the number
of elements along the thickness direction is 1 (total element number is 5). On
the other hand, QD4G1 and QD4 give very stiff response because of volu-
metric locking which is caused by the constraint of (almost) incompressible
deformation. These results indicate that volumetric locking does not occur
with QD4G2 although it cannot be avoided with QD4G1.

Figure 11 shows the results with distorted meshes. The number of elements
is fixed at 50 × 5. The solution obtained by QD4G2 is almost exact with
γ = 0.80 although the element distortion affects the precision of the solution
with all conventional elements, even for QD9.

Figures 12 and 13 show errors in tip deflection with respect to the number
of elements obtained by regular mesh and distorted mesh with γ = 0.80. With
regular mesh, the convergence rate of QD4G2 is more or less the same as QD8

Figure 10. Bending of thick beam: Nor-
malized tip deflection vs. number of ele-
ments

Figure 11. Bending of thick beam: Nor-
malized tip deflection vs. element distor-
tion
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Figure 12. Bending of thick beam with
regular mesh: Error of tip rotation with
respect to number of elements

Figure 13. Bending of thick beam with
distorted mesh: Error of tip rotation with
respect to number of elements

and QD9. In the results with distorted mesh, QD4G2 presents very high per-
formance relative to QD8 and QD9, suggesting that QD4G2 is highly robust
against element distortion in the present problem compared with conventional
second order elements.

These results prove that QD4G2 provides good convergence with the num-
ber of elements and is quite robust against element distortion for the problem
where incompressible constraint is dominant.

4 Conclusion

In this paper, the formulation of two kinds of in-plane finite elements is pre-
sented in the framework of GFEM based on PUM and they are introduced
into geometrical nonlinear analysis. For the element with drilling freedom,
QD4G1, the solution convergence and robustness against element distortion
are similar to, if not better than, conventional quadratic elements in the analy-
sis with pure bending. On the other hand, it cannot avoid volumetric locking.
With the second proposed element QD4G2, which can express quadratic de-
formation mode with only corner nodes, no shear locking, membrane locking
and volumetric locking occurs. It is shown that QD4G2 is a highly reliable
element in analyses where some locking may occur even if conventional second
order elements are used.
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Summary. We present the application of a meshfree method for simulations of
interaction between fluids and flexible structures. As a flexible structure we consider
a sheet of paper. In a two-dimensional framework this sheet can be modeled as curve
by the dynamical Kirchhoff-Love theory. The external forces taken into account are
gravitation and the pressure difference between upper and lower surface of the sheet.
This pressure difference is computed using the Finite Pointset Method (FPM) for
the incompressible Navier-Stokes equations. FPM is a meshfree, Lagrangian particle
method. The dynamics of the sheet are computed by a finite difference method.
We show the suitability of the meshfree method for simulations of fluid-structure
interaction in several applications.

Key words: Meshfree Method, FPM, Fluid Structure Interaction, Sheet of
Paper, Dynamical Coupling

1 Introduction

There exists a wide range of problems where the motion of flexible structures
is driven by a fluid flow. Such kind of problems are in printing processes the
prediction of the fluttering of a thin sheet [11] or in bio-mechanics the opening
and closing behavior of aortic heart valves [2]. In general, the structure is
considered as a moving wall and its dynamics are described in a Lagrangian
framework. Therefore, it is suitable to use a Lagrangian formulation also for
the fluid. Whenever the structure moves rapidly, mesh based methods like
finite volume or finite element methods are limited due to grid adaption by re-
meshing during the simulation. It requires the use of interpolation techniques
to recover the fluid dynamical variables on the new mesh. This procedure not
only introduces artificial diffusivity, but is also problematic with respect to
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accuracy, robustness and efficiency. To resolve this problem, we consider a
meshfree method called Finite Pointset Method (FPM) [4, 10].

FPM is a Lagrangian particle method, where the fluid domain is repre-
sented by a finite number of arbitrarily distributed particles (pointset). These
particles move with the fluid velocity and carry all fluid dynamical informa-
tions like pressure and velocity. In FPM we approximate the spatial deriv-
atives at an arbitrary point from its surrounding neighbor particles by the
weighted least squares method. Furthermore, the elliptic equations occurring
in the treatment of incompressible flows are also solved in this framework
[4, 5, 9, 10].

In this paper we consider a sheet of paper in an incompressible flow. For
simplicity we restrict ourself to a two-dimensional setting. Therefore, the thin
sheet can be represented and modeled as a curve in a two-dimensional flow
domain using the dynamical Kirchhoff-Love theory. The external forces taken
into account are gravitation and the pressure difference between upper and
lower surface of the sheet. This pressure difference is computed using the
Finite Pointset Method (FPM).

The paper is organized as follows. In section 2 we present the mathematical
model for the fluid flow and the flexible structure. The numerical schemes for
the corresponding equations are described in section 3. Here, specific aspects
are the computation of the pressure difference acting on the sheet of paper
and the coupling between fluid flow and the dynamics of the flexible structure.
Finally, in section 4 three numerical examples are presented.

2 Governing Equations

2.1 Fluid

We consider a fluid flow in a two-dimensional bounded domain Ω̄ ⊂ R
2 with

boundary Γ . Let v and p be the velocity and pressure fields representing the
state variables. The incompressible Navier-Stokes equations in the Lagrangian
form are given by

Dx

Dt
= v, (2.1)

Dv

Dt
= −∇p + ν ∆ v + g, (2.2)

∇ · v = 0. (2.3)

Here, g denotes the gravitation, ν the kinematic viscosity, D/Dt the material
derivative and x the trajectories of material points.

These equations are to be solved with appropriate initial and boundary
conditions. We use no slip conditions on solid walls and also on both surfaces
of the sheet of paper with regard to its movement. At inflow and outflow we
use Dirichlet and Neumann conditions for the velocity.
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2.2 Flexible Structure

As mentioned the flexible structure under consideration is a sheet of paper. In
general, the mathematical model of a sheet of paper is based on the bending
stiffness of a thin plate. We restrict ourself on a two-dimensional setting. Since
the thickness of the sheet is much smaller than its length the paper can be
described by a curve of constant length. For the Kirchhoff-Love theory of
elastic rods capable of large bending deformation see[1, 6]. Here, we resume
the final equations of this theory.

Let r = r(s, t) ∈ R
2 with t ∈ R

+ be a curve parameterized by the arc
length s ∈ [0, L], where L is the length of the curve. The dynamics of the
sheet of paper is given by balancing the acting forces with the acceleration

ω ∂ttr(s, t) = ∂s[T (s, t)∂sr(s, t)]−B ∂ssssr(s, t) + [p]n + ω g. (2.4)

Here, the unknown tension T acts as a Lagrangian multiplier referencing to
the additional constraint of in-extensibility

‖∂sr(s, t)‖2 = 1. (2.5)

The base weight ω and the bending stiffness B are given material constants
of the sheet of paper. n denotes the unit normal vector orthogonal to the curve.
The first two terms on the right hand side of (2.4) are the internal forces due
to tension and bending, whereas the last two terms are the external forces
due to the pressure difference [p] between both sides of the sheet and due to
gravity g.

We note that the system (2.4, 2.5) has some similarity to the incompress-
ible Navier-Stokes equations, where the pressure is a Lagrangian parameter
referencing to the incompressibility constraint.

The complete model for the sheet of paper needs appropriate initial and
boundary conditions. For the boundaries we consider two different types of
possible situations. Either an end is fixed with given position and direction
by

r(0, t) = r0(t), ∂sr(0, t) = e0(t) (2.6)

or it is free with Neumann boundary conditions given by

∂ssr(L, t) = 0, ∂sssr(L, t) = 0, T (L, t) = 0. (2.7)

Wall Contact

In some applications the sheet of paper can hit a wall. Such events are detected
geometrically and are taken into account by adding the geometrical constraint
of the wall. To handle this situation an additional force perpendicular to the
wall is introduced in the dynamical equation (2.4). Its magnitude is another
Lagrangian multiplier referencing to the geometrical constraint.



252 S. Tiwari et al.

3 Numerical Schemes

3.1 Flexible Structure

Space Discretization

For the space discretization in arc length s ∈ [0, L] we use an equidistant
division with si = i∆s, i = 0, . . . , N . The equations are approximated in a
conservative finite difference scheme at a curve point ri at si by using

∂s(T∂sr)i =
1

∆s

[
(T∂sr)i+ 1

2
− (T∂sr)i− 1

2

]
, (3.8)

∂s(B∂sssr)i =
1

∆s

[
(B∂sssr)i+ 1

2
− (B∂sssr)i− 1

2

]
. (3.9)

Here, the fluxes at the cell faces are approximated by

(∂sr)i+ 1
2

=
1

24∆s
[ri−1 − 27 ri + 27 ri+1 − ri+2] , (3.10)

(∂sssr)i+ 1
2

=
1

∆s3
[ri−1 − 3 ri + 3 ri+1 − ri+2] . (3.11)

Due to the higher order nature of the underlying equation it is important to
use a higher order approximation of the tangential ∂sr as given by (3.10).

Time Integration

We consider an implicit time integration with constant time step ∆t. The
resulting system for inner grid points i = 1, · · · , N − 1 is given by

ω
rn+1

i − 2 rn
i − rn−1

i

∆t2
=

1

∆s

[
Tn+1

i+ 1
2

(∂sr)n+1
i+ 1

2

− Tn+1
i− 1

2

(∂sr)n+1
i− 1

2

]

− B

∆s

[
(∂sssr)n+1

i+ 1
2

− (∂sssr)n+1
i− 1

2

]
+ [p]ni nn

i + ω g. (3.12)

Here, the normal vector ni is orthogonal to the tangential vector defined by
the average of (∂sr)i± 1

2
.

The boundary conditions at both ends are treated straight forward. The
in-extensibility constraint is approximated by

(∂sr)n+1
i− 1

2

· (∂sr)n+1
i− 1

2

= 1. (3.13)

Hence, we get a system of nonlinear equations (3.12, 3.13). This is solved by
means of an iterative method based on partial linearization.
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3.2 Navier-Stokes Equations

The system (2.1–2.3) describes the incompressible Navier-Stokes equations in
a Lagrangian form. We solve the equations with our particle method FPM
(Finite Pointset Method) in combination with Chorin’s projection method
[4, 8, 10]. FPM is characterized by a weighted least squares method for ap-
proximation of spatial derivatives.

Therefore, this section is divided into three parts: the projection method,
the general treatment of derivatives in FPM and the application of this tech-
nique for solving the resulting elliptic equation for the pressure.

Chorin’s Projection Method

To handle the incompressibility we use Chorin’s projection method [3]. This
method consists of two fractional steps and is of first order accuracy in time.
In the first step the new particle positions and intermediate velocities v∗ are
computed by

xn+1 = xn + ∆t vn, (3.14)

v∗ = vn + ∆t ν∆v∗ + ∆t g. (3.15)

Then, in the second step we correct v∗ considering

vn+1 = v∗ −∆t ∇pn+1 (3.16)

together with the incompressibility constraint

∇ · vn+1 = 0. (3.17)

By taking the divergence of equation (3.16) and by making use of (3.17) we
finally obtain a Poisson equation for the pressure

∆pn+1 =
∇ · v∗

∆t
. (3.18)

The boundary condition for p is obtained by projecting equation (3.16) onto
the normal vector n of the boundary Γ . Thus, we obtain a Neumann boundary
condition (

∂p

∂n

)n+1

= − 1

∆t
(vn+1

Γ − v∗
Γ ) · n. (3.19)

Assuming vanishing normal velocity components on Γ , we obtain

(
∂p

∂n

)n+1

= 0. (3.20)

We note that the particle positions change only in the first step. The inter-
mediate velocity v∗ is then obtained on these new particle positions. Finally,
the pressure Poisson equation and the divergence free velocity vector are also
computed on these particle positions.
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Least Squares Approximation of Derivatives in FPM

Let ψ : Ω̄ → R be a scalar function and ψi its given values at the particle
positions xi for i = 1, . . . , N . Consider the problem to approximate spatial
derivatives of ψ at a particle position x based on the function values of its
neighbor particles. In order to restrict the number of neighbors we introduce
a weight function w = w(xi − x;h) with compact support of size h.

The weight function can be chosen quite arbitrary. However, here we choose
a cutted Gaussian weight function of the form

w(xi − x;h) =

{
exp(−α ‖xi−x‖2

h2 ), if ‖xi−x‖
h ≤ 1

0, else.

The positive constant α describes the exponential decay with a typical value
α = 6. In our implementation the weighting radius h can be chosen as a
function in space and time. However, no adaptive method to modify h during
the computation is realized yet. Working with a user defined h implies that
new particles will have to be brought into play if the particle distribution
becomes too sparse or, logically, particles will have to be removed from the
computation as the distribution becomes too dense.

Let P (x, h) = {xi : i = 1, 2, . . . ,m} be the set of m neighbor points of
x = (x, y) inside the radius h. We note that the central particle x is one
element of the neighbor set P (x, h). To ensure consistency in two dimensions
the number m of these particles should be at least 6 and they should neither
be on the same line nor on the same circle.

Now, we approximate derivatives of a function by using its Taylor series
expansion and the least squares approximation. Hence, consider the Taylor
expansions around x = (x, y) at its m neighbors xi

ψ(xi) = ψ(x) + (xi − x)∂xψ(x) + (yi − y)∂yψ(x) +
(xi − x)2

2
∂xxψ(x)

+ (xi − x)(yi − y)∂xyψ(x) +
(yi − y)2

2
∂yyψ(x) +O(h3). (3.21)

Using these expansions up to quadratic terms this leads to m equations
for the unknown derivatives of ψ at position x. Here, we note that x is one
of the particle positions in P (x, h). Therefore, ψ = ψ(x) is supposed to be
known. The resulting system for the unknowns a = (ψx, ψy, ψxx, ψxy, ψyy)T

is not under-determined for m > 5 but can in general only be solved as a least
squares solution by minimizing the error e in the resulting system

e = Ma− b (3.22)

where

M =




dx1 dy1
1
2dx

2
1 dx1dy1

1
2dy

2
1

...
...

...
...

...
dxm dym

1
2dx

2
m dxmdym

1
2dy

2
m


 ,
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b = (ψ1 − ψ, . . . , ψm − ψ)
T
, e = (e1, . . . , em)

T
, dxi = xi − x, dyi = yi − y.

Thus, the unknown vector a is computed by minimizing the weighted error
over all neighboring points. That means we have to minimize the quadratic
form

J =

m∑

i=1

wie
2
i = (Ma− b)TW (Ma− b) (3.23)

with W = diag (w1, . . . , wm) and wi = w(xi − x;h). The minimization of J
with respect to the unknowns a formally yields (if MTWM is nonsingular)

a = (MTWM)−1(MTW )b. (3.24)

Solving Elliptic Equations with FPM

Now, we consider the following type of linear second order partial differential
equations

A ψ + C (ψxx + ψyy) = f, (3.25)

which represents all equations resulting from the discussed Chorin’s projection
scheme. Here, the coefficients A and C are real constants and f = f(x) is a
given real valued function. To determine the intermediate velocity, we have
A = 1 and C = −∆t ν and in case of the Poisson equation for the pressure we
have A = 0 and C = 1. At the boundary we use either Dirichlet conditions or
Neumann conditions

∂ψ

∂n
= φ on Γ (3.26)

with prescribed normal derivative φ.
To our knowledge, there are two types of methods to solve elliptic equations

in a given meshfree configuration. The first one is presented in [7], which can
be directly derived from equation(3.24). The second one is presented in [9],
where equation (3.25) and possibly Neumann conditions (3.26) are added as
constraints in the least squares approximation. Both methods are compared
in [5]. It is found that the method presented in [9] is more stable and that
Neumann conditions can be easily included in the approximation. Therefore,
this method is described shortly in the following.

Based on the set of neighbors xi, i = 1, . . . ,m we use the Taylor expan-
sions (3.21). Unlike the above approximation of derivatives we now have to
consider also the value ψ at the central particle x to be unknown. For inner
particles of the domain we just add the elliptic equation (3.25) in the least
squares procedure. For a boundary particle we have to take into account the
additional boundary conditions. To illustrate the method we describe the case
of a boundary particle with Neumann condition (3.26). Here, the modified sys-
tem ẽ = M̃ ã− b̃ is defined by
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M̃ =




1 dx1 dy1
1
2dx

2
1 dx1dy1

1
2dy

2
1

...
...

...
...

...
...

1 dxm dym
1
2dx

2
m dxmdym

1
2dy

2
m

A 0 0 C 0 C
0 n1 n2 0 0 0




,

ã = (ψ,ψx, ψy, ψxx, ψxy, ψyy)
T
, b̃ = (ψ1, . . . , ψm, f, φ)

T
, ẽ = (e1, . . . , em+2)

T
.

The solution now minimizes the functional

J̃ =

m+2∑

i=1

wie
2
i = (M̃ ã− b̃)T W̃ (M̃ ã− b̃) (3.27)

with W̃ = diag (w1, . . . , wm, 1, 1) and wi = w(xi−x;h) for i = 1, . . . ,m while
wm+1 = wm+2 = 1. Formally, the solution of this minimization problem can
be written as

ã = (M̃T W̃M̃)−1(M̃T W̃ )b̃. (3.28)

The value of ψ is the only relevant component of the solution ã. By in-
troducing β1, . . . , β6 as the first row of (M̃T W̃M̃)−1 and using the explicit
structure of (M̃T W̃ )b̃, we finally obtain for this component the equation

ψ −
m∑

i=1

wi

(
β1 + β2dxi + β3dyi + β4

dx2
i

2
+ β5dxidyi + β6

dy2
i

2

)
ψi

= (β1A + β4C + β5C) f + (β1n1 + β2n2)φ.

Hence, if we consider this procedure for all inner and boundary particles
we get a sparse linear system for the unknowns ψj , j = 1, . . . , N at all par-
ticle positions. The discretization is of second order [5, 9, 10] the system can
be solved by standard iteration methods. In our projection method for the
incompressible Navier-Stokes equations, we have one linear system for the ve-
locities and one for the pressure values. As an initial guess for the iterative
solvers at time level n + 1, we use the corresponding values at time level n.

3.3 Computation of Pressure Difference at the Sheet of Paper

We consider the sheet of paper as a moving solid boundary. In our two-
dimensional framework it is simply a curve. A particle located directly above
the curve can have a neighbor located under the curve. But with respect to
the fluid behavior they should not be coupled. Therefore, we introduce for
particle position on the curve two boundary particles with opposite normal
directions and indicate their orientation with +1 and −1.

Then all inner particles are marked with the orientation +1 if they are
in the neighborhood of a boundary particle of orientation +1 and if they lie
on the half plane defined by the normal of this boundary particle. The same
procedure is done for the orientation −1. Finally, all particles have either an
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Figure 1. Orientations of the particles around a sheet of paper, blue indicates
orientation 0, red +1 and yellow −1. See Color Plate 5 on page 303.

orientation 1, −1 or are marked by 0. Figure 1 shows an illustrative example
for the orientations.

These orientations are used to organize the neighborhood relations. For
particles of orientation 0 all other particles are allowed as neighbors. For par-
ticles of orientation +1 or −1 all other particles in the neighborhood with
different sign of orientation are removed from the list of neighbors. Similar to
the situation at boundaries the restriction to the one sided subgroup of parti-
cles reduces the typical number of neighbors. However, in order to obtain the
accuracy of the weighted least squares approximation the scheme guarantees
everywhere a minimum number of neighbors.

In general, it is not necessary that the positions on the sheet of paper used
for its dynamics are also boundary particles in the fluid dynamical computa-
tion. In this case the pressure difference acting on the sheet of paper has to
be computed by interpolation. For each side we use the already introduced
weighted least squares approximation. Here, the neighboring particles taken
into account are selected with the help of the orientations defined above.

3.4 Coupling Algorithm

We consider a simple numerical approach to simulate the interaction between
fluid and flexible structure by decoupling the motion of the fluid and the
structure at each time step. This is an fully explicit coupling scheme and is
described as follows:
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1. Initialization: t0 = 0 and n = 0, where n is index of the time step
(i) Initialize the curve r0(s) by N segments with equal arc length ∆s
(ii) Define boundary particles on each arc segment with both orientations
(iii) Initialize the particles in the whole computational domain (position,

velocity, pressure)
2. Do n = 0, 1, 2, . . . ,M

(i) Use the pressure pn and the curve rn describing the sheet of paper to
calculate the new curve rn+1

(ii) Use the curve rn+1 to compute the new positions xn+1 and velocities
vn+1 of the boundary particles lying on the sheet of paper

(iii) Use the new positions and velocities of boundary particles of the prior
step to solve the Navier-Stokes equations and obtain new positions
xn+1 and flow fields vn+1 and pn+1

(iv) End do

4 Numerical Examples

In this section we present some numerical applications. Since the sheet of
paper has very small bending stiffness and low weight, the grid size as well as
the time step for the simulation of its dynamics should be very small. However,
the time step for the Navier-Stokes solver need not to be so small. Therefore,
for both solvers we choose the time step of the sheet of paper. In the following
applications, we consider the weight of paper ω = 0.1 kg/m2, the bending
stiffness B = 5 · 10−4 kg m2/s2 and the gravity force g = 9.81m/s2 in the
direction of −y. The discretization size of the arc length is ∆s = 5 · 10−3 m.

4.1 Fixing One End

We consider a square cavity of size 0.25m × 0.25m and a curve of length
0.141m. The curve is fixed at position (0, 0.125) and has a free end at
(0.141, 0.125). Initially, the velocities and pressure are set to be zero. Due
to gravity, the curve starts bending towards negative y-direction. In first row
of figure 2 we have plotted the positions of the curve at initial time t = 0 s
(left) and at t = 0.8377 s (right). In the second row we have plotted the pres-
sure (left), with values varying from 0.29512Pa (blue) to 0.84271Pa (red)
and the velocity field (right) with maximum value 0.059941m/s (red) at time
t = 0.8377 s. The time step is chosen as ∆t = 5 · 10−4 s.

We consider the above mentioned example to give an impression of the
convergence behavior since fixing one end of the sheet leads to a steady state
solution. In table 1 the height of the free-end in the steady state is given for
different resolutions ∆s. The time step is chosen such that ∆s/∆t = 20m/s
holds.
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Figure 2. Position of particles and sheet of paper at time t = 0 s and t = 0.8377 s
(top), pressure and velocity field at t = 0.8377 s (bottom). See Color Plate 6 on page
303.

Table 1.

∆s height of free end

0.018 m 0.023756698 m
0.012 m 0.025303442 m
0.009 m 0.026223404 m
0.006 m 0.026814278 m
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Figure 3. Position of particles and sheet of paper at t = 0.0, 0.3 s (top), t = 0.6, 0.9 s
(center) and t = 1.2, 1.5 s (bottom). See Color Plate 7 on page 304.
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Figure 4. Velocity field at t = 0.0, 0.3 s (top), t = 0.6, 0.9 s (center) and t = 1.2, 1.5 s
(bottom). See Color Plate 8 on page 305.
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Figure 5. Computational domain

4.2 Free Falling

We again consider the square cavity as above. The curve is positioned at
(0.036, 0.175) and (0.141, 0.175) and both ends are considered to be free.
The initial velocities and pressure are set to be zero. Due to gravity, the
paper starts falling and shows the well-known swinging phenomenon. In
figures 3 and 4 we have plotted the positions and the corresponding ve-
locity fields at times t = 0, 0.3, 0.6, 0.9, 1.2, 1.5 s. The maximum magni-
tudes of velocity are 0.21310, 0.27685, 0.72154, 0.37865, 0.12890m/s at times
t = 0.3, 0.6, 0.9, 1.2, 1.5 s, respectively. The time step was considered the same
as in the previous example.

4.3 Flying and Deposition

In this example we consider the computational domain as shown in Figure 5.
The boundaries AB and IJ are outflow boundaries. KL is considered as the
inflow boundary and the remaining boundaries are solid walls. The sheet of
paper MN is pulled at the point M with 4m/s in the negative x-direction
until M reaches the x-Position of H. Afterwards also this end is left to be
free. From the inflow boundary we blow air with 1m/s in the negative y-
direction. The boundary DE is considered to be the deposition of the sheet
of papers. We release the first paper at time t = 0.01 s and the others at time
t = 0.05, 0.1 and 0.15 s. In Figure 6 we have plotted the position, pressure and
velocity field at time t = 0.15 s. At this time the values of the pressure varies
from 6.18Pa ( blue ) to 162.16Pa ( red ) and the maximum magnitude of
the velocity is 7.1398m/s. The time step is taken as ∆t = 10−4 s. The length
of the sheets is exactly the length of the deposition DE. The lengths of the
boundaries are AB = IJ = CD = 0.05m, BC = DE = FG = AL = 0.135m,
EF = 0.03m, GH = 0.1m, IH = 0.205m, KL = 0.202m, KJ = 0.272m and
the length of the paper is MN = 0.135m.

5 Conclusion

The Finite Pointset Method (FPM) is suitable to handle a wide range of dy-
namical fluid structure interactions. In this paper this is demonstrated in a
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Figure 6. Position of particles and sheets of paper (top), pressure distribution
(center) and velocity field (bottom) at t = 0.15 s. See Color Plate 9 on page 306.
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two-dimensional framework that couples FPM with the dynamics of a one-
dimensional sheet. Future work will be the extension of the method to three
dimensional problems.

Acknowledgement. We would like to thank the “Stiftung Rheinland-Pfalz für Inno-
vation” for the financial support of our research.
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Summary. A novel approach for implicit residual-type error estimation in mesh-
free methods is presented. This allows to compute upper and lower bounds of the
error in energy norm with the ultimate goal of obtaining bounds for outputs of in-
terest. The proposed approach precludes the main drawbacks of standard residual
type estimators circumventing the need of flux-equilibration and resulting in a sim-
ple implementation that avoids integrals on edges/sides of a domain decomposition
(mesh). This is especially interesting for mesh-free methods.

Key words: Element Free Galerkin, mesh-free methods, error estimation,
engineering outputs, residual based estimators.

1 Introduction

Assessment of functional outputs of the solution (goal-oriented error estima-
tion) in computational mechanics problems is a real need in standard engi-
neering practice. In particular, end-users of finite elements, finite differences or
mesh-free codes are interested in obtaining bounds for quantities of engineer-
ing interest. Techniques providing these bounds require using error estimators
in the energy norm of the solution. Bounds for quantities of interest (func-
tional outputs) are recovered combining upper and lower bounds of the energy
error for both the original problem (primal) and a dual problem (associated
with the selected functional output) [21, 1, 20].

It is also important to note that bounds for the energy and for quantities
of interest are usually obtained with respect to a reference solution (associated
with a much larger space of approximation). Bounds for the exact solution of
the boundary value problem as presented in [3, 26, 22] are not addressed here.

The need of obtaining reliable upper and lower bounds of the error for
quantities of interest has motivated the use of residual error estimators, which
are currently the only type of estimators ensuring bounds for the error. Classi-
cal residual type estimators, which provide upper bounds of the error, require
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flux-equilibration procedures (hybrid-flux techniques) to properly set bound-
ary conditions for local problems [14, 1]. Flux-equilibration requires a domain
decomposition, which is natural in finite elements but not in mesh-free meth-
ods. And, moreover, it is performed by a complex algorithm, strongly depen-
dent on the finite element type and requiring a data structure that is not
natural in a standard finite element code. Thus highly embedded in the finite
element domain decomposition.

The idea of using flux-free estimators, based on the partition-of-the-unity
concept and using local subdomains different than elements, has been already
proposed in [4, 16, 18, 23] for finite elements. The main advantage of the
flux-free approach is the simplicity in the implementation. Obviously, this is
especially important in the 3D case.

From the mesh-less point of view, another advantage is the fact that the lo-
cal subdomains where the error equation is solved are the support of the func-
tions characterizing the partition of unity. This is a concept that also exists
in mesh-free methods and thus the extension is possible. Moreover, boundary
conditions of the local problems are trivial and the usual data structure of a
code is directly employed.

In the last few years, some research has been devoted to develop error
estimation procedures for mesh-free methods. Duarte and Oden [7] derived
an explicit residual error estimator for the h-p cloud method. Liu et al. [15]
used a wavelet solution as an error indicator in an algorithm where multiple-
scale adaptive refinement had been introduced. Chung and Belytschko [5]
adapted the FEM stress projection technique for error analysis in Element
Free Galerkin (EFG). Gavete et al. [10] proposed a sort of recovery-based error
estimate, which presents the standard drawbacks of these methods. None of
these approaches was able to compute bounds of the energy error. Thus, the
assessment of bounds and functional outputs is still an open topic in mesh-free
methods.

To the authors knowledge implicit residual based estimators have not been
proposed for mesh-free methods. However, these residual based approaches are
now standard in finite elements because they are more mathematically sound,
more precise and allow to compute upper and lower bounds for energy norms
as well as functional outputs.

In this paper the implicit residual-type flux-free error estimator proposed
in [23], which has similar efficiency as standard hybrid-flux estimators, is ex-
tended to the Element Free Galerkin Method. The remainder of the paper is
structured as follows. Section 2, following [23], recalls the basics on output
oriented error estimation in finite elements and introduces a flux-free error es-
timator. Section 3 is devoted to extend step by step the previous concepts to
the Element Free Galerkin method: Dirichlet boundary conditions, definition
of the reference error, estimation of outputs of interest, numerical integration,
local domain for the error equation, and finally the solvability of the local
problems. Finally, in Section 4, some numerical examples are shown.
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2 Basics on Output Oriented Error Estimation in FEM

2.1 Model Problem

Let Ω ⊂ R
nsd be an open, bounded domain with piecewise linear boundary

∂Ω and nsd the number of spatial dimensions. The scalar strong form of the
problem is: find u such that

{
−∇

2u + σu = s in Ω,

u = uD on ∂Ω.
(2.1)

Only Dirichlet boundary conditions are considered for simplicity. It is trivial to
extend these concepts to account also for Neumann-type boundary conditions.
The standard weak solution of this problem is u ∈ U verifying

a(u, v) = l(v) ∀v ∈ V, (2.2)

where

a(u, v) =

∫

Ω

∇v·∇u + σvu dΩ, l(v) =

∫

Ω

vs dΩ.

The usual solution and test spaces are defined U = {u ∈ H1(Ω), u|∂Ω =
uD} and V0 = {v ∈ H1(Ω), v|∂Ω = 0}, whereH1 is the standard Sobolev space
of square integrable functions and first derivatives. The bilinear form a(·, ·)
induces the energy norm, which is denoted by ‖·‖, that is, ‖v‖2 = a(v, v).

The finite element interpolation spaces UH ⊂ U and VH
0 ⊂ V0 are asso-

ciated with a finite element mesh of characteristic size H and degree p for
the complete interpolation polynomial base. The geometric support of the el-
ements for a given mesh are open subdomains denoted by Ωk, k = 1 . . . nel,
where Ω =

⋃
k Ωk. It is also assumed that different elements do not overlap,

that is, Ωk ∩ Ωl = ∅ for k �= l. Then, the finite element solution uH which is
an approximation to u, lies in the finite dimensional space UH and verifies

a(uH , v) = l(v) ∀v ∈ VH
0 .

2.2 Error Equations and Reference Error

The goal of a posteriori error estimation is to assess the accuracy of the finite
element solution uH , that is, to evaluate and measure the error, e := u− uH ,
which belongs to V, either in the energy norm ‖e‖ or in a quantity of interest
as it will be shown next. The equation for the error is recovered from (2.2)
replacing the exact solution u by uH + e and using the linearity of the first
argument of a(·, ·)

a(e, v) = l(v)− a(uH , v) =: RP (v) ∀v ∈ V0, (2.3)

where RP (·) stands for the weak residue associated to the finite element ap-
proximation uH .
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The exact error e is replaced by a reference error, eh, lying in a finite
dimensional space Vh

0 much richer than the original finite element space VH
0 ,

i.e. VH
0 ⊂ Vh

0 ⊂ V0. That is, the exact solution u is replaced by the reference
(or truth) solution uh; consequently, u ≈ uh = uH + eh. Given this definition
of eh it is easy to verify that the reference error is the projection of the exact
error into the reference space, that is, eh ∈ Vh

0 is the solution of the problem

a(eh, v) = RP (v) ∀v ∈ Vh
0 . (2.4)

Direct evaluation of eh is computationally unaffordable because the size of
the system of equations is the dimension of Vh

0 . The idea behind any implicit
residual error estimator is to solve local problems instead of the global problem
(2.4). Each of these local problems require proper boundary conditions in order
to obtain a good approximation of the error and to ensure solvability.

2.3 Estimation of Outputs of Interest

The actual interest is to bound output quantities lO(u), where lO(·) is a linear
functional, see for instance [21, 17, 25, 20, 24, 29]. These strategies introduce
a dual (or adjoint) problem with respect to the selected output. The weak
form of the dual problem reads: find ψ ∈ V0 such that

a(v, ψ) = lO(v) ∀v ∈ V0.

The finite element approximation of the dual problem is ψH ∈ VH
0 such that

a(v, ψH) = lO(v) ∀v ∈ VH
0 .

Finally, the dual reference error is ǫh := ψh − ψH ∈ Vh
0 , such that

a(v, ǫh) = lO(v)− a(v, ψH) =: RD(v) ∀v ∈ Vh
0 , (2.5)

where RD is the weak residue associated with ψH .
If v is replaced by eh in (2.5), then using Galerkin orthogonality and the

parallelogram identity, the following representation of lO(eh) can be obtained

lO(eh) = a(eh, ǫh) =
1

4
‖κeh +

1

κ
ǫh‖2 −

1

4
‖κeh −

1

κ
ǫh‖2 (2.6)

for any arbitrary scalar parameter κ. To simplify the notation the arguments
in the squared norms of the r.h.s. in (2.6) are denoted by z±h = κeh ± 1

κǫh.
In fact, in order to bound the output of the error, lO(eh), the r.h.s of (2.6)

indicates that it is sufficient to bound the energy norm of z+
h and z−h , (i.e. the

energy norm of linear combinations of eh and ǫh).
Define Eu[v] and El[v] as the upper and lower bound of ‖v‖2, respectively.

Note that Eu[v] and El[v] are not functions; instead, it is a convenient nota-
tion of the bounds. Thus, once the bounds for ‖z±h ‖2 are computed, namely
El[z

±
h ] ≤ ‖z±h ‖2 ≤ Eu[z

±
h ], the output of the error is readily bounded as



Goal Oriented Error Estimation for the Element Free Galerkin Method 269

1

4
El[z

+
h ]− 1

4
Eu[z

−
h ] ≤ lO(eh) ≤ 1

4
Eu[z

+
h ]− 1

4
El[z

−
h ], (2.7)

and, obviously, the bounds for the output of interest of the reference approx-
imation, lO(uh), are

lO(uH) +
1

4
El[z

+
h ]− 1

4
Eu[z

−
h ] ≤ lO(uh) ≤ lO(uH) +

1

4
Eu[z

+
h ]− 1

4
El[z

−
h ].

Next section introduces a methodology to obtain both upper and lower
bound error estimates in energy norm. This approach is then used to compute
Eu[z

+
h ], Eu[z

−
h ], El[z

+
h ] and El[z

−
h ].

2.4 Upper Bound Estimate of the Reference Error

Let xi, i = 1, . . . , nnp denote the vertices of the elements in the computational
mesh (thus linked to UH) and φi the corresponding linear (or bilinear or
trilinear) shape functions, which are such that φi(xj) = δij . The support of
φi is denoted by ωi and it is called the star centered in, or associated with,
vertex xi.

It is important to recall that the linear shape functions based on the ver-
tices are a partition of unity. Using this essential property and the linearity of
the weak residue RP (·), defined in (2.3), the residue is decomposed into local
contributions over each star

RP (v) = RP
( nnp∑

i=1

φiv
)

=

nnp∑

i=1

RP (φiv) ∀v ∈ H1(Ω).

Note that RP (φiv) vanishes if supp v ∩ ωi = ∅, since ωi is the support of φi.
The strategy to compute upper bound estimates of the reference error,

Eu[eh], consist in, first, the evaluation of the finite element solution uH , which
is necessary to compute the residue RP . And, second, the appraisal of the
local estimates ẽωi ∈ Vh

ωi , where Vh
ωi := Vh

0 ∩H1(ωi), solving problems in each
star ωi

aωi(ẽωi

, v) = RP(φiv) ∀v ∈ Vh
ωi , (2.8)

where aωi(·, ·) is the restriction of the bilinear form a(·, ·) to the star ωi.

Remark 1. Formally any function v ∈ Vh
ωi is not defined in the whole domain

Ω but only in the star ωi. However, here every v ∈ Vh
ωi is naturally extended

to Ω by setting its value outside ωi equal to zero. Thus, functions in Vh
ωi are

continuous in ωi but generally discontinuous across the boundary of the star.

Remark 2. The local restriction Vh
0 to the element Ωk, Vh

Ωk
:= Vh

0 ∩ H1(Ωk),
is also extended to Ω in the same way. This induces the broken space, namely

Vh
brok :=

nel⊕

k=1

Vh
Ωk

.
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Note that functions in Vh
brok may present discontinuities across the inter-

element edges (or faces) and that Vh
ωi ⊂ Vh

brok.

Remark 3. The bilinear form a(·, ·) and the energy norm are generalized to
accept broken functions in its arguments; that is, for v and w ∈ Vh

brok,

a(v, w) :=

nel∑

k=1

a
Ωk

(v, w) and ‖v‖2 :=

nel∑

k=1

‖v‖2k,

where a
Ωk

(·, ·) is the restriction of the bilinear form a(·, ·) to the element Ωk

and ‖v‖2k = a
Ωk

(v, v).

Finally, adding the local estimates, which have been extended into Vh
brok,

a global estimate ẽ ∈ Vh
brok is obtained,

ẽ :=

nnp∑

i=1

ẽωi

,

and the upper bound of the energy norm of the reference error is recovered
computing the norm of the estimate ẽ. See [23] for a detailed description,
development and formal analysis (viz. the proof of the next theorem) of this
estimator.

Theorem 1. The estimate ẽ =
∑nnp

i=1 ẽωi

, where ẽωi

is the solution of the local
problem given in (2.8), is such that

Eu[eh] = ‖ẽ‖2 ≥ ‖eh‖2.

3 Extension to Element Free Galerkin

3.1 Reference Error

Similarly to finite elements, in mesh-free methods a finite dimensional space
VH ⊂ H1(Ω) is associated with a particle distribution of characteristic size
H and degree p for the reproducibility imposed. Thus, the mesh-free solution
uH , which is an approximation to u, belongs to VH and verifies

a(uH , v) = l(v) ∀v ∈ VH .

However, in mesh-free methods the refined spaces are, in general, not
nested, i.e. VH �⊂ Vh. The reference error in EFG is directly defined as the pro-
jection of the exact error into the reference space, i.e. eh ∈ Vh is the solution
of

a(eh, v) = RP (v) ∀v ∈ Vh, (3.9)

and, in general, eh �= uh−uH . This weak problem is very similar to (2.4) and
only differs in the functional spaces because Dirichlet boundary conditions are
imposed differently. This issue will be addressed in Section 3.6. It is important
to emphasize that in mesh-free methods the reference error is not anymore
uh − uH as in finite elements but only the solution of problem (3.9).
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3.2 Estimation of Outputs of Interest

When bounds for outputs are sought, as in finite elements —recall equation
(2.5)—, a dual reference error is defined as ǫh ∈ Vh solution of

a(v, ǫh) = lO(v)− a(v, ψH) =: RD(v) ∀v ∈ Vh. (3.10)

Note again, that also in this case ǫh �= ψh − ψH . If v is replaced by eh in
(3.10),

lO(eh) = a(eh, ǫh) + a(eh, ψH). (3.11)

In finite elements Galerkin orthogonality implies a(eh, ψH) = 0 but not in
EFG. Nevertheless, the first term in the r.h.s. of (3.11) can be rewritten using
the parallelogram identity —as in section 2.3 and equation (2.6)—, namely,

lO(eh) =
1

4
‖κeh +

1

κ
ǫh‖2 −

1

4
‖κeh −

1

κ
ǫh‖2 + a(eh, ψH).

Thus in EFG the output of the error, see (2.7), is bounded by

1

4
El[z

+
h ]− 1

4
Eu[z

−
h ] + a(eh, ψH) ≤ lO(eh) ≤ 1

4
Eu[z

+
h ]− 1

4
El[z

−
h ] + a(eh, ψH).

(3.12)
Several alternatives are possible to cope with the extra term, a(eh, ψH), in

EFG. The simplest one is to neglect it because intuitively it is expected to be
small. Another alternative is to compute bounds for it. Here, however, it will
be evaluated using a computable high-order approximation, thus introducing
an error which is negligible in front of the other terms.

3.3 Upper Bound Estimate of the Reference Error

In EFG the upper estimate of the reference error can also be computed with
the same rationale as in finite elements. The partition of unity is naturally
induced by the moving least squares interpolating function, which are also
denoted as φi (i now being the index of each particle). Similar restriction of
the functional spaces are defined, that is

Vh
ωi := Vh ∩H1(ωi), Vh

Ωk
:= Vh ∩H1(Ωk), and Vh

brok :=

nel⊕

k=1

Vh
Ωk

.

And the estimate also verifies equation (2.8), namely, find ẽωi ∈ Vh
ωi solving

the local problems in each star ωi

aωi(ẽωi

, v) = RP(φiv) ∀v ∈ Vh
ωi . (2.8)

Thus the estimate

ẽ :=

nnp∑

i=1

ẽωi

, (3.13)
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and the upper bound of the energy norm of the reference error is recovered
computing the norm of the estimate ẽ. Because theorem 1 is also applicable
here since it is based on the following lemma, which characterizes this broken
approximation.

Lemma 1. Any estimate ẽ ∈ Vh
brok verifying the weak error equation

a(ẽ, v) = RP (v) ∀v ∈ Vh, (3.14)

is such that the norm of ẽ is an upper bound of the energy norm of the reference
error, that is

‖ẽ‖2 ≥ ‖eh‖2.
From practical point of view, to reduce drastically the computational effort

and in order to simplify the evaluation of the local estimates, equation (2.8),
the definition of the star ωi is modified. Figure 1 illustrates the definition of
the star ωi. Recall that a local problem is solved in each star and that φi is
extended (equal to zero) outside of ωi.

Definition 1. A star, ωi, is the smallest integration sub-grid that includes the
support of φi.

Figure 1. Definition of the star ωi.

Remark 1. The solvability of the local problem, equation (2.8), is ensured in
scalar problems as the kernel of aωi(w, ·) for a generic function w includes
only constant functions and for v constant the r.h.s is zero by Galerkin or-
thogonality, i.e. RP

(
φiv
)

= 0 for v constant.

3.4 Evaluation of Bounds for the Outputs

As noted in section 3.2 the bounds for the output of interest in EFG introduce
a new term a(eh, ψH), which in principle is unknown. Here, a high-order
approximation is proposed.
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Theorem 1. The term a(ẽ, ψH), where ẽ is given by 3.13 and ψH is the
coarse solution of the dual (adjoint) problem, is a high-order approximation
of a(eh, ψH). In fact,

|a(eh, ψH)− a(ẽ, ψH)| ≤ C hpHp. (3.15)

Proof. In view of the definition of the reference error (3.9) and the properties
of the estimator, see equation (3.14), it is known that,

RP (v) = a(eh, v) = a(ẽ, v) ∀v ∈ Vh,

and therefore, a(eh − ẽ,πhψH) = 0. Where the interpolation operator of
any function in V onto the the reference space, Vh, is introduced. That is,
πh : V −→ Vh is such that πhv(xi) = v(xi) where xi denote the nodes
(particles) of the reference mesh. Thus,

a(eh − ẽ, ψH) = a(eh − ẽ, ψH −π
hψH)

which induces the following bound after using Cauchy-Schwartz inequality

|a(eh − ẽ, ψH)| = |a(ẽ − eh, ψH −π
hψH)| ≤ ‖eh − ẽ‖‖ψH −π

hψH‖.
In order to finish the proof the standard interpolation error is employed,

i.e. ‖ψH −πhψH‖ ≤ C1h
p, and the bound ‖eh − ẽ‖ ≤ C2H

p is recalled. The
latter bound requires that the estimator is efficient (i.e. that exists a constant,
C3 ≤ 1 such that C3‖ẽ‖ ≤ ‖eh‖ ≤ ‖ẽ‖) to obtain the following bound

‖eh − ẽ‖2 = ‖eh‖2 + ‖ẽ‖2 − 2a(eh, ẽ)

= ‖eh‖2 + ‖ẽ‖2 − 2RP (eh)

= ‖eh‖2 + ‖ẽ‖2 − 2‖eh‖2

= ‖ẽ‖2 − ‖eh‖2 ≤
1

C3
‖eh‖2 − ‖eh‖2 = (

1

C3
− 1)‖eh‖2.

Using now the standard approximation bound ‖eh‖ ≤ ‖e‖ = ‖u − uH‖ ≤
C4H

p in the previous equation the desired result ‖eh− ẽ‖ ≤ C2H
p is obtained

to end the proof.

�

Thus, in practice, the bounds for the output of the error presented in
equation (3.12) are computed using

1

4
El[z

+
h ]− 1

4
Eu[z

−
h ] + a(ẽ, ψH) ≤ lO(eh) ≤ 1

4
Eu[z

+
h ]− 1

4
El[z

−
h ] + a(ẽ, ψH),

and, obviously, the bounds for the output of interest of the reference approx-
imation, lO(uh), are

lO(uh) ≥ lO(uH) +
1

4
El[z

+
h ]− 1

4
Eu[z

−
h ] + a(ẽ, ψH)

lO(uh) ≤ lO(uH) +
1

4
Eu[z

+
h ]− 1

4
El[z

−
h ] + a(ẽ, ψH).
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3.5 Numerical Integration

Suppose the coarse (global) problem is solved with a given numerical quadra-
ture,

aQ(uH , v) = lQ(v) ∀v ∈ VH .

Then, as expected, the residue is zero,

RP
Q(v) = lQ(v)− aQ(uH , v) = 0 ∀v ∈ VH .

But for a different quadrature,

aq(uH , v) �= lq(v) ∀v ∈ VH ,

and, thus, Galerkin orthogonality is lost,

RP
q (v) = lq(v)− aq(uH , v) �= 0 ∀v ∈ VH .

Therefore, the same quadrature must be used to compute on the coarse
and reference (truth) discretizations because Galerkin orthogonality is needed
both (theoretically) to proof the upper bound property and also (practically)
to ensure solvability of the local problems, see remark 1. This obviously implies
that the so-called “coarse” computation is done with the quadrature of the
reference discretization. This is obviously and extra cost which is required to
compute the error distribution. This, however, does not preclude any adaptive
refinement scheme as it will be seen in the next section.

3.6 Dirichlet Boundary Conditions

In the mesh-free context, shape functions usually do not verify the Kronecker
delta property. Therefore, imposing Dirichlet boundary conditions is not as
trivial as in the finite element method. In recent years, many specific tech-
niques for the implementation of essential boundary conditions in mesh-free
methods have been developed. A general overview on existing techniques is
presented in [9]. Of the different techniques discussed in [9] the continuous
blending method [12, 13, 8] (i.e. introduce standard finite elements along the
boundary and adapt the mesh-free interoplation functions to obtain complete-
ness) and Nitsche’s method [19, 27, 2] are the most suitable alternatives. Both
alternatives can be used to estimate the error. Here, for compactness of the
notation Nitsche’s method is used to define the weak form and has been used
the examples.

The weak solution of problem (2.1) requires to find u ∈ H1(Ω) verifying

a(u, v) = l(v) ∀v ∈ H1(Ω), (3.16)

where Nitsche’s method modifies the forms in the previous equation as follows:
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a(u, v) =

∫

Ω

∇v·∇u + σvu dΩ

−
∫

∂Ω

v n·∇u dΓ −
∫

∂Ω

un·∇v dΓ + β

∫

∂Ω

vu dΓ, (3.17)

l(v) =

∫

Ω

vs dΩ −
∫

∂Ω

uD n·∇v dΓ + β

∫

∂Ω

vuD dΓ. (3.18)

Note that equation (3.16) is identical to (2.2) but the spaces for the approxi-
mation and the test functions are different. Note also that as in finite elements,
this bilinear form a(·, ·) also induces an energy norm.

The last term in (3.17) is required to ensure coercivity of the bilinear
form a(·, ·) provided that β is large enough. Regarding the choice of the lower
bound of β, Nitsche proved that if β is taken as β = γ/ℓ, where γ is a large
enough constant (independent of h) and ℓ denotes a characteristic measure of
the finite element discretization, then the discrete solution converges to the
exact solution with optimal order in H1 and L2 norms. Moreover, γ can be
estimated from the maximum eigenvalue of a generalized eigenvalue problem,
see [11]. Similar results are obtained for mesh-free methods and ℓ is related
to a measure of the support of the interpolation functions or equivalently to
the distance between particles.

Here, two characteristic sizes are used, H is associated to the coarse dis-
cretization and h characterizes the reference or truth distribution of particles.
As in the previous section only one bilinear form is used. Thus a(·, ·), and
consequently β, is the same for both the global coarse computation in VHand
the local reference evaluation in Vh. This obviously implies choosing for β
the corresponding value associated to the reference mesh (as already done
in the numerical integration). Because it will be larger than the one related
to VHand thus will ensure coercivity of (3.17) and obviously consistency of
(3.16).

In summary, as for numerical integration, the parameter β used in the
coarse distribution of particles is associated to the reference distribution used
later to evaluate the error distribution. Again, this is necessary both for the-
oretical and practical considerations (Galerkin orthogonality is necessary).
Nevertheless, this does not preclude any adaptive scheme, as will be shown on
a following publication, because at each refinement step the reference distrib-
ution of particles is known a priori (it is directly related to the given “coarse”
distribution of particles).

4 Numerical Results

In this section, the proposed estimator is used to evaluate bounds for ther-
mal model problems. Some of the selected examples have been used by other
authors to assess the performance of similar techniques [23, 20].
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4.1 First Poisson Example

The 2D Laplace problem




∇
2u = 0 in (x, y) ∈ ]0, 1[×]0, 1[

u(x, 0) = sin (πx)

u(x, 1) = u(0, y) = u(1, y) = 0

with known analytical solution [28, 9],

u(x, y) =
(
cosh (πy)− coth (π) sinh (πy)

)
sin (πx),

is considered next. Figure 2 shows this analytical solution and the primal
and dual approximations using EFG with bilinear consistency and a uniform
distribution of particles of 5× 5.

Figure 2. Exact solution (left), EFG primal (center) and dual (right) approxima-
tions.

The behavior of the energy norm estimate is compared to the exact energy
error norm and the reference error energy norm, see Figure 3. The approximate
solution uH is computed using bilinear consistency and the reference space
is associated with a particle distribution h = H/4. Uniform distributions
of particles have been considered. From a qualitative viewpoint, it is worth
noting that the estimated error distribution is in good agreement with the
exact error distribution.

Figure 4 shows the spatial distribution of the local effectivity index. It is
important to notice that the effectivity index is always close to the optimum
value: one. Obviously if the index is evaluated using the reference error, eh,
which is the value actually bounded, the effectivity index is even better (closer
to one and more uniform).

Remark 1. Elements of the integration grid with very small contributions to
the errors are not considered in the previous plot (areas not plotted) because
they are not interesting from an adaptive viewpoint. Moreover, in these areas,
small roundoff errors in the error assessment lead to unreasonable effectivity
indices (very small absolute error but large relative error). An element is
considered to have a “small” contribution to the global error when ‖eh‖/4nel

(with nel being the number of elements of the integration grid). This results,
in this case, on neglecting 20% of the elements approximately.
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Figure 4. Local effectivity index with respect exact error (left) and with respect
the reference error, eh, (right).

Remark 2. The local energy norm has been represented in the integration grid.
From now on, all local representations will be represented in this grid.

Finally, Figure 5 shows the resulting bounds and their convergence. The
lower and upper bounds for an approximation to the output of the exact solu-
tion are shown as well as the bound average, the EFG approximation and the
exact output. As expected they converge to the exact output as the number
of particles is refined. Second order convergence is obtained as bilinear con-
sistency is used. For the initial distribution of particles (uniform distribution
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Figure 5. Resulting bounds (left) and their convergence (right).

of 5× 5 particles) the output is bounded by, lO(uh) ∈ [0.1801, 0.1932], that is

lO(uh) = 0.1866± 0.0066 = 0.1866± 3.54%

and for the final distribution (33 × 33 particles) the output is bounded by
lO(uh) ∈ [0.1858, 0.1860]

lO(uh) = 0.1859± 0.0001 = 0.1859± 0.05%.

4.2 Second Poisson Example

A well-known benchmark is solved in this section, see [1, 20, 6, 23]. The
problem reads, {

−∇
2u = s in Ω,

u = 0 on ∂Ω,

where the source term is chosen such that the exact solution has the following
analytical expression

u(x, y) = x2(1− x)2(e10x2 − 1)y2(1− y)2(e10y2 − 1)/2000.

Figure 6 shows this analytical solution and the primal and dual approxima-
tions using EFG with bilinear consistency and a uniform distribution of parti-
cles of 5×5. Note that the EFG primal solution verifies the Dirichlet boundary
condition weakly as expected when it is imposed by Nitsche’s method.

The behavior of the energy norm estimate is compared to the exact energy
error norm and the reference error energy norm, see Figure 7. The approximate
solution uH is computed using bilinear consistency and the reference space
is associated with a particle distribution h = H/4. Uniform distributions of
particles have been considered. From a qualitative viewpoint, it is worth noting
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Figure 7. Energy norm of error and estimate.

that also in this example the estimated error distribution is in good agreement
with the exact error distribution and almost identical to the reference error
distribution. In fact, this comparison is more clear in Figure 8 where the
spatial distribution of the local effectivity indexes is plotted.

Finally, Figure 9 shows the resulting bounds and their convergence. The
lower and upper bounds for an approximation to the output of the exact
solution are shown as well as the bound average, the EFG approximation and
the exact output. As expected the optimal rete of converge is obtained as the
number of particles is refined.

For the initial distribution of particles (uniform distribution of 5× 5 par-
ticles) the output is bounded by, lO(uh) ∈ [−0.0097, 0.0276]
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Figure 9. Resulting bounds and their convergence.

lO(uh) = 0.0090± 0.0187 = 0.0090± 207.78%

and for the final distribution (33 × 33 particles) the output is bounded by
lO(uh) ∈ [0.0138, 0.0150]

lO(uh) = 0.0144± 0.0006 = 0.0144± 4.17%.

5 Concluding Remarks

For the first time in mesh-free methods an implicit residual-based estimation
is presented. Moreover, with this strategy bounds for outputs of interest can
be computed. The resulting estimate yields upper and lower bounds for the
output of the reference error. Moreover, the distribution of local contributions
to the error are accurately estimated, both for the energy norm of the error and
for the error measured using some functional output. Therefore, this estimate
is well suited to guide goal-oriented adaptive procedures.
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Summary. In this paper, new natural element approximations are proposed, in
order to address issues associated with incompressibility as well as to increase the
accuracy in the Natural Element Method (NEM). The NEM exhibits attractive
features such as interpolant shape functions or auto-adaptive domain of influence,
which alleviates some of the most common difficulties in meshless methods. Never-
theless, the shape functions can only reproduce linear polynomials, and in contrast to
moving least squares methods, it is not easy to define interpolations with arbitrary
approximation consistency. In order to treat mechanical models involving incom-
pressible media in the framework of mixed formulations, the associated functional
approximations must satisfy the well known inf-sup, or LBB condition. The first pro-
posed approach constructs richer NEM approximation schemes by means of bubbles
associated with the topological entities of the underlying Delaunay tessellation, al-
lowing to pass the LBB and to remove pressure oscillations in the incompressible
limit. Despite of its simplicity, this approach does not construct approximation with
higher order consistency. The second part of the paper deals with a discussion on
the construction of second-order accurate NEM approximations. For this purpose,
two techniques are investigated : (a) the enrichment in the MLS framework of the
bubbles with higher-order polynomials and (b) the use of a new Hermite-NEM for-
mulation.

Key words: Natural Element Method; Bubble functions; Mixed formula-
tions; Incompressible media; LBB condition.



284 J. Yvonnet et al.

1 Introduction

It is well known that the solution of mechanical problems involving incom-
pressible media using the standard displacement-based finite element tech-
nique may yield solutions that are grossly in error [2]. The difficulty is that the
computed displacement field needs to satisfy the constraint of very small vol-
umetric strains (which become zero as the condition of total incompressibility
is approached) while the pressure is of the order of the boundary tractions.
The displacement approximation space is not rich enough to accommodate
this constraint without a drastic reduction in the rate of convergence, also
known as locking [2].

For the analysis of such problems, one solution is to use a mixed formu-
lation in which different approximation spaces are used for the displacement
and pressure fields interpolation. Although numerous mixed formulations may
be developed, only those that are stable are useful in practice [12, 11]. The
solvability, stability and optimality of mixed formulations are related to a
compatibility condition, the so-called LBB (or inf-sup) condition [4]. The an-
alytical proof whether the inf-sup condition is satisfied for a specific formula-
tion is, however, difficult, and this has spurred the use of a numerical inf-sup
test [17, 4, 9].

Accounting incompressibility in meshless methods is still an open topic.
Until recently, it was stated that meshfree methods are immune to locking
[3, 33]. Furthermore, the EFG has been actually proposed for treating iso-
choric elastoplasticity by considering the shape functions support large enough
[1]. In the context of the RKPM, a similar claim was made in the context of
large deformation of nearly incompressible hyperelastic [6] and elastoplastic
materials [16]. Recently, it has been reported that meshfree methods are in
fact not locking-free in the incompressibility limit [10]. In a recent paper [14]
this issue is clarified determining the influence of the EFG shape functions
support on the locking behaviour. The main conclusion was that by increas-
ing the shape functions support the locking can be attenuated, but never sup-
pressed. Several attempts have been proposed to avoid locking in the context of
meshfree methods. Huerta et al. [27] developed a so-called pseudo-divergence
free approximation, consisting in using approximation functions that verify
approximately the divergence-free constraint for a given discretization in a
diffuse sense. Dolbow and Belytschko [10] have proposed a mixed displace-
ment/pressure formulation and selective reduced integration to alleviate lock-
ing. Chen et al. note that the use of large support size is computationally
expensive and, moreover, cannot remove pressure oscillations [7]. They pro-
posed a pressure projection combined with a reduced integration to remove
pressure oscillations in nearly incompressible elasticity problems.

In this paper, we focus on the treatment of incompressibility in the con-
text of the natural element method (NEM). The NEM is a novel meshfree
method. Its attractive features are: (a) interpolant character of the shape
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functions; (b) strict linearity of the shape functions over the boundaries§; and
(c) the support of the shape functions is based on the Delaunay spheres of
the surrounding nodes, and automatically adapts to the local nodal density.
The properties (a) and (b) allow direct enforcement of the essential boundary
conditions and guarantee conforming approximations in presence of interfaces
[29]. Property (c) allows simple refinement strategies [31]. However, unlike the
moving least square techniques, it is not possible to directly enrich the basis
in order to improve the reproducing conditions (approximation consistency).
In the context of incompressible media, Sukumar was the first to propose a
mixed NEM interpolation in [26] using constant piecewise shape functions
for the pressure approximation, and the standard NEM for the approxima-
tion of the displacements. In [13], González et al. proposed an enrichment
of the NEM in the context of the partition of unity paradigm [18] to con-
struct richer approximations, in order to verify the inf-sup condition. In [28],
Chen et al. proposed to use a stabilized nodal integration to avoid locking in
near-incompressible elastostatics. We propose in this paper a new approach
in the context of the natural element method allowing to define stable mixed
formulations for treating mechanical models involving incompressible media.
In the proposed technique, additional degrees of freedom, associated with
some topological entities of the underlying Delaunay tessellation, i.e. edges,
triangles and tetrahedrons, are introduced. The associated bubble shape func-
tions are computed from the product of the NEM shape functions related
to the generating nodes of the entity. A Hermite-NEM approximation is also
proposed, through a discussion dealing with the construction of higher-order
NEM approximations.

2 Review of the Natural Element Method

2.1 Natural Neighbor Interpolation

We briefly touch upon the foundation of Sibson’s natural neighbor coordinates
(shape functions) that are used in the natural element method. For a more
in-depth discussion on the Sibson interpolant and its application for solving
second-order partial differential equations, the interested reader can refer to
Sambridge and Braun [23], and Sukumar et al. [25]. The NEM interpolant is
constructed on the basis of the Voronoi diagram. The Delaunay tessellation
is the topological dual of the Voronoi diagram.

Consider a set of nodes S = {n1, n2, . . . , nN} in ℜdim. The Voronoi dia-
gram is the subdivision of ℜdim into regions Ti (Voronoi cells) defined by

Ti = {x ∈ ℜdim : d(x,xi) < d(x,xj),∀j �= i}, ∀ i (2.1)

§ This property is restricted to convex boundaries [25]. However, some techniques
have been provided to extend it to non-convex boundaries [30, 8]
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Figure 1. Construction of the Sibson shape functions.

.
The Sibson coordinates of x with respect to a natural neighbor ni (see Fig.

1a) is defined as the ratio of the overlap area (volume in 3D) of their Voronoi
cells to the total area (volume in 3D) of the Voronoi cell related to point x.
If we consider the 2D example depicted in figure 1(a), we have:

φ1(x) =
Area(afghe)

Area(abcde)
(2.2)

If the point x coincides with the node ni, i.e. (x = xi), φi(xi) = 1, and
all other shape functions are zero, i.e. φj(xi) = δij (δij being the Kronecker
delta). The properties of positivity, interpolation, and partition of unity are
then verified [25]:





0 ≤ φi(x) ≤ 1
φi(xj) = δij∑n

i=1 φi(x) = 1.
(2.3)

The natural neighbour shape functions also satisfy the local coordinate prop-
erty [24], namely:

x =

n∑

i=1

φi(x)xi (2.4)

which combined with Eq. (2.3), implies that the natural neighbour interpolant
spans the space of linear polynomials (linear completeness).

Sibson natural neighbour shape functions are C1 at any point except at
the nodes, where they are only C0. The C1 continuity everywhere can be
obtained by using special classes of natural neighbour shape functions [15].

The support (domain of influence) of a shape function φi is the union of
the Delaunay spheres (circumscribing the Delaunay tetrahedrons) containing
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the node ni. This support is thus not radial and automatically adapts to
the relative position of ni and its neighbours, whether is the density or the
regularity of the nodal distribution.

Another important property of this interpolant is its strict linearity over
the boundary of convex domains. The proof can be found in Sukumar et al.
[25]. An illustration is depicted in Fig. 1 (b): as the areas associated to points
on the boundary become infinite, the contribution of internal nodes vanish
in the limit when the point approaches the convex boundary, and the shape
functions associated with nodes n1 and n2 become linear on the segment
(n1 − n2). This is not true in the case of non convex boundaries, and an
appropriate treatment must be introduced to preserve this property in non-
convex domains [30, 8]. Essential boundary conditions can thus be enforced
directly, as in the finite element method. This property also guarantees strict
continuity of the approximation across material interfaces [29], which is an
issue in most meshfree methods.

Consider an interpolation scheme for a vector-valued function u(x) : Ω ⊂
ℜ2 → ℜ, in the form

uh(x) =

n∑

i=1

φi(x) ui (2.5)

where ui are the nodal values of the field at the n natural neighbour nodes,
and φi(x) are the shape functions associated with each neighbour node. It
is noted that Eq. (2.5) defines a local interpolation scheme. Thus, the trial
and test functions used in the discretization of the variational formulation
describing the problems treated in this paper take the form of Eq. (2.5).

One of the drawbacks of the NEM is that natural neighbour shape func-
tions can only reproduce at best linear fields, which induces difficulties to con-
struct mixed formulations, where the different fields must be approximated
in different approximation spaces in order to avoid numerical locking (LBB
condition [4]). In the next section, two new approaches are proposed to enrich
the NEM approximation.

3 Hierarchical Bubble Functions in the Natural

Element Method

Consider an open bounded domain Ω ∈ ℜdim with boundary Γ , dim being
the space dimension. Assume that Ω is discretized by a set of nodes S. Let
D(S) be the simplicial complex associated with the Delaunay tessellation of S.
A simplicial complex K in ℜdim is a collection of simplices (hypertetrahedra)
in ℜdim such that:

(i) Every face of a simplex of K is in K;
(ii) The intersection of any two simplices of K is a face of each of them [19];
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If we denote Fk the set of k − simplices (0 ≤ k ≤ 3), in R3 the Delaunay
tessellation D(S) will be defined as the simplicial complex defined by the
tetrahedra in F3, the triangles in F2, the edges in F1, and the vertices in F0.
We denote these collections T (S), F (S), E(S) and V (S), respectively.

In order to construct richer approximations, new shape functions can be
associated with the different k − simplices. The case 1 < k < 3 is related to
the concept of hierarchical methods [34]. The concept of hierarchical bubble
shape functions is a very simple way to construct richer approximations. The
extension to meshfree methods is not an easy matter in general, in the absence
of topology related to some elements. In the natural element, the underlying
Delaunay triangulation allows the use of such an approach.

The key idea is to associate new shape functions to the k−simplices of the
Delaunay tessellation, i.e. tetrahedra T ′ ∈ T (S), triangular facets F ′ ∈ F (S)
and edges connecting two nodes in the Delaunay triangulation E′ ∈ E(S).

3.1 b-NEM Approximation

A k-simplex (K-S) (vertex, edge, triangular facet or tetrahedron) is generated
by K = k + 1 vertices (k = 0, 1, 2 and 3, respectively). The bubble shape
function of an entity χj generated by K vertices is computed like

φ∗
j (x) =

K∏

p=1

φp(x) (3.6)

where φp(x) is the NEM shape function (Eq. 2.2) associated with node np

computed at point x.
The support (domain of influence) of a K-S generated by K vertices

(nodes) in S is the union of the Delaunay spheres containing the K nodes. It
results, in 2D:

(i) if χj is a Delaunay triangle (χ ∈ F (S)) (k = 2), the support of χj is
composed with one circle containing the 3 generating nodes of the triangle
(see fig. 2 (a));

(ii) if χj is an edge of a Delaunay triangle (χ ∈ E(S)) (k = 1), the support of
χj is composed of the union of two circles (see figure 2 (b)) (if χj /∈ Γ ), or
one circle if χj ∈ Γ (see figure 2 (a)), containing the 2 generating nodes
of χj ;

We now consider the following approximation scheme

uh(x) =

n∑

i=1

φi(x) ui +

m∑

j=1

φ∗
j (x) γj (3.7)

where n is the number of natural neighbours of point x, φi(x) is the NEM
shape function related to node ni ∈ S computed at point x, φ∗

j (x) is the
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χj

ni nj

nk

ni

nj

(a) (b)

χj

Figure 2. Supports of the bubble shape functions associated with the Delaunay
k-simplex; (a) support of a Delaunay triangle χj ni − nj − nk; (b) support of a
Delaunay edge χj ni − nj .

bubble shape function defined in Eq. (3.6) associated with the m influent
K-S, and γj are additional degrees of freedom.

Remarks.

(i) Different combinations can be chosen for enriching the approximation, i.e.
using only bubble functions associated with the edges, with the Delaunay
triangles, or both.

(ii) The evaluation of the bubble shape functions associated with the K-S
is not costly as it only requires the product of available NEM shape
functions computed at point x.

(iii) Despite that the approximation scheme defined in Eq. (3.7) is richer
than standard NEM approximation, it does not satisfy any reproducing
property other than the linear consistency.

In [32], two variant of the b-NEM approximation have been investigated:
(a) the enrichment of the approximation using one bubble function associated
with each Delaunay triangle, called b1-NEM, and (b) the enrichment of the
approximation using one bubble function associated with each Delaunay edge,
called b2-NEM.

3.2 b-NEM with Reproducing Properties : b-NEM+

In this section we proceed to correct the shape functions previously con-
structed defining the approximation scheme (3.7) within a standard moving
least squares framework, in order to evaluate the benefits provided by the
higher approximation consistency. We briefly summarize the MLS procedure
[20, 3]. Let wi(x) be some weight function either associated with a standard
or a bubble-NEM shape function, computed at point x. Let the following
approximation scheme defined by
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uh(x) = pT (x)a(x) (3.8)

with a polynomial basis pT (x), i.e. pT (x) = [1, x, y, xy] and pT (x) =
[1, x, y, xy, x2, y2] for a bilinear and quadratic basis, respectively, in 2D, and
a(x) a vector of unknown coefficients. In order to determine a(x), the func-
tional J defined by eq. (3.9) has to be minimized with respect to a(x):

J =
1

2

n∑

i=1

wi(x)
[
pT (xi)a(x)− ui

]2
(3.9)

where ui are the nodal unknown associated with neighbours of point x. The
minimization of J with respect to the unknown coefficient aj(x) leads to:

∂J

∂aj(x)
=

n∑

k=1

ak

[
n∑

i=1

wi(x)pj(xi)pk(xi)

]
−

n∑

i=1

wi(x)pj(xi)ui = 0 (3.10)

which leads to the usual linear system

A(x)a(x) = B(x)u. (3.11)

Substituting a(x) in Eq. (3.8), results in

uh(x) = pT (x)A−1(x)B(x)u. (3.12)

By identification, the new shape functions are given by

ψT (x) = pT (x)A−1(x)B(x). (3.13)

The reproducing b-NEM shape functions are computed by setting wi(x) ={
φi(x); φ∗

j (x)
}
, φi(x) and φ∗

j (x) being the shape functions defined in (2.2)
and (3.6).

In the following, ψ(x) is a vector containing the shape functions associated
with influent nodes or K-S at point x.

Remark. The main difference between the reproducing-b-NEM and the b-
NEM without additional reproducing properties is that physical coordinates
must be associated with each K-S shape function, in order to evaluate the
terms pj(xi) and pk(xi) in Eq. (3.10). A simple solution is to consider the
K-S centroid coordinates.

In the following, the b1-NEM and b2-NEM schemes described in the pre-
vious section are corrected using the MLS procedure just described. In the
most unfavourable case a point x is influenced by four shape functions in the
b1-NEM (3 NEM shape functions, and 1 bubble shape function associated
with the Delaunay triangle). As these weight functions are independent, the
method is stable if the basis pT (x) contains 4 monomials. We call b1-NEM+
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the enrichment of the b1-NEM from pT (x) = {1, x, y, xy}. Following simi-
lar assumptions, b2-NEM+ results from the enrichment of the b2-NEM using
pT (x) =

{
1, x, y, xy, x2, y2

}
.

We have shown in [32] that essential boundary conditions can be enforced
directly in all the proposed approximation schemes, as the bubble-NEM shape
functions vanish over all external boundaries. For further details, see the proofs
for the different schemes in the referred paper.

3.3 Natural Element Discretization

We consider the usual mixed variational formulation of the incompressible
linear elastostatics problem where displacement trial and test functions are
interpolated using the same shape functions, as the same for the pressure trial
and test functions. In the following, the pressure is interpolated using the stan-
dard (Sibson) NEM shape functions, while the displacements are interpolated
using the b-NEM or the b-NEM+ shape functions previously defined.

b-NEM Displacements Interpolation

In the context of the b-NEM, the following approximation scheme is used for
the displacements interpolation:

uh(x) =

n∑

i=1

φi(x)ui +

m∑

j=1

φ∗
j (x)γj , δuh(x) =

n∑

i=1

φi(x)δui +

m∑

j=1

φ∗
j (x)δγj

(3.14)

ph(x) =

n∑

i=1

φi(x)pi, δp(x) =

n∑

i=1

φi(x)δpi (3.15)

where φi(x) is the usual (Sibson) NEM shape function related to node ni

computed at point x, φ∗
j (x) is the bubble shape function associated with the

K-S χj , being γj the degree of freedom associated with χj , n the number of
neighbour nodes related to point x and m the number of influent K-S at point
x (number of K-S shape functions whose support contains x).

b-NEM+ Interpolation

In the context of the b-NEM+, the following approximation scheme is used
for the displacements interpolation:

uh(x) =

n+m∑

i=1

ψi(x)ui , δuh(x) =

n+m∑

i=1

ψi(x)δui (3.16)

ph(x) =

n∑

i=1

φi(x)pi , δph(x) =

n∑

i=1

φi(x)δpi (3.17)
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where ψi(x) are the corrected shape functions computed at point x using
the MLS technique described in section 3.2, n + m the number of influent
shape functions, including nodes and K-S shape functions, ui contains both
displacements associated with the nodes, and nodes that have been associated
to the K-S shape functions in the MLS procedure.

3.4 Numerical Test for the inf-sup Condition

In order to perform the inf-sup test a sequence of successive refined meshes
is considered (uniform distributions). The test is defined in details in [9]. The
objective is to monitor the inf-sup values, βmin (minimum eigenvalue related
to the discrete LBB condition [9]), when h decreases. If log(βmin) decreases
with log(h) the approximation scheme does not pass the LBB numerical test,
which requires that log(βmin) remains bounded by a positive constant when
log(h) decreases.

Figure 3 shows numerical test comparing some mixed NEM approximation
schemes, i.e.: b-NEM/NEM, NEM/Thiessen [26] (NEM approximation for the
displacements and constant pressure within each Voronoi cell), and the P1/P0
and P2/P1 mixed FEM approximation schemes. The FEM computations are
carried out using directly the Delaunay triangles. As claimed in other previous
works [13], the mixed NEM/Thiessen approximation scheme does not pass
the numerical inf/sup test. The mixed FEM P1/P0 also violates the LBB
condition [9]. All the bubble-NEM schemes are clearly LBB compliant, being
the results similar to the ones computed by using the P2/P1 FEM, which
satisfy the LBB condition.
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Figure 3. inf-sup numerical test.

More examples in the context of incompressible elasticity can be found
in [32], in which we have shown that the b-NEM allows to remove pressure
oscillations in the incompressible limit. As noted previously, the NEM shape
functions only possess linear completeness [24]. In [32], we have noticed that
the enrichment of bubble in the context of MLS does not seem to increase the
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convergence rate with standard integration despite the proved increase in the
approximation consistency, probably due to the highly oscillating character of
the obtained shape functions. In the following, a different technique is analyzed
with respect to that limitation.

4 Hermite-Natural Element Formulation

4.1 Hermite-NEM Approximation

In this section, quadratic approximation consistency is achieved through a
diffuse Hermite-NEM interpolation [22], by using natural neighbour weights
in the moving least square approximation. Compared to standard moving
least square method, the minimization is performed both with respect to the
primary variable, and the diffuse spatial derivatives. For this purpose, we
consider an interpolation scheme in the form

uh(x) =
n∑

i=1

ψi(x)ui +
n∑

i=1

ψx
i (x)

∂ui

∂x
+

n∑

i=1

ψy
i (x)

∂ui

∂y
(4.18)

where ψi(x) are the shape function associated with the unknown variable ui,
ψx

i (x) and ψy
i (x) are the shape function associated with the spatial diffuse

derivative of ui with respect to x and y, respectively. In the above framework,
ui,

∂ui

∂x and ∂ui

∂y are unknown (degrees of freedom). In order to construct the
shape functions, we consider the minimization of the functional

uh(x) = p(x)T a (4.19)

where p(x) is a polynomial basis, i.e. p(x) = {1, x, y, xy, x2, y2} and a is
a vector of unknown coefficients. In order to determine a, we consider the
functional

J =
1

2

n∑

i=1

wi(x)

{
[
pT (x)a− ui

]2
+ α

[
∂pT

∂x
(x)a− ∂ui

∂x

]2
+

+α

[
∂pT

∂y
(x)a− ∂ui

∂y

]2}
(4.20)

where n is the number of natural neighbours of point x, wi(x) are the natural

neighbour shape functions computed at point x, ∂pT

∂x (x) and ∂pT

∂y (x) represent

the derivative of the basis p(x) with respect to x and y, respectively. α is a
dimensional parameter which is fixed to 1 in our simulations. Minimizing J
with respect to a leads to the following system of equations:

Aa(x) = Bq (4.21)

with q =
{
u1,

∂u1

∂x , ∂u1

∂y , u2,
∂u2

∂x , ∂u2

∂y , ..., uN , ∂uN

∂x , ∂uN

∂y

}
.
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Derivatives of the shape functions are obtained through a standard proce-
dure [3], involving the derivative of the weight functions wi(x). Closed form of
Sibson shape functions derivatives can be found in [21]. The obtained shape
functions are depicted in figure 4.

Figure 4. Hermite natural neighbour shape functions.

This approach provides smoother shape functions than the ones obtained
in the context of enriched bubbles computed in the MLS framework. Then
we assume that for a given number of integration points, the Hermite-NEM
scheme will lead to more accurate results than the MLS-bubble NEM. Nev-
ertheless, as in the MLS-bubble NEM there are no issues associated with the
boundary conditions, it is not so obvious in the context of Hermite-NEM. Ac-
cording to Eq. (4.20), the new degrees of freedom associated with the deriva-
tives can be interpreted like pseudo-derivatives which do not coincide with the
real derivatives. Thus, imposition of essential boundary conditions becomes
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delicate. Nevertheless, in order to investigate the accuracy of the technique
without being polluted by this issue, we consider in next section a Poisson’s
problem whose solution and its derivatives on the boundary vanish.

4.2 Numerical Example Involving H-NEM Approximation

The boundary value problem is defined by

{
−∆u = f in Ω = ]0, 1[×]0, 1[
u = ū on Γu.

(4.22)

We consider from now on

{
ū = 0,
f = 4π2 {2cos(2πx)cos(2πy)− cos(2πx)− cos(2πy)} (4.23)

whose exact solution results in

uex(x) = {1− cos(2πx)} {1− cos(2πy)} (4.24)

The weak form associated with Eq. (4.22) is given by:
Find u ∈ H1

0 (Ω) such that

∫

Ω

∇u · ∇δudΩ

∫

Γu

fδudΓ, ∀ δu ∈ H1
0 (Ω) (4.25)

where H1
0 (Ω) is the usual Sobolev functional space. The Hermite-NEM inter-

polation just described is used to approximate the trial and test functions u
and δu, respectively, which are built with the only contribution of internal
nodes.

The error in energy norm is computed according to

∥∥u− uh
∥∥

E(Ω)
=

(
1

2

∫

Ω

(∇uex −∇uh)T (∇uex −∇uh)

)1/2

. (4.26)

For the evaluation of both Eqs. (4.25) and (4.26), the Voronoi cells as-
sociated with each node are triangulated and a Gauss quadrature scheme is
applied in each subtriangle, with 3, 6 and 12 points. Figure 5 compares the
accuracy of the Hermite-NEM (H-NEM) approximation with the standard
NEM. If three Gauss points quadrature scheme is used, the accuracy of the
H-NEM exceeds the accuracy of the NEM, but the difference in the conver-
gence rate is not significant. If a fine enough quadrature scheme is applied (6
points), the H-NEM reaches, as expected, a second-order convergence rate.
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Figure 5. Convergence in energy norm for the two-dimensional Poisson’s problem.

5 Conclusion

In this paper, new NEM approximation schemes have been proposed. On
one hand, we have proposed a bubble-NEM scheme which does not increase
the approximation consistency of the original NEM but allows to construct a
richer approximation, which can be used in a mixed formulation to account for
incompressibility. On the other hand, we have tried to construct NEM approx-
imations with higher-order consistency. Firstly, we have proposed to enrich the
bubbles in the context of the MLS scheme. Despite that this scheme has a
consistency of second order in approximation, the order of convergence using
standard integration remains of first order, probably due to the highly oscil-
latory character of the resulting shape functions. Secondly, we have proposed
a Hermite-NEM scheme, in which new degrees of freedom are associated with
the original nodes. The resulting shape functions are smooth enough to reach
second-order convergence in absence of the difficulties related to the boundary
conditions prescription.

To circumvent the difficulties related to the imposition of boundary con-
ditions in the H-NEM framework different possibilities are presently exam-
ined: (i) the use of Lagrange multipliers; (ii) the assignment of the Hermite
degrees of freedom (diffuse derivatives) to the bubble nodes instead to the
original nodes, except at the bubbles located on the domain boundary where
the approximation does not involve the derivatives degrees of freedom. This
approach should allow to enforce essential boundary conditions, but if the
resulting shape functions are not smooth enough integration difficulties could
subsist being the order of convergence lower than the expected one. This
analysis constitutes a work in progress.
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Color Plates
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Plate 1. (Figure 3 on page 200) Initial pre-crack for dynamic crack propagation ex-
ample. Contours of potential energy shown. Only those atoms with potential energy
greater than ninety percent of the equilibrium value are shown.

Plate 2. (Figure 4 on page 201) Onset of crack growth for (left) full MD simulation
and (right) bridging scale simulation.
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Plate 3. (Figure 5 on page 201) Out of plane crack branching for (left) full MD
simulation and (right) bridging scale simulation.

Plate 4. (Figure 6 on page 202) Final configuration in (left) full MD simulation
and (right) bridging scale simulation.
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Plate 5. (Figure 1 on page 257) Orientations of the particles around a sheet of
paper, blue indicates orientation 0, red +1 and yellow −1

Plate 6. (Figure 2 on page 259 Position of particles and sheet of paper at time
t = 0 s and t = 0.8377 s (top), pressure and velocity field at t = 0.8377 s (bottom)
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Plate 7. (Figure 3 on page 260 Position of particles and sheet of paper at t =
0.0, 0.3 s (top), t = 0.6, 0.9 s (center) and t = 1.2, 1.5 s (bottom)
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Plate 8. (Figure 4 on page 261 Velocity field at t = 0.0, 0.3 s (top), t = 0.6, 0.9 s
(center) and t = 1.2, 1.5 s (bottom)
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Plate 9. (Figure 6 on page 263 Position of particles and sheets of paper (top),
pressure distribution (center) and velocity field (bottom) at t = 0.15 s
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